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Abstract 

In the present paper we investigate polynomials and numbers satisfying a second-order recurrence 

relations. We give ordinary and exponential generating functions, Binet formulas and the generating 

function of the product of two polynomials. Our approach is based on geometric series summation, which 

is different of the analytic method of Boussayoud et al. 
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Introduction 

Polynomials and numbers defined by second-order linear recurrence relations are widely 

studied in the literature. In Boughaba et al. 2021 [1] constructed generating functions of the 

product of Vieta polynomials with Gaussian numbers and polynomials. In [2] the authors 

constructed generating functions of the product of Gaussian numbers with Chebyshev 

polynomials of first and second kinds. In Boussayoud et al. 2015 [3] applied the operator 𝐿𝑏1𝑏2

−𝑘  

in the series ∑ 𝑎𝑗𝑏1
𝑗
𝑧𝑗∞

𝐽=0  and used the obtained result on Fibonacci numbers and Tchebychev 

polynomials of the first and second kind. In Boussayoud et al. 2017 [5] introduced the 

symmetrizing operator 𝛿𝑒1𝑒2
𝑘  for the determination of Fibonacci numbers 𝐹−𝑛, Lucas numbers 

𝐿−𝑛, Pell numbers 𝑃−𝑛 and Pell-Lucas numbers 𝑄−1 at negative arguments. In with the same 

operator Boussayoud et al. 2018 [4] established some identities and generating functions of 

Mersenne numbers and polynomials to compute among other generating function of the 

product of Mersenne numbers with Tchebychev polynomials of first and second kinds. In [8] 

Saba and Boussayoud introduced complete homogeneous symmetric functions to give 

generating function to give generating functions for Gauss-Fibonacci, Gauss-Lucas, bivariate 

Fibonacci bivariate Lucas, bivariate Jacobsthal and bivariate Jacobsthal-Lucas polynomials. 

The two last polynomials are generalizations of Jacobsthal polynomials [7]. In this work we 

study the family 𝐺𝑛(𝑥, 𝑦) = 𝐺𝑎,𝑏,𝑝,𝑞,𝑛(𝑥, 𝑦) defined by the second order recurrence relation. 

 

𝐺𝑛+2(𝑥, 𝑦) = 𝑝𝑥𝐺𝑛+1(𝑥, 𝑦) + 𝑞𝐺𝑛(𝑥, 𝑦)  

 

With 

 

 𝐺0(𝑥, 𝑦) = 𝑎 and 𝐺1(𝑥, 𝑦) = 𝑏,  (1)  

 

Where a, b, p and q are polynomials over the field of real numbers. The corresponding 

univariate polynomials (𝑦 = 1) and numbers (𝑥 = 𝑦 = 1) with a, b, p, q constants are given 

respectively by the second order recurrence relations. 

 

𝐺𝑛+2(𝑥) = 𝑝𝑥𝐺𝑛+1(𝑥) + 𝑞𝐺𝑛(𝑥)  

 

with  

 

𝐺0(𝑥) = 𝑎 and𝐺1(𝑥) = 𝑏,  (2)  

 

and 
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 𝐺𝑛+2 = 𝑝𝐺𝑛+1 + 𝑞𝐺𝑛 with 𝐺0 = 𝑎 and 𝐺1 = 𝑏, (3)  

 

We use geometric series summation to get the generating function and Binet formula. Thereafter we construct generating function 

of the product 𝐺𝑛(𝑥)𝐺𝑛
∗(𝑦). The obtained result can be applied to infinitely many families of numbers and polynomials. We 

restrict our attention to polynomials and numbers studied in [1, 2, 3, 4, 5, 6, 8]; these are listed in Table 1. We attract attention to the fact 

that 𝐺𝐹0 ≠ 𝐺𝐹0(1) and 𝐺𝐿0 ≠ 𝐺𝐿0(1) because 𝐺𝐹0(1) = 𝐺𝐿0(1) = 𝑎 and 𝐺𝐹0 = 𝑖 and 𝐺𝐿0 = 2 − 𝑖. In fact the polynomials 

𝐺𝐹𝑛(𝑥) and 𝐺𝐿𝑛(𝑥) respect the second-order linear recurrence (2) for 𝑛 ≥ 1. This phenomena directly influences the form of the 

generating functions and Binet formulae as we will see later. 

 

Ordinary and exponential generating functions 

Ordinary generating function 

The characteristic equation of the polynomial 𝐺𝑛(𝑥, 𝑦) is 𝑧2 − 𝑝𝑥𝑧 − 𝑞 = 0. So the roots are 

 

𝑟 = 𝑟(𝑥, 𝑦) =
𝑝𝑥+√𝑝2𝑥2+4𝑞

2
 and 𝑠 = 𝑠(𝑥, 𝑦) =

𝑝𝑥−√𝑝2𝑥2+4𝑞

2
 ,  (4) 

 

Which satisfy the symmetric relations 𝑟 + 𝑠 = 𝑝𝑥 and 𝑝𝑠 = −𝑞. The ordinary generating function 𝐺(𝑧) of 𝐺𝑛(𝑥, 𝑦) is given by 

the following theorem. 

 

Theorem 2.1. (For examples see Table 2) 

The ordinary generating function 𝐺(𝑧) is given by the relation 

 

𝐺(𝑧) =
𝑎−(𝑎𝑝𝑥−𝑏)𝑧

1−𝑝𝑥𝑧−𝑞𝑧2   (5) 

 

Proof. We have  

 

𝑞 ∑ 𝐺𝑛(𝑥, 𝑦)𝑧𝑛 = ∑ (𝐺𝑛+2(𝑥, 𝑦) − 𝑝𝑥𝐺𝑛+1(𝑥, 𝑦))𝑧𝑛∞
𝑛=0

∞
𝑛=0 .  

