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On generating functions of the product of two
polynomials defined by second-order linear recurrence
relations

Mouloud Goubi

Abstract

In the present paper we investigate polynomials and numbers satisfying a second-order recurrence
relations. We give ordinary and exponential generating functions, Binet formulas and the generating
function of the product of two polynomials. Our approach is based on geometric series summation, which
is different of the analytic method of Boussayoud et al.
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Introduction

Polynomials and numbers defined by second-order linear recurrence relations are widely
studied in the literature. In Boughaba et al. 2021 ™M constructed generating functions of the
product of Vieta polynomials with Gaussian numbers and polynomials. In @ the authors
constructed generating functions of the product of Gaussian numbers with Chebyshev
polynomials of first and second kinds. In Boussayoud et al. 2015 ! applied the operator Lgsz

in the series X.52, a;b{ z/ and used the obtained result on Fibonacci numbers and Tchebychev
polynomials of the first and second kind. In Boussayoud et al. 2017 ! introduced the
symmetrizing operator 65192 for the determination of Fibonacci numbers F_,, Lucas numbers
L_y,, Pell numbers P_,, and Pell-Lucas numbers Q_; at negative arguments. In with the same
operator Boussayoud et al. 2018 [ established some identities and generating functions of
Mersenne numbers and polynomials to compute among other generating function of the
product of Mersenne numbers with Tchebychev polynomials of first and second kinds. In [
Saba and Boussayoud introduced complete homogeneous symmetric functions to give
generating function to give generating functions for Gauss-Fibonacci, Gauss-Lucas, bivariate
Fibonacci bivariate Lucas, bivariate Jacobsthal and bivariate Jacobsthal-Lucas polynomials.
The two last polynomials are generalizations of Jacobsthal polynomials I, In this work we
study the family G, (x,y) = Gqppq.(x,y) defined by the second order recurrence relation.

Gni2(%,y) = pxGria (X, ¥) + qGa(x,y)

With

Go(x,y) = aand G,(x,y) = b, Q)
Where a, b, p and g are polynomials over the field of real numbers. The corresponding

univariate polynomials (y = 1) and numbers (x = y = 1) with a, b, p, q constants are given
respectively by the second order recurrence relations.

Gz (%) = pxGrys (%) + qGr(x)

with

Go(x) = a andG, (x) = b, 2
and
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GTl+2 = pGn+1 + an Wlth GO =a and G1 = b, (3)

We use geometric series summation to get the generating function and Binet formula. Thereafter we construct generating function
of the product G, (x)G;,;(y). The obtained result can be applied to infinitely many families of numbers and polynomials. We
restrict our attention to polynomials and numbers studied in [*234.56.8]: these are listed in Table 1. We attract attention to the fact
that GF, # GF,(1) and GL, # GLy(1) because GF,(1) = GLy(1) = a and GF, =i and GL, = 2 —i. In fact the polynomials
GF,(x) and GL,(x) respect the second-order linear recurrence (2) for n > 1. This phenomena directly influences the form of the
generating functions and Binet formulae as we will see later.

Ordinary and exponential generating functions
Ordinary generating function
The characteristic equation of the polynomial G, (x,y) is z2 — pxz — g = 0. So the roots are

r=r(x,y) = Xt “’:"““’and s = s(x,y) = Xt wzzxzﬂq 4)

Which satisfy the symmetric relations r + s = px and ps = —q. The ordinary generating function G(z) of G,(x,y) is given by
the following theorem.

Theorem 2.1. (For examples see Table 2)
The ordinary generating function G (z) is given by the relation

G(z2) = a-(apx-b)z (5)

1-pxz—qz?
Proof. We have
q Zi=o Gn (6, 1)2" = Ziioo(Gnaz (0, ) = pXGri1 (6, 1)) 2™
Then
qY0 G, )z = (—a— bz + Yo G (x,y)z™)z72 — px(—a + Yoo G, (x, y)z™)z7 L,
and
(qz® + pxz — 1)G(2) = —a + (apx — b)z. 0
Exponential generating function
G (z) is a rational function where the denominator is gz% + pxz — 1 which admits for roots the functions

x—/p2x2+4 —px+yp2x2+4q

_ _p q _ _
u=u(x,y) = 20 andv = v(x,y) = 20 (6)
The symmetric relations of u and v areu + v = — % and uv = — é. It follows that u = —2 and v = — 2.
Theorem 2.2. (for examples see Table 3)
The following identity holds true
aut2)vn—(av+2)un
Gn(x,y) = (=)™ (eurghm{erry) O]

u—-v

Proof. Since
qz* +pxz—1= —(1—5)(1—9.

