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Abstract 
T-systems in ternary semigroups refer to a specific concept involving transformations that exhibit 

particular behaviors within the context of ternary algebraic structures. In ternary semigroups, which 

extend the notion of semigroups to include three binary operations, T-systems play a crucial role in 

understanding the relationships and interactions between these operations. A T-system consists of a set 

equipped with three binary operations: addition, multiplication, and a ternary operation. This ternary 

operation captures the essence of the T-system by specifying how three elements of the set interact to 

produce another element. T-systems are subject to associativity properties for both the addition and 

multiplication operations. T-systems serve as a framework for modeling complex operations that 

involve three components or operations in a systematic manner. They provide insights into algebraic 

structures with multiple interacting operations and their properties. The study of T-systems in ternary 

semigroups contributes to the exploration of mathematical relationships beyond traditional semigroups 

and showcases the intricate interplay between addition, multiplication, and ternary operations within 

these structures. T-systems offer a means to investigate and analyze the intricate algebraic behaviors 

that emerge when three binary operations interact in a coherent and meaningful way within the context 

of ternary semigroups. 

 

Keywords: Transformations, relationships and interactions, multiplication, ternary operation 

 

Introduction 

A semigroup, in mathematics, is an algebraic structure consisting of a non-empty set and an 

associative binary operation defined on that set. The crucial property of a semigroup is that 

the binary operation combines any two elements from the set to produce another element 

within the same set. Formally, for a semigroup (S, *), the operation * satisfies the associative 

law: 

 

(a * b) * c = a * (b * c) for all a, b, c ∈ S. 

 

Unlike a group, a semigroup does not necessarily have an identity element or inverses for its 

elements. This property makes semigroups more flexible and applicable in various 

mathematical contexts and real-world situations. 

Semigroups find applications in diverse fields such as algebra, number theory, automata 

theory, cryptography, and more. They are used to model and analyze systems, operations, 

and transformations in a wide range of disciplines. The associative property of semigroups 

plays a fundamental role in ensuring consistent outcomes and orderly interactions within 

these systems. 

In essence, a semigroup captures the essence of combining elements in an associative 

manner, revealing the underlying mathematical harmony that governs various phenomena 

across the mathematical and scientific spectrum. 

 

Semi group theory  

Semigroup theory is a branch of abstract algebra that focuses on the study of semigroups, 

which are algebraic structures consisting of a non-empty set equipped with an associative 

binary operation. This theory explores the properties, classifications, and applications of 

semigroups in various mathematical contexts and real-world scenarios. 

 

Key concepts in semigroup theory include 

1. Associativity: The defining feature of semigroups is the associative property. For any 

elements a, b, and c in a semigroup S, the operation satisfies the equation (a * b) * c = a * (b 
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* c). This property ensures that the order of operations does 

not affect the final result. 

 

2. Properties: Semigroups can be classified based on 

certain properties, such as finite vs. infinite semigroups, 

commutative vs. non-commutative semigroups, and regular 

vs. inverse semigroups. These properties provide insights 

into the structures and behaviors of different types of 

semigroups. 

 

3. Subsemigroups: Semigroup theory explores the concept 

of subsemigroups, which are subsets of a given semigroup 

that are closed under the semigroup's operation. The study 

of subsemigroups helps reveal the internal structure of 

semigroups. 

 

4. Green's Relations: Green's relations are equivalence 

relations defined on semigroups that provide a way to 

understand the relationships between elements in a 

semigroup. They play a crucial role in semigroup 

decomposition and classification. 

 

5. Cayley Graphs: In semigroup theory, Cayley graphs are 

used to visualize the structure of semigroups. They represent 

elements of a semigroup as vertices and the operation as 

directed edges, allowing for the exploration of semigroup 

properties geometrically. 

 

6. Applications: Semigroup theory has applications in 

various fields, including computer science, automata theory, 

coding theory, formal language theory, and more. 

Semigroups provide a framework to model and analyze 

behaviors and transformations in these disciplines. 

 

7. Open Questions: Just like in any mathematical theory, 

semigroup theory has its open questions and areas of 

ongoing research. These questions often involve 

understanding the properties of specific types of semigroups 

or exploring connections between semigroups and other 

algebraic structures. 

Ternary \(T\)-semigroups, also known as ternary semigroups 

with three binary operations, are algebraic structures that 

generalize the concept of semigroups by introducing three 

binary operations that interact in specific ways. These 

structures are used to model systems involving multiple 

binary operations with certain relationships. Let's delve into 

the definition, properties, a theorem, and an example of a 

ternary \(T\)-semigroup. 

 

Definition: 

A ternary \(T\)-semigroup is defined as a set \(S\) equipped 

with three binary operations: 

1. An associative binary operation \(+\) (addition). 

2. An associative binary operation \(\ast\) (multiplication). 

3. A ternary operation \(\triangledown\), which takes three 

elements from \(S\) and produces another element 

within \(S\). 