 

Then 

 

𝑞 ∑ 𝐺𝑛(𝑥, 𝑦)𝑧𝑛 = (−𝑎 − 𝑏𝑧 + ∑ 𝐺𝑛(𝑥, 𝑦)𝑧𝑛∞
𝑛=0 )𝑧−2 − 𝑝𝑥(−𝑎 + ∑ 𝐺𝑛(𝑥, 𝑦)𝑧𝑛∞

𝑛=0 )𝑧−1∞
𝑛=0 ,  

 

and 

 
(𝑞𝑧2 + 𝑝𝑥𝑧 − 1)𝐺(𝑧) = −𝑎 + (𝑎𝑝𝑥 − 𝑏)𝑧. □ 

 

 

Exponential generating function 

𝐺(𝑧) is a rational function where the denominator is 𝑞𝑧2 + 𝑝𝑥𝑧 − 1 which admits for roots the functions 

 

𝑢 = 𝑢(𝑥, 𝑦) =
−𝑝𝑥−√𝑝2𝑥2+4𝑞

2𝑞
 and 𝑣 = 𝑣(𝑥, 𝑦) =

−𝑝𝑥+√𝑝2𝑥2+4𝑞

2𝑞
.  (6) 

 

The symmetric relations of 𝑢 and 𝑣 are 𝑢 + 𝑣 = −
𝑝𝑥

𝑞
 and 𝑢𝑣 = −

1

𝑞
. It follows that 𝑢 = −

𝑟

𝑞
 and 𝑣 = −

𝑠

𝑞
.  

 

Theorem 2.2. (for examples see Table 3) 

The following identity holds true 

 

𝐺𝑛(𝑥, 𝑦) = (−𝑞)𝑛
(𝑎𝑢+

𝑏

𝑞
)𝑣𝑛−(𝑎𝑣+

𝑏

𝑞
)𝑢𝑛

𝑢−𝑣
  (7) 

 

Proof. Since  

 

𝑞𝑧2 + 𝑝𝑥𝑧 − 1 = − (1 −
𝑧

𝑢
) (1 −

𝑧

𝑣
).  

 

For |𝑧| < 𝑚𝑖𝑛{|𝑢|, |𝑣|} we get 

 
1

1−𝑧/𝑢
= ∑ (𝑢𝑧)𝑛∞

𝑛=0  and 
1

1−𝑧/𝑣
= ∑ (𝑣𝑧)𝑛∞

𝑛=0 . 

 

So by Cauchy product of generating functions we have 

 

1

𝑞𝑧2+𝑝𝑥𝑧−1
= ∑ ∑ (

1

𝑢
)

𝑗
𝑛
𝑗=0 (

1

𝑣
)

𝑛−𝑗

𝑧𝑛∞
𝑛=0 .  
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Letting 𝑐𝑛 = ∑ (
1

𝑢
)

𝑗
𝑛
𝑗=0 (

1

𝑣
)

𝑛−𝑗

, then we have  

 

𝐺(𝑧) = −𝑎𝑐0 + ∑ ((𝑎𝑝𝑥 − 𝑏)𝑐𝑛−1 − 𝑎𝑐𝑛)𝑧𝑛∞
𝑛=1 .  

 

Thereafter 𝐺0(𝑥, 𝑦) = −𝑎𝑐0 = 𝑎 and 𝐺𝑛(𝑥, 𝑦) = (𝑎𝑝𝑥 − 𝑏)𝑐𝑛−1 − 𝑎𝑐𝑛. It is easy to show that 

 

𝑐𝑛 = −(−𝑞)𝑛 𝑢𝑛+1−𝑣𝑛+1

𝑢−𝑣
 , 

 

then  

 

𝐺𝑛(𝑥, 𝑦) = (−𝑞)𝑛−1(𝑏 − 𝑎𝑝𝑥)
𝑢𝑛−𝑣𝑛

𝑢−𝑣
+ (−𝑞)𝑛𝑎

𝑢𝑛+1−𝑣𝑛+1

𝑢−𝑣
 , 

 

And 

 

𝐺𝑛(𝑥, 𝑦) = (−𝑞)𝑛
(

𝑎𝑝𝑥−𝑏

𝑞
+𝑎𝑢)𝑢𝑛−(

𝑎𝑝𝑥−𝑏

𝑞
+𝑎𝑣)𝑣𝑛

𝑢−𝑣
 . 

 

The result follows from the fact that 
𝑎𝑝𝑥−𝑏

𝑞
+ 𝑎𝑢 = −

𝑏

𝑞
− 𝑎𝑣 and 

𝑎𝑝𝑥−𝑏

𝑞
+ 𝑎𝑣 = −

𝑏

𝑞
− 𝑎𝑢.□  

 

From the relation 𝑢𝑣 = −
1

𝑞
 we can write 

 

𝐺𝑛(𝑥, 𝑦) = (−𝑞)𝑛 (𝑎−𝑏𝑣)𝑢𝑣𝑛−(𝑎−𝑏𝑢)𝑣𝑢𝑛

𝑢−𝑣
  (8) 

 

Theorem 2.3. (For some examples see Table 4) We have 

 

∑ 𝐺𝑛(𝑥, 𝑦)
𝑧𝑛

𝑛!
=

𝑎𝑢+𝑏/𝑞

𝑢−𝑣
𝑒−𝑞𝑣𝑧 −

𝑎𝑣+𝑏/𝑞

𝑢−𝑣
𝑒−𝑞𝑢𝑧∞

𝑛=0   (9) 

 

Proof. It is obvious that  

 

∑ 𝐺𝑛(𝑥, 𝑦)
𝑧𝑛

𝑛!
=

𝑎𝑢+𝑏/𝑞

𝑢−𝑣
∑

(−𝑞𝑣𝑧)𝑛

𝑛!
−∞

𝑛=0
∞
𝑛=0

𝑎𝑣+𝑏/𝑞

𝑢−𝑣
∑

(−𝑞𝑢𝑧)𝑛

𝑛!
∞
𝑛=0  . 

 

Thereafter the result follows. 

In the case of the recurrence relation  

 

𝐺𝑛+2(𝑥, 𝑧) = 𝑝𝑥𝐺𝑛+1(𝑥, 𝑦) + 𝑞𝐺𝑛(𝑥, 𝑦), 𝐺1(𝑥, 𝑦) = 𝑏 and 𝐺2(𝑥, 𝑦) = 𝑐 (10)  

 

we add the term 𝐺0
∗(𝑥, 𝑦) = 𝑎 =

𝑐−𝑝𝑏𝑥

𝑞
 to obtain the second-order recurrence (1). Consequently the generating function is 

 

𝐺(𝑧) =
𝑏𝑧+(𝑐−𝑝𝑏𝑥)𝑧2

1−𝑝𝑥𝑧−𝑞𝑧2   (11) 

 

The Binet formula is 

 

𝐺𝑛(𝑥, 𝑦) = (−𝑞)𝑛
(

𝑐−𝑝𝑏𝑥

𝑞
𝑢+𝑏/𝑞)𝑣𝑛−(

𝑐−𝑝𝑏𝑥

𝑞
𝑣+𝑏/𝑞)𝑢𝑛

𝑢−𝑣
.  (12) 

 

Finally the exponential generating function is  

 

∑ 𝐺𝑛(𝑥, 𝑦)
𝑧𝑛

𝑛!
=

𝑐−𝑝𝑏𝑥

𝑞
𝑢+𝑏/𝑞

𝑢−𝑣
∞
𝑛=0 𝑒−𝑞𝑣𝑧 −

𝑐−𝑝𝑏𝑥

𝑞
𝑣+𝑏/𝑞

𝑢−𝑣
𝑒−𝑞𝑢𝑧 −

𝑐−𝑝𝑏𝑥

𝑞
.  (13) 

 

For example Gauss-Fibonacci and Gauss-Lucas polynomials are of this kind and theorems 1 and 2 in [8] are a consequence of this 

remark.  