For |z| < min{|ul|, |v|} we get

1

__1__ = ' n — oo n
Tz 2n=o(uz)™ and Tz Zn=o(v2)™.

So by Cauchy product of generating functions we have

e m () ()

qz2+pxz—1 v
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Letting ¢, = X7, (l)j G)n_j, then we have

u
G(z) = —acy + Z;‘{’zl((apx —Db)cp_q — acn)z”.

Thereafter Gy(x,y) = —acy, = a and G,,(x,y) = (apx — b)c,,_, — ac,. Itis easy to show that

n+1_vn+1

= —(=g)n¥ "
CTL - ( Q)n u—v '

then
o \n-1 _ un—pn _n untl_yn+l

Gn(x,y) = ()" (b — apx) ———+ (=q)"a———,
And
G ( _ n (api;_b+au)un—(—ap:_b+av)v”

2 (0y) = (—q) —
The result follows from the fact that %_b + au = —S —avand 22 4 v = —s —au.o
From the relation uv = — 3 we can write
Gn(x,y) = (=@)" (a_bv)””z:f,a_b”)wn (8)
Theorem 2.3. (For some examples see Table 4) We have
S G, y) o = S gmquz _ VI o —quz ©
Proof. It is obvious that

%] n +b/ o (_ )n +b/ [ele) (_ )n
ano Gn (.X', )’) il_' = ai;_v g Zn:O q:!z - a];_v 1 Zn:o q:!z .
Thereafter the result follows.
In the case of the recurrence relation
Gri2(x,2) = pxGryi(x,y) + qGo(x,y), Gy (x,y) = band G,(x,y) = ¢ (10)

c—

we add the term Gg(x,y) = a = sz to obtain the second-order recurrence (1). Consequently the generating function is

G(Z) _ bz+(c—pbx)z? (11)

1-pxz—qz?

The Binet formula is

(—C_pbxu+b/q)v”—(—C_pbxv+b/q)un
Go(x,y) = (=)~ —— : (12)
Finally the exponential generating function is
c—pbx c—pbx
o n u+b/q _ v+b/q _ —pb
T Gulry) 3 =~ e - e - = (13)

For example Gauss-Fibonacci and Gauss-Lucas polynomials are of this kind and theorems 1 and 2 in [8] are a consequence of this
remark.

Polynomial G_,,(x,y)
The polynomials G_, (x, y) are defined by the binet formula

n

) _ (_q)_n (au+b/q)v~"—(av+b/q)u~ . (14)

u-v

G_n(x,y
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. 1
Since uv = — e we get

G—n (x’ y) _ (au+b/q)u;l:1(}av+b/q)v"

, and the connection to G, (x, y) is
G_n(x,y) = =(=)"Gr(x,¥) + a(u™ + v™).
The generating function is

b
a+-z

Z?lo=0 G—n(x' )’)Zn = — ) (15)

14827 Lm
q q
which leads to the following second-order linear recurrence relation

Gn2(x,y) = =226 1 (6,7) + 26 n(x,7), Go(x,y) = aand Gy (x,) = =2 (16)

It is obvious that

Ga,b,p,q,—n(x: }/) = Ga,b—apxiln(x, y)- (17)

a 'q'q

In the case of a = 0 we obtain G_,,(x,y) = —(—q)"G, (x, y). For example we have

F., = (—1)™F, and P, = (~1)"*1P,. (18)

and

L—n = (_l)nLn and Q—n = (_1)nQn (19)
. . S o 1 o o 24

Letting x = 1 in the identity (L5) to deduce that 357 Fnz" = ——— Sig Pp2" = ——— T g Ln2" = =

and

242z . . . .
= Results which are obtained in [5] by a different way.