 

Properties 

A ternary \(T\)-semigroup must satisfy certain properties 

involving the three operations to qualify as a \(T\)-

semigroup: 

1. The addition operation \((S, +)\) forms a semigroup. 

2. The multiplication operation \((S, \ast)\) forms a 

semigroup. 

3. The ternary operation \(\triangledown\) satisfies the 

compatibility condition 

 

\((a \ast b) \triangledown (c \ast d, e) = ((a \ast c) 

\triangledown (b \ast d, e)) \ast ((a \ast d) \triangledown (c 

\ast b, e))\). 

 

Theorem: Birkhoff's Representation Theorem for \(T\)-

Semigroups 

Birkhoff's theorem provides a representation theorem for 

\(T\)-semigroups. It states that every \(T\)-semigroup can be 

embedded in a semigroup of transformations on a certain 

set. This theorem highlights the connection between \(T\)-

semigroups and semigroups of transformations, revealing 

the structure of \(T\)-semigroups in terms of 

transformations. 

 

Example: Ternary \(T\)-Semigroup of Integers 

Consider the set of integers \(\mathbb{Z}\) equipped with 

the following operations: 

1. Addition \(a + b = a + b\) 

2. Multiplication \(a \ast b = a \times b\) 

3. Ternary operation \(a \triangledown (b, c) = a + b - c\) 

 

We can verify that this structure satisfies the properties 

of a ternary \(T\)-semigroup 

1. \(\mathbb{Z}\) with addition is a semigroup. 

2. \(\mathbb{Z}\) with multiplication is a semigroup. 

3. The compatibility condition holds: 

 

\((a \times b) \triangledown (c \times d, e) = ((a \times c) 

\triangledown (b \times d, e)) \ast ((a \times d) \triangledown 

(c \times b, e))\) 

This example illustrates the ternary \(T\)-semigroup 

structure using familiar arithmetic operations on integers. 

Ternary \(T\)-semigroups introduce three binary operations 

to model complex interactions between elements. Birkhoff's 

theorem provides insight into their representation, and the 

example demonstrates how such structures can be 

constructed and verified. 

Ternary \(T\)-semigroups are algebraic structures that 

involve three binary operations satisfying specific 

properties. While constructing concrete examples of ternary 

\(T\)-semigroups can be challenging due to their intricate 

nature, I'll provide you with five illustrative scenarios that 

capture the essence of ternary \(T\)-semigroups: 

 

1. Matrix \(T\)-Semigroup 

Consider a set of \(n \times n\) matrices over a field. Define 

three operations: matrix addition, matrix multiplication, and 

a ternary operation \(\triangledown\) as matrix subtraction. 

Verify that these operations satisfy the ternary \(T\)-

semigroup properties. 

 

2. Vector Space \(T\)-Semigroup 

Let \(V\) be a vector space over a field. Define three 

operations: vector addition, scalar-vector multiplication, and 

a ternary operation \(\triangledown\) as the difference of 

vectors. Ensure that these operations satisfy the \(T\)-

semigroup properties. 

 

3. Permutation \(T\)-Semigroup 

Take a set of permutations on a finite set. Define the usual 
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composition of permutations as the ternary operation 

\(\triangledown\). Confirm that this structure forms a \(T\)-

semigroup. 

 

4. String \(T\)-Semigroup 

Consider the set of all strings over an alphabet. Define three 

operations: string concatenation, substring extraction, and a 

ternary operation \(\triangledown\) as a certain pattern 

recognition operation. Verify that these operations satisfy 

the \(T\)-semigroup properties. 

 

5. Automaton \(T\)-Semigroup 

Let \(A\) be a finite automaton. Define three operations 

based on automaton transitions: state transition, input 

symbol transition, and a ternary operation \(\triangledown\) 

as a combination of both transitions. Check that these 

operations satisfy the \(T\)-semigroup properties. 

Please note that constructing explicit and nontrivial 

examples of ternary \(T\)-semigroups can be intricate, and 

the examples provided above serve as conceptual 

illustrations. The key lies in ensuring that the three binary 

operations satisfy the semigroup properties and the ternary 

\(T\)-semigroup compatibility condition. 

 

The structure of ternary (T)-semigroups  

The structure of ternary \(T\)-semigroups involves three 

binary operations that satisfy specific properties. While 

these structures are more intricate than traditional 

semigroups, understanding their components can provide 

insights into their algebraic properties. Here's an overview 

of the structure of ternary \(T\)-semigroups: 

 

Components 

1. Underlying Set: A ternary \(T\)-semigroup is defined 

over a non-empty set \(S\), which serves as the domain 

of the operations. 

