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In this paper we try to obtain lower bounds of mz‘k(al,oz; f(r)),r =1,2in terms of
my(01,02; f), where I,(oy,0,) and my,(0y,0,) are defined as mean values of an entire function of
two complex variables.
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Introduction
Let us consider

(1.1) f(s1,82) = Zoo

mn=1 Amn exp(sllm + Szlin):

((sj = 0; + it;) ,j = 1,2) where a,,, € C, the field of complex numbers, Ay,,s, up,s
are real, and

0<A1<2A2<-Am- ow;
0 <y <pp < <y = 00
It has been proved [1] that if

logm logn

(1.2) lim =0, lim =0,

m—oo m n-oo HUn

the domain of convergence of the series (1.1) coincides with its domain of absolute
convergence.
Also, Sarkar [2, pp.99] has shown that the necessary and sufficient condition that the series

(1.2) satisfying (1.2) to be entire is that

. log|am,n|
13) lim ———=—o00
( )(m,rll)—wo Am+in

Let the family of all double Dirichlet series of the form (1.1) satisfying (1.2) and (1.3) be
denoted by F.

Then f € F Denotes an entire function over C2. The results can be extended to several
complex variables.

Corresponding to an f € F, the maximum modulus M = M¢and the maximum term p = u,

On R? are defined as [2, pp100]

Corresponding Author:
Dr. Vinita Vijai
Associate Professor, M(O’) = Mf(O'l, 0'2) = max{lf(sl, S2)|: s1,S, € C,Res; =0y,Res, = 0'2}
Department of Mathematics,
Isabella Thoburn College,
Lucknow, Uttar Pradesh, India

~E9~


www.mathematicaljournal.com

Journal of Mathematical Problems, Equations and Statistics

o) = 04,0,) = max {lamn| exp(c1Am+020n)}
u(o) = ug(oy,03) omax

where N is the set of natural numbers.

The mean value I, (a4, 0;) of |f(s4,5,)]| is defined as

(1-4)12(0'1,0'2 ,f) = L(0y,07) = r lim : n " If (01 + ity, 07 + ity)|?dt, dt,

11Tz ATiT, *-T1 -T;
Now we define the mean value
mz,k(o'po'z) of [f(s1,s2)| as

(1.5) mz,k(ap oy f) = mz,k(ap 03)

1 o1 po2 rTp Ty )k ;
lim —f f f {1f (xq + ity, x, + jty)|? e e ¥2}dx, dx,dt, dt
Tpo0 Tszekalekoz o o r)or 1 22 2 14A28 L1 RE2

=
where K is any positive number.

These mean values defined by (1.4) and (1.5) are increasing functions of a; and o,
For

If (s1,82)1% = f(51,52)f (51,52)

*® 2
= Jamal expl2(aim + o)
min=1

Sy O XD+ ) + 03 ) + 86 Cln = ) + it = )
m#

The series on the right being absolutely convergent, the resulting series is
uniformly convergent for any finite t; and t, range, therefore integrating term by
term, the terms for which m# M, n# N, vanish as T;, T, — o and we get

*© 2
(1.6) I,(04,07) = Z 1|am,n| exp{2(0y Ay, + oa1,)}
mn=

Hence I,(0y, 0,) is an increasing function of o; and o,.
Also from (1.4) and (1.5)

4 01 (o;
(1.7) myx(0y,07) = mfo Jo I (g, ) e e*2dxy dx,

Using (1.6) we obtain
4 @ 2
M,k (01,02) = S5 ta; [ N [Zmn_llam,n| exp{2(0;Am + 0pi)} €M 1e*¥2dx, dx;,]

Iam,n|2 (ezlmal_e—kcn) (ezﬂnffz _e—kaz)

= 4'Zm,‘n:l (2Am+k)(2un+k)