 

Polynomial 𝑮−𝒏(𝒙, 𝒚) 

 

The polynomials 𝐺−𝑛(𝑥, 𝑦) are defined by the binet formula 

 

𝐺−𝑛(𝑥, 𝑦) = (−𝑞)−𝑛 (𝑎𝑢+𝑏/𝑞)𝑣−𝑛−(𝑎𝑣+𝑏/𝑞)𝑢−𝑛

𝑢−𝑣
.  (14) 
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Since 𝑢𝑣 = −
1

𝑞
, we get 

 

𝐺−𝑛(𝑥, 𝑦) =
(𝑎𝑢+𝑏/𝑞)𝑢𝑛−(𝑎𝑣+𝑏/𝑞)𝑣𝑛

𝑢−𝑣
 , and the connection to 𝐺𝑛(𝑥, 𝑦) is  

 

𝐺−𝑛(𝑥, 𝑦) = −(−𝑞)𝑛𝐺𝑛(𝑥, 𝑦) + 𝑎(𝑢𝑛 + 𝑣𝑛).  

 

The generating function is  

 

∑ 𝐺−𝑛(𝑥, 𝑦)𝑧𝑛∞
𝑛=0 =

𝑎+
𝑏

𝑞
𝑧

1+
𝑝𝑥

𝑞
𝑧−

1

𝑞
𝑧𝑛

 ,  (15) 

 

which leads to the following second-order linear recurrence relation 

 

𝐺−𝑛−2(𝑥, 𝑦) = −
𝑝

𝑞
𝑥𝐺−𝑛−1(𝑥, 𝑦) +

1

𝑞
𝐺−𝑛(𝑥, 𝑦), 𝐺0(𝑥, 𝑦) = 𝑎 and 𝐺−1(𝑥, 𝑦) =

𝑏−𝑎𝑝𝑥

𝑞
 .  (16) 

 

It is obvious that 

 

𝐺𝑎,𝑏,𝑝,𝑞,−𝑛(𝑥, 𝑦) = 𝐺
𝑎,

𝑏−𝑎𝑝𝑥

𝑞
,
−𝑝

𝑞
,
1

𝑞
,𝑛

(𝑥, 𝑦).  (17) 

 

In the case of 𝑎 = 0 we obtain 𝐺−𝑛(𝑥, 𝑦) = −(−𝑞)𝑛𝐺𝑛(𝑥, 𝑦). For example we have 

 

𝐹−𝑛 = (−1)𝑛+1𝐹𝑛 and 𝑃−𝑛 = (−1)𝑛+1𝑃𝑛.  (18)  

 

and 

 

𝐿−𝑛 = (−1)𝑛𝐿𝑛 and 𝑄−𝑛 = (−1)𝑛𝑄𝑛.  (19) 

 

Letting 𝑥 = 1 in the identity (15) to deduce that ∑ 𝐹−𝑛𝑧𝑛 =
1

𝑧2−𝑧−1
∞
𝑛=0 , ∑ 𝑃−𝑛𝑧𝑛∞

𝑛=0 =
𝑧

1+2𝑧−𝑧2, ∑ 𝐿−𝑛𝑧𝑛 =
2+𝑧

1+𝑧−𝑧2
∞
𝑛=0   

 

and 

 

∑ 𝑄−𝑛𝑧𝑛 =
2+2𝑧

1+2𝑧−𝑧2
∞
𝑛=0  , Results which are obtained in [5] by a different way. 

 

Generating function of the product 

Let 𝐺𝑛
∗(𝑦) = 𝐺𝑎′,𝑏′,𝑝′,𝑞′,𝑛(𝑦) be another family of polynomials defined by the second order linear recurrence relation (1), we 

consider the functions 𝛼1, 𝛼2, 𝛼3 and 𝛼4 given respectively by the relations 

 

𝛼1 =
(𝑞𝑎𝑢(𝑥)+𝑏)(𝑞′𝑎′𝑢′(𝑦)+𝑏′)

√(𝑝2𝑥2+4𝑞)(𝑝′2𝑦2+4𝑞′)
 , 𝛼2 = −

(𝑞𝑎𝑢(𝑥)+𝑏)(𝑞′𝑎′𝑣′(𝑦)+𝑏′)

√(𝑝2𝑥2+4𝑞)(𝑝′2𝑦2+4𝑞′)
, 

 

𝛼3 = −
(𝑞𝑎𝑣(𝑥)+𝑏)(𝑞′𝑎′𝑢′(𝑦)+𝑏′)

√(𝑝2𝑥2+4𝑞)(𝑝′2𝑦2+4𝑞′)
 , 𝛼4 =

(𝑞𝑎𝑣(𝑥)+𝑏)(𝑞′𝑎′𝑣′(𝑦)+𝑏′)

√(𝑝2𝑥2+4𝑞)(𝑝′2𝑦2+4𝑞′)
.  

 

and the functions 

 

𝜆1 = 𝑞𝑞′𝑣(𝑥)𝑣′(𝑦), 𝜆2 = 𝑞𝑞′𝑣(𝑥)𝑢′(𝑦), 𝜆3 = 𝑞𝑞′𝑢(𝑥)𝑣′(𝑦) and 𝜆4 = 𝑞𝑞′𝑢(𝑥)𝑢′(𝑦).  

 

Lemma 3.1. The generating function of the product 𝐺𝑛(𝑥)𝐺𝑛
∗(𝑦) is given by the following relation 

 

∑ 𝐺𝑛(𝑥)𝐺𝑛
∗(𝑦)𝑧𝑛 =

∑ 𝛼𝑘 ∏ (1−𝜆𝑗𝑧)𝑗≠𝑘
4
𝑘=1

∏ (1−𝜆𝑗𝑧)4
𝑗=1

∞
𝑛=0   (20) 

 

Proof. 