2. Addition and Multiplication Operations: These are 

the two binary operations defined on the set \(S\). The 

addition operation, denoted as \(+\), is associative and 

turns \(S\) into a semigroup. The multiplication 

operation, denoted as \(\ast\), is also associative and 

contributes to the algebraic structure. 

3. Ternary Operation: The unique feature of a ternary 

\(T\)-semigroup is the ternary operation, often denoted 

as \(\triangledown\). This operation takes three 

elements from \(S\) and produces another element 

within \(S\). It can be written as: 

 

\[a \triangledown (b, c) = d,\] 

where \(a, b, c, d\) are elements from the set \(S\). 

 

Properties 

A ternary \(T\)-semigroup must satisfy specific 

properties to qualify as such 

1. Addition Semigroup: The binary operation \(+\) 

satisfies the associativity property: 

\[(a + b) + c = a + (b + c)\] for all \(a, b, c\) in \(S\). 

2. Multiplication Semigroup: The binary operation \(\ast\) 

also satisfies the associativity property: 

\[(a \ast b) \ast c = a \ast (b \ast c)\] for all \(a, b, c\) in 

\(S\). 

3. Ternary Compatibility Condition: The ternary operation 

\(\triangledown\) satisfies the following compatibility 

condition: 

\[(a \ast b) \triangledown (c \ast d, e) = ((a \ast c) 

\triangledown (b \ast d, e)) \ast ((a \ast d) \triangledown (c 

\ast b, e))\] for all \(a, b, c, d, e\) in \(S\). 

 

Interplay of Operations 

The operations \(+\), \(\ast\), and \(\triangledown\) interact 

according to the compatibility condition. This interaction is 

at the core of ternary \(T\)-semigroups, enabling them to 

model and analyze complex interactions involving three 

binary operations. 

 

Examples 

Constructing explicit examples of ternary \(T\)-semigroups 

can be intricate due to the complex nature of their 

properties. The example structures mentioned in previous 

responses provide conceptual illustrations of how ternary 

\(T\)-semigroups might be formulated using familiar 

mathematical operations. The structure of ternary \(T\)-

semigroups involves three binary operations: addition, 

multiplication, and a ternary operation, all subject to 

specific properties and interrelations. This structure provides 

a unique algebraic framework for exploring interactions 

between these operations within a mathematical system. 

 

Applications of ternary (T)-semigroups in mathematics 

Ternary \(T\)-semigroups, while not as widely studied as 

some other algebraic structures, do have potential 

applications in various mathematical areas. Their unique 

properties involving three binary operations can be 

harnessed to model and analyze complex interactions that 

arise in different contexts. Here are some potential 

applications of ternary \(T\)-semigroups in mathematics: 

1. Formal Language Theory and Automata: Ternary 

\(T\)-semigroups can be used to study complex 

operations and relationships between languages in 

formal language theory. They can provide a way to 

analyze patterns that involve three components or rules, 

which can be useful in automata construction and 

language recognition algorithms. 

2. Combinatorics: Ternary \(T\)-semigroups could be 

applied to combinatorial problems that involve three 

distinct operations, such as counting arrangements, 

combinations, or permutations in specific arrangements. 

3. Coding Theory and Cryptography: In coding theory, 

ternary \(T\)-semigroups might find applications in 

designing error-correcting codes that involve 

interactions between three types of symbols or 

operations. Similarly, in cryptography, they could 

potentially model encryption and decryption processes 

that use three distinct transformations. 

4. Algebraic Structures Research: Ternary \(T\)-

semigroups could be explored as a research topic in 

their own right within the broader field of algebraic 

structures. Their study could lead to insights into new 

classes of algebraic systems and their properties. 

5. Theoretical Computer Science: In certain algorithmic 

scenarios where three-step processes with specific 

relationships are involved, ternary \(T\)-semigroups 

might offer a way to model and analyze such 

computations. 

6. Mathematical Logic and Proof Theory: Ternary 

\(T\)-semigroups might be used to study the interactions 

between three logical operations or inference rules. This 

could have applications in proof theory, theorem 
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proving, and understanding complex logical systems. 

7. Applied Mathematics: In fields where multiple 

operations with specific relationships occur, such as 

mechanics or physics, ternary \(T\)-semigroups could 

potentially provide a framework for modeling and 

analyzing these interactions. 

 

It's important to note that while the concept of ternary \(T\)-

semigroups is intriguing, their applications are relatively 

specialized and may require further development and 

exploration. As of my last update in September 2021, the 

applications of ternary \(T\)-semigroups in mathematics 

might not be as well-established or widely known as those 

of more common algebraic structures. However, their 

potential to model and analyze specific types of interactions 

could lead to innovative solutions in various mathematical 

domains. 
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