Thus m, (04, 05) is also an increasing function of oy and .
We now obtain a result on lower bound of mz'k(al, 0y; f(’)),r = 1,2 in terms of

my (01, 05; f),and any one of o;and o, while keeping the other fixed, where

My (01, 055 £), is the mean value of |6%f(sl,sz)| , v = 1,2; that is

(2.1) myp(0y, 055 fD) = lim L

— X
Ty, T,—o0 TiTzek01eko2
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o1 o2 Ty T2 2 . . 2
fo fo f—Tl f—TZ {|Ef(x1 + ltl' X2 + lt2)| } X
kxq ,kx,
X e™*1e*2dx,dx,dt, dt,
and similarly for my(0y, 055 f@)
3. Lemma 1: ek91[,(0y,0;) is a convex function of e¥°1m, , (o, o) for a fixed o,

Proof
Using (1.7) we have

B{ekdllz(al,az)}
a{e*o1my i (01,02)}

a
E{ekd”z(ﬂpﬂz)}

3
Fo7(¢ T1ma(01,02)}

3 -
keka”z(%ﬁz)"’ek‘rlr‘llz(01102)

T O (4 ko (01 (02 kxq pkx

E{ekalekaz e 1.[0 fo ’z(x1.x2){e le**2dx, dxz}

_ a
kekdl_l.z(0‘1,0‘2)+ekd1mlz(‘71:0’2)

4
ekaz

g
-eko1 jo 2 Iy(a1, x2)ek¥2 dx,

Since I, (a4, x,)e**2 is an increasing function of g, x, and therefore
applying the second mean value theorem, we have

k keko1g ( )+ k0'1il ( )
a{eko11,(0y,07)} K€ 2(01,02)+e 2(01,02

doq
d{eko1m, (o4 o 4
{ 2,k(01,02) } Jkoz

ekallz(ollaz)ekgz fgz dx,
where 0 < ¢ < 0,

7]
_k12 (0—1'02)+E12 (01,02)

41(01,02)(02—8)

1 {k i (a%)(’z(ﬂpﬂz))}

T4(02-8) I(01,02)

The right hand side increases with g, for a fixed o,, from (1.6).
Therefore

9%{e*911,(04,02)}

P P — > 0, for a fixed o,. Hence the result

4. Lemma 2: Log m, (0, 0,) is a convex function of g; for a fixed
value of g, and vice-versa

Proof: Using (1.7), we have

6{l09 My (07, Uz)} _d
9o, = a_al{l()g mak (01,02)}

4 1 o o
- my (01,02) [ekaz {_ke_kgl fO ! fo ’ 12 (xli xz)ekx1+kx2 dX1 dXz +
_' 1 4 o;
=m2 k(oy102) {_kmz‘k(al' 02) + ekaz fo ’ L, (o4, xz)ekxz dx,}
ZANS

T € [y L(o1x,)et dxs)]
Since I,(ay, x,)e**2 is an increasing function of a;, x, and therefore applying the second mean-value theorem, we get

a{log my (03, 0'2)}
(o)
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_r 41, (01,00)ek02 (0,
“my(01,02) {_kmz‘k("v ) + e [F dxp},0<¢ < o
1
o (hM24(01,00) + 4(0 = D)1(01,0,)}

~fa(o, - o)) i

my (01,02)

The right-hand side increases with ¢, for a fixed a,, follows from Lemma
1. Therefore,

8%{log m, y(01,02)}
da?

2. Theorem 1: If my ;. (0y, 0p; f ) is the mean value of |f (s, s,)| , where fW(sy, s,) = %f(sl,sz), then for a fixed value
1

>0, for a fixed value of a,. Hence the result and vice-versa.

0y,

my k(01,02) Jlogm, (01,02)—1
(4.1) mz,k(ffpffzif(l)) > zk221 2 { zka%1 2 }2

for o, = o, where o7 is depending on the function of f.