The product of Binet formulae of 𝐺𝑛(𝑥) and 𝐺𝑛
∗(𝑦) lead to 

 

𝐺𝑛(𝑥)𝐺𝑛
∗(𝑦) = 𝛼1(𝑞𝑞′𝑣(𝑥)𝑣′(𝑦))

𝑛
+ 𝛼2(𝑞𝑞′𝑣(𝑥)𝑢′(𝑦))

𝑛
+ 𝛼3(𝑞𝑞′𝑢(𝑥)𝑣′(𝑦))

𝑛
+ 𝛼4(𝑞𝑞′𝑢(𝑥)𝑢′(𝑦))

𝑛
 , 

 

and 

 

∑ 𝐺𝑛(𝑥)𝐺𝑛
∗(𝑦)𝑧𝑛 =

𝛼1

1−𝑞𝑞′𝑣(𝑥)𝑣′(𝑦)
+

𝛼2

1−𝑞𝑞′𝑣(𝑥)𝑢′(𝑦)
+

𝛼3

1−𝑞𝑞′𝑢(𝑥)𝑣′(𝑦)
+

𝛼4

1−𝑞𝑞′𝑢(𝑥)𝑢′(𝑦)
 ∞

𝑛=0 . 
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Thereafter  

 

∏ (1 − 𝜆𝑗𝑧) ∑ 𝐺𝑛(𝑥)𝐺𝑛
∗(𝑦)𝑧𝑛 = ∑ 𝛼𝑘 ∏ (1 − 𝜆𝑗𝑧)𝑗≠𝑘

4
𝑘=0

∞
𝑛=0

4
𝑗=0 , 

 

and the desired result follows. 

 

Theorem 3.1. 

 

Let 𝑔(𝑧) the ordinary generating function of the product 𝐺𝑛(𝑥)𝐺𝑛
∗(𝑦). Then we have 

 

𝑔(𝑧) =
𝑃(𝑥,𝑦,𝑧)

1−𝑝𝑝′𝑥𝑦𝑧−(𝑞′𝑝2𝑥2+𝑞𝑝′2𝑦2+2𝑞𝑞′)𝑧2−𝑝𝑞𝑝′𝑞′𝑥𝑦𝑧3+𝑞2𝑞′2𝑧4 ,  (21) 

 

where  

 

𝑃(𝑥, 𝑦, 𝑧) = 𝑎𝑎′ + (𝑏𝑏′ − 𝑎𝑝𝑎′𝑝′𝑥𝑦)𝑧 + (𝑎′𝑞′𝑏𝑝𝑥 + 𝑎𝑞𝑏′𝑝′𝑦 − 𝑎𝑎′(𝑞′𝑝2𝑥2 + 𝑞𝑝′2𝑦2 + 𝑞𝑞′))𝑧2 − 𝑞𝑞′(𝑏′ − 𝑎′𝑝′𝑦)(𝑏 −

𝑎𝑝𝑥)𝑧3.  (22)  

 

Proof. The Theorem 3.1 follows from Lemma 3.1 and the fact that 

 

∏ (1 − 𝜆𝑗𝑧) = 1 − 𝑝𝑝′𝑥𝑦𝑧 − (𝑞′𝑝2𝑥2 + 𝑞𝑝′𝑦2 + 2𝑞𝑞′)𝑧2 − 𝑝𝑞𝑝′𝑞′𝑥𝑦𝑧3 + 𝑞2𝑞′2𝑧44
𝑗=1  and  

 

∑ 𝛼𝑘 ∏ (1 − 𝜆𝑗𝑧)𝑗≠𝑘
4
𝑘=0 = 𝑎𝑎′ + (𝑏𝑏′ − 𝑎𝑝𝑎′𝑝′𝑥𝑦)𝑧 + (𝑎′𝑞′𝑏𝑝𝑥 + 𝑎𝑞𝑏′𝑝′𝑦 − 𝑎𝑎′(𝑞′𝑝2𝑥2 + 𝑞𝑝′2𝑦2 + 𝑞𝑞′))𝑧2 −

𝑞𝑞′(𝑏′ − 𝑎′𝑝′𝑦)(𝑏 − 𝑎𝑝𝑥)𝑧3 . □ 

 

Corollary 3.1 

Let 𝑚(𝑧) be the ordinary generating function of the product 𝐺𝑛(𝑥)𝐺𝑛(𝑦). Then we have 

 

𝑚(𝑧) =
𝑃′(𝑥,𝑦,𝑧)

1−𝑝2𝑥𝑦𝑧−(𝑞𝑝2𝑦2+𝑞𝑝2𝑥2+2𝑞2)𝑧2−𝑝2𝑞2𝑥𝑦𝑧3+𝑞4𝑧4 ,  (23) 

 

Where 

 

𝑃′(𝑥, 𝑦, 𝑧) = 𝑎𝑎′ + (𝑏𝑏′ − 𝑎𝑎′𝑝2𝑥𝑦)𝑧 + (𝑎′𝑏𝑝𝑞𝑥 + 𝑎𝑏′𝑝𝑞𝑦 − 𝑎𝑎′(𝑞𝑝2𝑥2 + 𝑞𝑝2𝑦2 + 𝑞2))𝑧2 − 𝑞2(𝑏′ − 𝑎′𝑝𝑦)(𝑏 − 𝑎𝑝𝑥)𝑧3. 

(24) 

 

Corollary 3.1 is a main tool to reproduce the generating function of the product of two polynomials investigated in [1, 2, 6], we 

resume the results in Table 5. 