Yn=oQ-nz" = 75—
Generating function of the product
Let Go(¥) = Gy b p o' n(¥) be another family of polynomials defined by the second order linear recurrence relation (1), we

consider the functions a,, a,, a; and a, given respectively by the relations

_ (qau(x)+b)(q'a’u’ (y)+b") _ (qau(x)+b)(q’'a’v' (y)+b")

T @R a2y 4aq) 2T @242y +aq)) |

1

_ (qav(x)+b)(q'a’u’ (y)+b") _ (qav(x)+b)(q'a’v' »)+b")
VoI raq)@2y2+4q) T 022 +aq) 0Ty 2 +4q")

as =
and the functions

A =qq'v)v'(¥), A, = qq'v)U' ), A3 = qq'u(x)v'(y) and A, = qq"u()u’ ().

Lemma 3.1. The generating function of the product G,,(x)G;;(y) is given by the following relation

(o) * _ Zi:l 4973 Hjik(l_)‘jz)
Ym0 Gn(X)Gr(Y)z™ = L) (20)

Proof.
The product of Binet formulae of G,,(x) and G,,(y) lead to

Ga ()G () = a1(qq'v(X)V' )" + az(qq v )" + as(qqu@x)v' )" + au(qq'u@)u’ ()",

and

aq a asz (223
1-qq'v(x)v' (y) + 1-qq'v(x)u' () + 1-qq"u(x)v' () + 1-qq'u()u’'(y) '

Yin=0 Gn ()G (¥)2" =

~7~
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Thereafter

}*:o(1 - /11'2) Ym0 Gn(X)Gr(¥)z™ = ﬁ:o Ay Hj;:k(l - /11'2):
and the desired result follows.
Theorem 3.1.

Let g(z) the ordinary generating function of the product G,,(x)G;;(y). Then we have

P(x,y,z)
z) = 21
9@) 1-pp'xyz—(q'p2x2+qp'2y2+2qq")z2—pqp'q'xyz3+q2q'2z* "’ (21)

where

P(x,y,z) = aa’ + (bb' — apa’p'xy)z + (a’q'bpx + aqb'p'y — aa'(q'p*x* + qp'*y* + qq'))z* — qq'(b' — a'p'y)(b —
apx)z3. (22)

Proof. The Theorem 3.1 follows from Lemma 3.1 and the fact that
11(1—4z) =1 —pp'xyz — (q'p*x% + qp'y? + 2qq")z* — pqp'q'xyz® + q*q'*z* and

Ykoo Xk ]—Ijik(l — /11-2) =aa' + (bb' —apa'p'xy)z + (a’q’bpx +agb'p'y — aa'(q'p*x? + qp'?y? + qq’))z2 -
qq'(b' — a'p'y)(b — apx)z® . o

Corollary 3.1
Let m(z) be the ordinary generating function of the product G,,(x)G, (y). Then we have

P'(xy.2)
m(z) = 23
() 1-p2xyz—(qp?y?+qp2x2+2q2)z2-p2q2xyz3+qtz*’ (23)

Where

P'(x,y,2z) = aa’ + (bb' — aa’'p®xy)z + (a’bpgx + ab'pqy — aa’ (qp*x? + qpy? + q%))z? — ¢*(b' — a'py) (b — apx)z>.
(24)

Corollary 3.1 is a main tool to reproduce the generating function of the product of two polynomials investigated in [1, 2, 6], we
resume the results in Table 5.