Proof: We have
mz,k(al:‘fzif(l)) =

2
lim ——— [T [P [T (T2 D (x, 4 ity X, + ity)| e*Frek2 dx, dx,dt, dt,

T,/ T, Ty Tpeko1eko2 J0 0 -Ty -T;

1
im ———=X
T, T, —o0 T1Toek01eko2

, , . . 2
. X1tity,xXo+ity)—fix1(1—&)+ity xo+it
lef( 14ty xp+ity)—f{xg (1—€)+ity xp+it,} %

-0 X1€

2 T T2
X

x ef*iekxadyx dx,dt, dt,

>lim fim ! X
T &0 Tl! T2 — 00 gzalleTzeka'lekUZ

. . . . 2
Xfoal fOUZ f_T;l f_TTZZ [If Gey + ity x, + it)| — |f{xa (1 — &) + ity x, + it, }]] X
x e**¥1ekX2dx, dx,dt, dt,

Applying Minkowski’s inequality, we get

T, T2 . , . .
[ _;1 f—Tz{ If Gey + ity, %, + ity)| = |f (1 (1 — &) + ity, x, + ity)[}2dt, dt,]?

T T2 . ,
2 {f_;l -1, [If Gy + ity x, + ity)[2dt, dt, ]}

0 [ NFGa(—e) +ity,x, + ity)[2dt, diy] 12
Therefore,

. 1) . . 1
m, (g, 05; f( > lim lim — X
(01,02 f V) E-0T /T, — oo €201 TiT, eko1eko2

o o2 T T2 . .
Xfo ! fo [{ f_;l f_T2|f(x1 +ity, X, + ity |Pdt; dt,}?
'{f_T;l f_Télf(xl(l — &) +ity, X, + ity)|dt, dt,})e’r eM¥2dx, dx,

=lim lim L

S — X
€50 T,1T, o €207 T1ToeK02 k2
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o o2 T T2 . .
x5 [ [{etrretxe f_;l f—Tz |f (o + ity x, + ity)|2dt, dt,}?

—fekmekr [T [10 0 |fGa(1— ) + ity x, + ity) 2dty dt,} 7P dx, dx

Again, using Minkowski’s inequality, we obtain
Mok (01: 025 f(l))

. . 1
>lim lim —————
£-0T 1T 00 £20{T1 Trek01ek02

2 T, T2 . ,
X[{ foal foa elxiehx f_;l f—Tz If (ey + ity , x; + ity)|Pdx dx,dt, dt,}

2 T T2 . :
—Uyt fyT emer [ [0 1f a1 - ) + ity x, + ity)2dx; dxpdty de} )’

—&gko &
> lim = [, (01, 0}/ X2 T, (0, — 0y, 03) /2P
£-0 €07 (1-¢)

= lim [ {mz,k(Ul;Uz)}l/z—{(1—8)_1m2,k(171—012,02)}1/2]2
&£-0 g1&

logm; (01,02)

Let us now take, g(a,,0;) = .
1

Then from Lemma 2, g(o;, g;) is an increasing function of g, for a fixed value of o, and so we have

9019(0’1v02)/2_(1_5)—1/29(”1“715)9("1_‘715'”2)/2 2

mz,k(o'l:o'zif(l)) 2 lgl_%l [ ore

9019(01,02)/2_(1+E+382+‘.. )3(01_015)3(”1'”2)/2
> lim [ 28
£-0 g1&

]2

:{M e919(01,02)/2 _ Lefhg(%ﬁz)/z}z
2 201

1 [{glg(gl_gz)9019(61-”2)/2_3619(61;02)/2}2]

2 2
2 [y

_my x(01,02) {109 mz,k(‘ﬁ-'fz)—l}z
22 o1

5. Corollary 1: If my (0, 05; £ @) is the mean value of |f @ (sy, s,)|

where
f@(sy,8,) = %f(sl, s,) then for a fixed value of g,
1

(01,02) {log mz_k(al,az)—l}z

(5.1) myy (01,00 fP) = mz'kzz

o}
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