 

Illustrative Tables 

 
Table 1: Examples of 𝐺𝑛(𝑥, 𝑦) 

 

a b p q 𝑮𝒏(𝒙, 𝒚) Name 

0 1 2𝑦 𝑦 𝑃𝑛(𝑥, 𝑦) Bivariate Pell polynomials 

2 2𝑥𝑦 2𝑦 𝑦 𝑄𝑛(𝑥, 𝑦) Bivariate Pell-Lucas polynomials 

0 1 𝑦 2𝑦 𝐽𝑛(𝑥, 𝑦) Bivariate Jacobsthal polynomials 

2 𝑥𝑦 𝑦 2𝑦 𝑗𝑛(𝑥, 𝑦) Bivariate Jacobsthal-Lucas polynomials 

0 1 1 𝑦 𝐹𝑛(𝑥, 𝑦) Bivariate Fibonacci polynomials 

2 𝑥 1 𝑦 𝐿𝑛(𝑥, 𝑦) Bivariate Lucas polynomials 

/ 1 1 1 𝐺𝐹𝑛(𝑥, 𝑦) Gauss-Fibonacci polynomials 

/ 𝑥 + 2𝑖 1 1 𝐺𝐿𝑛(𝑥, 𝑦) Gauss-Lucas polynomials 

0 1 2 1 𝑃𝑛(𝑥) Pell polynomials 

2 2𝑥 2 1 𝑄𝑛(𝑥) Pell-Lucas polynomials 

0 1 1 -1 𝑉𝑛(𝑥) Vieta-Fibonacci polynomials 

2 𝑥 1 -1 𝑣𝑛(𝑥) Vieta-Lucas polynomials 

0 1 2 -1 𝑡𝑛(𝑥) Vieta-Pell polynomials 

2 2𝑥 2 -1 𝑠𝑛(𝑥) Vieta-Pell-Lucas polynomials 

1 𝑥 2 -1 𝑇𝑛(𝑥) Chebyshev polynomials of first kind 

1 2𝑥 2 -1 𝑈𝑛(𝑥) Chebyshev polynomials of second kind 

0 1 2 1 𝑃𝑛 Pell numbers 

2 2 2 1 𝑄𝑛 Pell-Lucas numbers 

0 1 3 -2 𝑀𝑛 Mersenne numbers 

i 1 1 1 𝐺𝐹𝑛 Gauss-Fibonacci numbers 

2 − 𝑖 1 + 2𝑖 1 1 𝐺𝐿𝑛 Gauss-Lucas numbers 

𝑖/2 1 1 2 𝐺𝐽𝑛 Gauss-Jacobsthal numbers 

2 − 𝑖/2 1 + 2𝑖 1 2 𝐺𝑗𝑛 Gauss-Jacobsthal -Lucas numbers 

𝑖 1 2 1 𝐺𝑃𝑛 Gauss-Pell numbers 

2 − 2𝑖 2 + 2𝑖 2 1 𝐺𝑄𝑛 Gauss-Pell-Lucas numbers 
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 Table 2: Ordinary generating functions 

 

𝑮𝒏(𝒙, 𝒚) Ordinary generating function 

𝑃𝑛(𝑥, 𝑦) 
𝑧

1 − 2𝑥𝑦𝑧 − 𝑦𝑧2
 

𝑄𝑛(𝑥, 𝑦) 
2 − 2𝑥𝑦𝑧

1 − 2𝑥𝑦𝑧 − 𝑦𝑧2
 

𝐽𝑛(𝑥, 𝑦) 
𝑧

1 − 𝑥𝑦𝑧 − 2𝑦𝑧2
 

𝑗𝑛(𝑥, 𝑦) 
2 − 𝑥𝑦𝑧

1 − 𝑥𝑦𝑧 − 2𝑦𝑧2
 

𝐹𝑛(𝑥, 𝑦) 
𝑧

1 − 𝑥𝑧 − 𝑦𝑧2
 

𝐿𝑛(𝑥, 𝑦) 
2 − 𝑥𝑧

1 − 𝑥𝑧 − 𝑦𝑧2
 

𝐺𝐹𝑛(𝑥) 
𝑧 + 𝑖𝑧2

1 − 𝑥𝑧 − 𝑧2
 

𝐺𝐿𝑛(𝑥) 
(2𝑖 + 𝑥)𝑧 + (2 − 𝑖𝑥)𝑧2

1 − 𝑥𝑧 − 𝑧2
 

𝑃𝑛(𝑥) 
𝑧

1 − 2𝑥𝑧 − 𝑧2
 

𝑄𝑛(𝑥) 
2 − 2𝑥𝑧

1 − 2𝑥𝑧 − 𝑧2
 

𝑉𝑛(𝑥) 
𝑧

1 − 𝑥𝑧 + 𝑧2
 

𝑣𝑛(𝑥) 
2 − 𝑥𝑧

1 − 𝑥𝑧 + 𝑧2
 

𝑡𝑛(𝑥) 
𝑧

1 − 2𝑥𝑧 + 𝑧2
 

𝑠𝑛(𝑥) 
2 − 2𝑥𝑧

1 − 2𝑥𝑧 + 𝑧2
 

𝑇𝑛(𝑥) 
1 − 𝑥𝑧

1 − 2𝑥𝑧 + 𝑧2
 

𝑈𝑛(𝑥) 
1

1 − 2𝑥𝑧 + 𝑧2
 

𝑃𝑛 
𝑧

1 − 2𝑧 − 𝑧2
 

𝑄𝑛 
2 − 2𝑧

1 − 2𝑧 − 𝑧2
 

𝑀𝑛 
𝑧

1 − 3𝑧 + 2𝑧2
 

𝐺𝐹𝑛 
𝑖 − (𝑖 − 1)𝑧

1 − 𝑧 − 𝑧2
 

𝐺𝐿𝑛 
2 − 𝑖 − (1 − 3𝑖)𝑧

1 − 𝑧 − 𝑧2
 

𝐺𝐽𝑛 
𝑖 − (𝑖 − 2)𝑧

2(1 − 𝑧 − 2𝑧2)
 

𝐺𝑗𝑛 
4 − 𝑖 − (2 − 5𝑖)𝑧

2(1 − 𝑧 − 2𝑧2)
 

𝐺𝑃𝑛 
𝑖 − (2𝑖 − 1)𝑧

1 − 2𝑧 − 𝑧2
 

𝐺𝑄𝑛 
2 − 2𝑖 − (2 − 6𝑖)𝑧

1 − 2𝑧 − 𝑧2
 

 
Table 3: Binet formulae (BF) 

 

J 𝐺𝑛(𝑥, 𝑦) 𝑢𝑗 𝑣𝑗 BF 

1 𝑃𝑛(𝑥, 𝑦) (−𝑥𝑦 − √𝑥2𝑦2 + 𝑦) /𝑦 (−𝑥𝑦 + √𝑥2𝑦2 + 𝑦) /𝑦 ((−𝑦)𝑛−1(𝑢1
𝑛 − 𝑣1

𝑛))/(𝑢1 − 𝑣1) 