Illustrative Tables

Table 1: Examples of G, (x,y)

a b plg G,(x,y) Name
0 1 2y |y B, (x,y) Bivariate Pell polynomials
2 2xy 2y | y Q.(x,y) Bivariate Pell-Lucas polynomials
0 1 y |2y Jo (e, y) Bivariate Jacobsthal polynomials
2 xy y |2y Jn(x,y) Bivariate Jacobsthal-Lucas polynomials
0 1 1|y F,(x,y) Bivariate Fibonacci polynomials
2 x 1|y L,(x,y) Bivariate Lucas polynomials
/ 1 1 (1 GE,(x,y) Gauss-Fibonacci polynomials
/ x + 2i 1(1 GL,(x,y) Gauss-Lucas polynomials
0 1 2 |1 B, (x) Pell polynomials
2 2x 2 11 Q,(x) Pell-Lucas polynomials
0 1 1]-1 V, (x) Vieta-Fibonacci polynomials
2 x 1]-1 v, (%) Vieta-Lucas polynomials
0 1 2 | -1 t, (%) Vieta-Pell polynomials
2 2x 2 | -1 sp(x) Vieta-Pell-Lucas polynomials
1 x 2 | -1 T, (x) Chebyshev polynomials of first kind
1 2x 2 | -1 U,(x) Chebyshev polynomials of second kind
0 1 2 |1 P, Pell numbers
2 2 2 |1 Qy Pell-Lucas numbers
0 1 3 -2 M, Mersenne numbers
i 1 111 GE, Gauss-Fibonacci numbers
2—i 142 111 GL, Gauss-Lucas numbers
i/2 1 112 G, Gauss-Jacobsthal numbers
2—1i/2 1+ 2i 112 Gj, Gauss-Jacobsthal -Lucas numbers
i 1 2 |1 GP, Gauss-Pell numbers
2—2i 2+ 2i 2 |11 GQ, Gauss-Pell-Lucas numbers
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Table 2: Ordinary generating functions