2 𝑄𝑛(𝑥, 𝑦) (−𝑥𝑦 − √𝑥2𝑦2 + 𝑦) /𝑦 (−𝑥𝑦 + √𝑥2𝑦2 + 𝑦) /𝑦 2(−𝑦)𝑛((𝑢2 + 𝑥)𝑣2
𝑛 − (𝑣2 + 𝑥)𝑢2

𝑛)/(𝑢2 − 𝑣2) 

3 𝐽𝑛(𝑥, 𝑦) (−𝑥𝑦 − √𝑥2𝑦2 + 8𝑦) /4𝑦 (−𝑥𝑦 + √𝑥2𝑦2 + 8𝑦) /4𝑦 (−2𝑦)𝑛−1(𝑣3
𝑛 − 𝑢3

𝑛)/(𝑣3 − 𝑢3) 

4 𝑗𝑛(𝑥, 𝑦) (−𝑥𝑦 − √𝑥2𝑦2 + 8𝑦) /4𝑦 (−𝑥𝑦 + √𝑥2𝑦2 + 8𝑦) /4𝑦 2𝑛−1(−𝑦)𝑛((4𝑢4 + 𝑥)𝑣4
𝑛 − (4𝑣4 + 𝑥)𝑢4

𝑛)/(𝑢4 − 𝑣4) 

5 𝐹𝑛(𝑥, 𝑦) (−𝑥 − √𝑥2 + 4𝑦) /2𝑦 (−𝑥 + √𝑥2 + 4𝑦) /2𝑦 (−𝑦)𝑛−1(𝑢5
𝑛 − 𝑣5

𝑛)/(𝑢5 − 𝑣5) 

6 𝐿𝑛(𝑥, 𝑦) (−𝑥 − √𝑥2 + 4𝑦) /2𝑦 (−𝑥 + √𝑥2 + 4𝑦) /2𝑦 (−𝑦)𝑛−1((2𝑦𝑣 + 𝑥)𝑢6
𝑛 − (2𝑦𝑢 + 𝑥)𝑣6

𝑛)/(𝑢6 − 𝑣6) 

7 𝐺𝐹𝑛(𝑥) (−𝑥 − √𝑥2 + 4) /2 (−𝑥 + √𝑥2 + 4) /2 (−1)𝑛((𝑖𝑢7 + 1)𝑣7
𝑛 − (𝑖𝑣7 + 1)𝑢7

𝑛)/(𝑢7 − 𝑣7) 

8 𝐺𝐿𝑛(𝑥) (−𝑥 − √𝑥2 + 4) /2 (−𝑥 + √𝑥2 + 4) /2 (((2 − 𝑖𝑥)𝑢8 + 2𝑖 + 𝑥)𝑣8
𝑛 − ((2 − 𝑖𝑥)𝑣8 + 2𝑖 + 𝑥)𝑢8

𝑛) /(−1)𝑛(𝑢8 − 𝑣8) 

9 𝑃𝑛(𝑥) −𝑥 − √𝑥2 + 1 −𝑥 + √𝑥2 + 1 (−1)𝑛−1(𝑢9
𝑛 − 𝑣9

𝑛)/(𝑢9 − 𝑣9) 

10 𝑄𝑛(𝑥) −𝑥 − √𝑥2 + 1 −𝑥 + √𝑥2 + 1 2(−1)𝑛((𝑢10 + 𝑥)𝑣10
𝑛 − (𝑣10 + 𝑥)𝑢10

𝑛 )/(𝑢10 − 𝑣10) 
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11 𝑉𝑛(𝑥) (𝑥 + √𝑥2 − 4) /2 (𝑥 − √𝑥2 − 4) /2 (𝑢11
𝑛 − 𝑣11

𝑛 )/(𝑢11 − 𝑣11) 

12 𝑣𝑛(𝑥) (𝑥 + √𝑥2 − 4) /2 (𝑥 − √𝑥2 − 4) /2 ((2𝑢12 − 𝑥)𝑣12
𝑛 − (2𝑣12 − 𝑥)𝑢12

𝑛 )/(𝑢12 − 𝑣12) 

13 𝑡𝑛(𝑥) 𝑥 + √𝑥2 − 1 𝑥 − √𝑥2 − 1 (𝑢13
𝑛 − 𝑣13

𝑛 )/(𝑢13 − 𝑣13) 

14 𝑠𝑛(𝑥) 𝑥 + √𝑥2 − 1 𝑥 − √𝑥2 − 1 (2(𝑢14 − 𝑥)𝑣14
𝑛 − 2(𝑣14 − 𝑥)𝑢14

𝑛 )/(𝑢14 − 𝑣14) 

15 𝑇𝑛(𝑥) 𝑥 + √𝑥2 − 1 𝑥 − √𝑥2 − 1 ((𝑢15 − 𝑥)𝑣15
𝑛 − (𝑣15 − 𝑥)𝑢15

𝑛 )/(𝑢15 − 𝑣15) 

16 𝑈𝑛(𝑥) 𝑥 + √𝑥2 − 1 𝑥 − √𝑥2 − 1 ((𝑢16 − 2𝑥)𝑣16
𝑛 − (𝑣16 − 2𝑥)𝑢16

𝑛 )/(𝑢16 − 𝑣16) 

17 𝑃𝑛 −1 − √2 −1 + √2 (−1)𝑛−1(𝑢17
𝑛 − 𝑣17

𝑛 )/(𝑢17 − 𝑣17) 

18 𝑄𝑛 −1 − √2 −1 + √2 2(−1)𝑛((𝑢18 + 1)𝑣18
𝑛 − (𝑣18 + 1)𝑢18

𝑛 )/(𝑢18 − 𝑣18) 

19 𝑀𝑛 1 1/2 2𝑛 − 1 

20 𝐺𝐹𝑛 (−1 − √5)/2 (−1 + √5)/2 (−1)𝑛((𝑖𝑢20 + 1)𝑣20
𝑛 − (𝑖𝑣20 + 1)𝑢20

𝑛 )/(𝑢20 − 𝑣20) 

21 𝐺𝐿𝑛 (−1 − √5)/2 (−1 + √5)/2 A 

22 𝐺𝐽𝑛 -1 1/2 (−2)𝑛−1((𝑖𝑢22 + 1)𝑣22
𝑛 − (𝑖𝑣22 + 1)𝑢22

𝑛 )/(𝑢22 − 𝑣22) 

23 𝐺𝑗𝑛 -1 1/2 B 

24 𝐺𝑃𝑛 −1 − √2 −1 + √2 (−1)𝑛((𝑖𝑢24 + 1)𝑣24
𝑛 − (𝑖𝑣24 + 1)𝑢24

𝑛 )/(𝑢24 − 𝑣24) 