G,(x,y) Ordinary generating function
Z
P, y) 1—2xyz —yz?
2—2xyz
Qn(x,y) T 2xyz —y22
Z
Jn (6, y) 1 —xyz — 2yz?
. 2—xyz
Jn(,y) 1—xyz— 2yz?
Z
Fn(x:y) 1—XZ—yZZ
L 2—xz
n(x.}’) 1_XZ_yZZ
T iz2
Ch&) 1 i leZ— z2
20+ x)z + (2 — ix)z?
GLa@®) ( 1 )— xz(— z2 )
Z
B 1—2xz—2z2
2—2xz
@& 1—2xz — 72
Z
) 1—xz+ 22
2—xz
() 1—xz+4 22
Z
tn () 1—2xz + 72
2—2xz
Sn(¥) 1—2xz + 77
1—xz
&) 1—2xz + 77
1
Un®) 1—2xz + 7?2
b Z
n 1 —2222— z2
-2z
Qn 1—2z—22
M _z
n 1—3z+ 272
i—(—-1z
GE, T Z( — :
2—i—(1-3i)z
Gl 1 —(z — Z)2
i—({—2)z
G R St il
Jn 2(1—z—222)
Gi 4—i—(2-5i)z
In 20—z 229
i—QRi—-1)z
GP, T2, =7 ZZ( — :
2—-2i—(2-6i)z
G 1—2z—22
Table 3: Binet formulae (BF)
J|G,(x,y) uj v; BF
1R y)| (=xy = VxByZ+y) 1y | (—xy +x%y7+y) 1y ("1 = o)/ Gy = v1)
210n(ey)| =2y =2 +y) 1y | (=xy +x37 ) 1y 29" ((az + )03 = (v, +00u3)/ (uz = )
3|, ) |(—xy = x?y7 + 8y) /4y|(—xy + x?y? + 8y) /4y (=2y)" ' (wF —ug)/(v3 —uy)
4{jaCx,)|(—xy = X%y + 8y) /ay(—xy + xZy7 + 8y) /4y 27 (=)™ ((Aug + ) = (4vg + 0uF) /(g = vs)
51,00 (—x—=VaZ+4y)/2y | (—x+x2+4y)/2y (=" (ul = vE) /(5 = vs)
6|L,(x,y) (—x —x%+ 4y) /2y (—x +/x2% + 4y) /2y ™ (yv + )ul — Ryu + x)vE)/ (us — ve)
7| GE,(x) (—x —x%+ 4) /2 (—x +/x%2+ 4) /2 (- 1)"((1u7 + Dv? — (iv; + Dub )/(u7 —v;)
8|GL,(x) (—x —x2%+ 4) /2 (—x +4/x2 + 4-) /2 (((2 —ix)ug + 2i + x)v8 — ((2 —ix)vg + 20 + x)us) /(=)™ (ug — vg)
9| A(®) —x—+x2+1 —x++x2+1 (D" (g — v§)/(ug — vo)
10| Q,(x) —x —x2+1 —x+x2+1 2(=D)"((wyo + )]y — (Wi + 0)ufy)/(ugg — v10)
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1 () | (x+Vx2-4)/2 (x=x>—4)/ (@l = v/ (uyy = v1y)
12 v, () | (x+Vx2-4)/2 (x=Vx2-4)/ (Quy, — )l = Quyy — X))/ (y, = v12)
13 t,(x) x++/x2—1 x—+/x2—1 (uiz — vi5)/ (W13 — v13)
14 s, (x) x+x2—1 x—yx2—1 (2(ugq = IV1y — 214 — 0)uTy)/(Ugs — V14)
15 T, (x) x++/x2—1 x—+/x2—1 ((uys — )]s — (W15 — Dufs)/(ugs — vs5)
16| U, (x) X ++/x2—1 x—+/x2—1 ((ug6 — 20)0]s — (V16 — 200Ul )/ (us6 — V16)
17 P, —1—-+2 —1+42 D"ty — viy) /(U — v17)
18 Qn —-1-2 —1++2 2(_1)n((u18 + D — (4 + 1)“?8)/(“18 — Vyg)
19 M, 1 172 2" —1
200 GF, (-1-+5)/2 (-1+v5)/2 (=D™((fugo + 1Yy — (ivag + Duly)/(Usg — v20)
21 GL, (-1-V5)/2 (-1+V5)/2 A
22 G]n -1 1/2 (=2)""((iugy + DV, — (ivge + Dud,)/(upz — v33)
23 Gj, 1 12 B
24 GP, —1—+2 —-1++2 (D)™ ((fugs + V3, — (ivps + Dby )/ (Ups — V24)
25 GO, —1-+2 -1+V2 c
Table 4: Exponential generating functions
G,(x,y) Ordinary generating function
P (x, —_(eTYN1Z — gTYWZ)
w(x.) Y =)
Q,(x,y) ((u2 + x)e V2% — (v, + x)e‘yuzz)
U, — 0,
] (x y) ;(E—Zyvz _ e—Zyuz)
" 2y(uz — v3)
Jn(x, ) ((4uy + x)e~274% — (4u, + x)e~2VU4%)
Uy — V3
E, (x, ———(e7YVsZ — g YUs?)
n(.y) y(uy —vy)
L,(x,v) ————(Ryug + x)e™ 7% — 2yv, + x)e VU6
(XY y(u6—v6)( .ye Yvs )
i
E -v7z _ —usz
GFy (x) w, — v, (use vre )
1
GL,(x) - (((2 —ix)ug+x+ Zi)e_”sz - ((2 —ix)vg +x+ Zi)e_“sz) —2—ix
g — Vg
fn (X) Ug — Vg (e_”9z - e—ugz)
Q,(x) ((um + x)e V107 — (vyy + x)e_umz)
U190 — V10 1
V, (x) 7(6“112 — evuz)
" Uyjg — Vg