25 𝐺𝑄𝑛 −1 − √2 −1 + √2 C 

 
Table 4: Exponential generating functions  

 

𝐺𝑛(𝑥, 𝑦) Ordinary generating function 

𝑃𝑛(𝑥, 𝑦) 
1

𝑦(𝑢1 − 𝑣1)
(𝑒−𝑦𝑣1𝑧 − 𝑒−𝑦𝑢1𝑧) 

𝑄𝑛(𝑥, 𝑦) 
2

𝑢2 − 𝑣2
((𝑢2 + 𝑥)𝑒−𝑦𝑣2𝑧 − (𝑣2 + 𝑥)𝑒−𝑦𝑢2𝑧) 

𝐽𝑛(𝑥, 𝑦) 
1

2𝑦(𝑢3 − 𝑣3)
(𝑒−2𝑦𝑣𝑧 − 𝑒−2𝑦𝑢𝑧) 

𝑗𝑛(𝑥, 𝑦) 
1

𝑢4 − 𝑣3
((4𝑢4 + 𝑥)𝑒−2𝑦𝑣4𝑧 − (4𝑣4 + 𝑥)𝑒−2𝑦𝑢4𝑧) 

𝐹𝑛(𝑥, 𝑦) 
1

𝑦(𝑢4 − 𝑣4)
(𝑒−𝑦𝑣5𝑧 − 𝑒−𝑦𝑢5𝑧) 

𝐿𝑛(𝑥, 𝑦) 
1

𝑦(𝑢6 − 𝑣6)
((2𝑦𝑢6 + 𝑥)𝑒−𝑣6𝑧 − (2𝑦𝑣6 + 𝑥)𝑒−𝑦𝑢6𝑧) 

𝐺𝐹𝑛(𝑥) 
𝑖

𝑢7 − 𝑣7

(𝑢7𝑒−𝑣7𝑧 − 𝑣7𝑒−𝑢7𝑧) 

𝐺𝐿𝑛(𝑥) 
1

𝑢8 − 𝑣8
(((2 − 𝑖𝑥)𝑢8 + 𝑥 + 2𝑖)𝑒−𝑣8𝑧 − ((2 − 𝑖𝑥)𝑣8 + 𝑥 + 2𝑖)𝑒−𝑢8𝑧) − 2 − 𝑖𝑥 

𝑃𝑛(𝑥) 
1

𝑢9 − 𝑣9

(𝑒−𝑣9𝑧 − 𝑒−𝑢9𝑧) 

𝑄𝑛(𝑥) 
2

𝑢10 − 𝑣10
((𝑢10 + 𝑥)𝑒−𝑣10𝑧 − (𝑣10 + 𝑥)𝑒−𝑢10𝑧) 

𝑉𝑛(𝑥) 
1

𝑢11 − 𝑣11

(𝑒𝑢11𝑧 − 𝑒𝑣11𝑧) 

𝑣𝑛(𝑥) 
1

𝑢12 − 𝑣12

((2𝑢12 − 𝑥)𝑒𝑣12𝑧 − (2𝑣12 − 𝑥)𝑒𝑢12𝑧) 

𝑡𝑛(𝑥) 
1

𝑢13 − 𝑣13

(𝑒𝑢13𝑧 − 𝑒𝑣13𝑧) 

𝑠𝑛(𝑥) 
2

𝑢14 − 𝑣14
((𝑢14 − 𝑥)𝑒𝑣14𝑧 − (𝑣14 − 𝑥)𝑒𝑢14𝑧) 

𝑇𝑛(𝑥) 
1

𝑢15 − 𝑣15
((𝑢15 − 𝑥)𝑒𝑣15𝑧 − (𝑣15 − 𝑥)𝑒𝑢15𝑧) 

𝑈𝑛(𝑥) 
1

𝑢16 − 𝑣16
((𝑢16 − 2𝑥)𝑒𝑣16𝑧 − (𝑣16 − 2𝑥)𝑒𝑢16𝑧) 

𝑃𝑛 
𝑒−𝑣17𝑧 − 𝑒−𝑢17𝑧

𝑢17 − 𝑣17
 

𝑄𝑛 
2

𝑢18 − 𝑣18
((𝑢18 + 1)𝑒−𝑣18𝑧 − (𝑣18 + 1)𝑒−𝑢18) 

𝑀𝑛 𝑒2𝑧 − 𝑒𝑧 

𝐺𝐹𝑛 
1

𝑢20 − 𝑣20
((𝑖𝑢20 + 1)𝑒−𝑣20𝑧 − (𝑖𝑣20 + 1)𝑒−𝑢20𝑧) 

𝐺𝐿𝑛 
1

𝑢21 − 𝑣21
(((2 − 𝑖)𝑢21 + 1 + 2𝑖)𝑒−𝑣21𝑧 − ((2 − 𝑖)𝑣21 + 1 + 2𝑖)𝑒−𝑢21𝑧) 
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𝐺𝐽𝑛 
1

2(𝑢22 − 𝑣22)
((𝑖𝑢22 + 1)𝑒−2𝑣22𝑧 − (𝑖𝑣22 + 1)𝑒−𝑢22𝑧) 

𝐺𝑗𝑛 
1

2(𝑢23 − 𝑢23)
(((4 − 𝑖)𝑢23 + 1 + 2𝑖)𝑒−2𝑣23𝑧 − ((4 − 𝑖)𝑣23 + 1 + 2𝑖)𝑒−2𝑢𝑧) 

𝐺𝑃𝑛 
1

𝑢24 − 𝑣24

((𝑖𝑢24 + 1)𝑒−𝑣24𝑧 − (𝑖𝑣24 + 1)𝑒−𝑢24𝑧) 

𝐺𝑄𝑛 
2

𝑢25 − 𝑣25
((1 − 𝑖)𝑢25 + 1 + 𝑖)𝑒−𝑣25𝑧 − ((1 − 𝑖)𝑣25 + 1 + 1)𝑒−𝑢25𝑧) 

 
Table 5: Ordinary generating function of the products 

 