vy (x) ((uy, — x)e™2% — (21, — x)e'a2%)
Uip — V1o 1
t,(x) —(e*13% — g"137)
" Uz — Vi3
2
sp (%) ((u14 —x)e"14? — (vyy — x)eu14z)
Ujg I 14
T, (x) (s — X5 — (vy5 — R)et5?)
u151_ Vis
Un (%) ((ulﬁ —2x)eV16” — (V16 — Zx)eu162)
U6 — V16
e—1717Z — e—u17z
P, _
5 U7 — V17
Qn ——— ((u1g + De™18% — (v, + 1)e™18)
Ujg — V1g
M, e?? — e”
1
GFn - ((iuZO + 1)€_v202 - (ivzo + 1)e_u202)
1 Uz0 — V2o
GL, S (((2 — Duyy + 1+ 20)e™17 — (2 = Dy + 1+ 2i)e‘”21z)
Uz1 — Uy
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1
G —————((luyy + 1e~?Y22% — (iv,, + 1)e~%22?
Jn 2(uyy — V5y) (( 2+t 1) (ivy, ) )
1
Gjn —(((4 —Duyz+1+ Zi)€_2v23z - ((4 — v, + 1+ Zi)e‘zuz)
2(uz3 — Up3)
Gpn ((iu24 + 1)6_]7242 - (iv24 + 1)e_u24z)
5 Uzg = Vo4
GQy —((1 — i)uzs + 14+ i)e_UZSZ — ((]_ - i)vzs +14+ 1)e—u252)
Uzs — V25
Table 5: Ordinary generating function of the products
Gr(x)Gr () Generating function
3
zZ—Z
|74 v
MEINAC)] 1—xyz+ (x2 + y2 — 2)z2 — xyz3 + z*
U ()0, () 4 = 3xyz + 2(x* +y* - 2)2* — xyz°®
WY 1—xyz+ (x? +y? — 2)z2 — xyz3 + z*
ta ()t () z—2z3
n Y 1— dxyz + (4% + 4y% — 2)72 — 4xyz® + 2
5,05, () 4 —12xyz + 4(2x2 + 2_’y2 - 1)22 - 4-xyz3
n Sl 1= dxyz + (4% + 4y% — 2)72 — 4xyz® + 2
T, COT,(y) 1-3xyz + (2x% + 2y? — 1)z% — xyz3
" n 1—4xyz + (4x% + 4x%2 — 2)z% — 4xyz3 + z*
1-2z2
U U
WU, () 1 —4xyz + (4x2 + 4y? — 2)z% — 4xyz® + z*
GF,T,(x) i+(1—-2Dxz— (2i—1-2ix2)z% + (i — Dxz3
nn 1—2xz+ (3 —4x%)z% + 2xz3 + z*
2—i+23i-Dxz+ (3 - 4i)z?
GL,U,(x
nUn(®) 1—2xz+ (3—4x%)z2 + 2xz3 + z*
i Ny — Ly 9:2),2 _ N3
Gl To(x) Db (14 Dz — (1414 2ix%) 22 - (2 + 30)xz
1—2xz+ (5 —8x%)z2 + 4xz3 + 4z*
i N
GJnUn(x) s+ @+30Dxz—-(1+1/2)z
1—2xz+ (5 —8x%)z% +4xz3 + 4z*
GP,T,(x) i+ =2)xz+ Q2 —i+2ix?)z%—xz3
non 1—4xz+ (6 —4x?)z?% + 4xz3 + z*
GQuT, (%) 2 —2i+ (10i — 6)xz + (6 — 14i — 4(1 — )x?)z* + (2 — 6i)z°
non 1—4xz+ (6 — 4x2)z2 + 4xz3 + z*
2 —2i + (12 — 4)xz + (6 — 140)72
GQ,U,(x
CnUn(x) 1—4xz+ (6 —4x2)z% + 4xz3 + z*
2xz — 3z2
MU,
nUn(®) 1—6xz+ (54 8x)2% — 12x2° + 42°
xz — 3z% + 2xz3
M, T,(x
nTn (%) 1—6xz+ (5+8x2)z2% — 12xz3 + 4z*
M2 z — 473
" 1—9z + 2822 — 36273 + 162*

The values of A, B and C in Table 3 are

A=(=1)" ((2—Dugq+1+20)v5 —((2—Dvag +1+20)uly

U21~V21

B = (=2)" ((4=Dupz+1+20)vl—((4—i)voz+1+2i)ul;

U23~V23

and

—i)v25+1+i)u’215

C=2(-1)" ((1-Duzs+1+i)vs—((

U5~ V25

Conclusion

The polynomials satisfying second-order linear recurrence relation and their products are widely studied in the literature. In this
work we revisited the generating functions and associated Binet formulae. To end with the general rule to follow to determine
generating function of a product of any tow polynomials. In the light of this method based on geometric series summation, we
come back to most of the polynomials studied by Boussayoud et al. in their different works. We presented the obtained results in

tables 1, 2, 3, 4 and 5.
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