𝐺𝑛(𝑥)𝐺𝑛(𝑦) Generating function 

𝑉𝑛(𝑥)𝑉𝑛(𝑦) 
𝑧 − 𝑧3

1 − 𝑥𝑦𝑧 + (𝑥2 + 𝑦2 − 2)𝑧2 − 𝑥𝑦𝑧3 + 𝑧4
 

𝑣𝑛(𝑥)𝑣𝑛(𝑦) 
4 − 3𝑥𝑦𝑧 + 2(𝑥2 + 𝑦2 − 2)𝑧2 − 𝑥𝑦𝑧3

1 − 𝑥𝑦𝑧 + (𝑥2 + 𝑦2 − 2)𝑧2 − 𝑥𝑦𝑧3 + 𝑧4
 

𝑡𝑛(𝑥)𝑡𝑛(𝑦) 
𝑧 − 𝑧3

1 − 4𝑥𝑦𝑧 + (4𝑥2 + 4𝑦2 − 2)𝑧2 − 4𝑥𝑦𝑧3 + 𝑧4
 

𝑠𝑛(𝑥)𝑠𝑛(𝑦) 
4 − 12𝑥𝑦𝑧 + 4(2𝑥2 + 2𝑦2 − 1)𝑧2 − 4𝑥𝑦𝑧3

1 − 4𝑥𝑦𝑧 + (4𝑥2 + 4𝑦2 − 2)𝑧2 − 4𝑥𝑦𝑧3 + 𝑧4
 

𝑇𝑛(𝑥)𝑇𝑛(𝑦) 
1 − 3𝑥𝑦𝑧 + (2𝑥2 + 2𝑦2 − 1)𝑧2 − 𝑥𝑦𝑧3

1 − 4𝑥𝑦𝑧 + (4𝑥2 + 4𝑥2 − 2)𝑧2 − 4𝑥𝑦𝑧3 + 𝑧4
 

𝑈𝑛(𝑥)𝑈𝑛(𝑦) 
1 − 𝑧2

1 − 4𝑥𝑦𝑧 + (4𝑥2 + 4𝑦2 − 2)𝑧2 − 4𝑥𝑦𝑧3 + 𝑧4
 

𝐺𝐹𝑛𝑇𝑛(𝑥) 
𝑖 + (1 − 2𝑖)𝑥𝑧 − (2𝑖 − 1 − 2𝑖𝑥2)𝑧2 + (𝑖 − 1)𝑥𝑧3

1 − 2𝑥𝑧 + (3 − 4𝑥2)𝑧2 + 2𝑥𝑧3 + 𝑧4
 

𝐺𝐿𝑛𝑈𝑛(𝑥) 
2 − 𝑖 + 2(3𝑖 − 1)𝑥𝑧 + (3 − 4𝑖)𝑧2

1 − 2𝑥𝑧 + (3 − 4𝑥2)𝑧2 + 2𝑥𝑧3 + 𝑧4
 

𝐺𝐽𝑛𝑇𝑛(𝑥) 

𝑖

2
+ (1 + 𝑖)𝑥𝑧 − (1 +

𝑖

2
+ 2𝑖𝑥2) 𝑧2 − (2 + 3𝑖)𝑥𝑧3

1 − 2𝑥𝑧 + (5 − 8𝑥2)𝑧2 + 4𝑥𝑧3 + 4𝑧4
 

𝐺𝐽𝑛𝑈𝑛(𝑥) 

𝑖

2
+ (2 + 3𝑖)𝑥𝑧 − (1 + 𝑖/2)𝑧2

1 − 2𝑥𝑧 + (5 − 8𝑥2)𝑧2 + 4𝑥𝑧3 + 4𝑧4
 

𝐺𝑃𝑛𝑇𝑛(𝑥) 
𝑖 + (1 − 2𝑖)𝑥𝑧 + (2 − 𝑖 + 2𝑖𝑥2)𝑧2 − 𝑥𝑧3

1 − 4𝑥𝑧 + (6 − 4𝑥2)𝑧2 + 4𝑥𝑧3 + 𝑧4
 

𝐺𝑄𝑛𝑇𝑛(𝑥) 
2 − 2𝑖 + (10𝑖 − 6)𝑥𝑧 + (6 − 14𝑖 − 4(1 − 𝑖)𝑥2)𝑧2 + (2 − 6𝑖)𝑧3

1 − 4𝑥𝑧 + (6 − 4𝑥2)𝑧2 + 4𝑥𝑧3 + 𝑧4
 

𝐺𝑄𝑛𝑈𝑛(𝑥) 
2 − 2𝑖 + (12𝑖 − 4)𝑥𝑧 + (6 − 14𝑖)𝑧2

1 − 4𝑥𝑧 + (6 − 4𝑥2)𝑧2 + 4𝑥𝑧3 + 𝑧4
 

𝑀𝑛𝑈𝑛(𝑥) 
2𝑥𝑧 − 3𝑧2

1 − 6𝑥𝑧 + (5 + 8𝑥)𝑧2 − 12𝑥𝑧3 + 4𝑧4
 

𝑀𝑛𝑇𝑛(𝑥) 
𝑥𝑧 − 3𝑧2 + 2𝑥𝑧3

1 − 6𝑥𝑧 + (5 + 8𝑥2)𝑧2 − 12𝑥𝑧3 + 4𝑧4
 

𝑀𝑛
2 

𝑧 − 4𝑧3

1 − 9𝑧 + 28𝑧2 − 362𝑧3 + 16𝑧4
 

 

The values of A, B and C in Table 3 are 

 

𝐴 = (−1)𝑛 ((2−𝑖)𝑢21+1+2𝑖)𝑣21
𝑛 −((2−𝑖)𝑣21+1+2𝑖)𝑢21

𝑛

𝑢21−𝑣21
 , 

 

𝐵 = (−2)𝑛 ((4−𝑖)𝑢23+1+2𝑖)𝑣23
𝑛 −((4−𝑖)𝑣23+1+2𝑖)𝑢23

𝑛

𝑢23−𝑣23
  

 

and 

 

𝐶 = 2(−1)𝑛 ((1−𝑖)𝑢25+1+𝑖)𝑣25
𝑛 −((1−𝑖)𝑣25+1+𝑖)𝑢25

𝑛

𝑢25−𝑣25
 . 

 

Conclusion 

The polynomials satisfying second-order linear recurrence relation and their products are widely studied in the literature. In this 

work we revisited the generating functions and associated Binet formulae. To end with the general rule to follow to determine 

generating function of a product of any tow polynomials. In the light of this method based on geometric series summation, we 

come back to most of the polynomials studied by Boussayoud et al. in their different works. We presented the obtained results in 

tables 1, 2, 3, 4 and 5.  
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