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On the closed formula of special partition polynomials

Mouloud Goubi

Abstract

Partition polynomials are widely studied in the literature. In this work we are interested by a special case
to give some recurrence relations and theirs connection to Bernoulli polynomials and numbers. By hint of
Bell polynomials; we compute the explicit formula in two different ways. As a perspective for this study;
we ask some questions not yet answered.
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Introduction
The partition polynomials B, (z) are defined by the generating function

f(tzCa) =111 -z ™) [[,(1 — z,t"2)% . [[(1 — z5t™)% = ¥, B (2)t";
Where

C ={Cy,Cy, ..., Cg}, C; denote a set of distinct integers, z = (z;, ..., z5) and a = (ay,.., a,).
The explicit formula of B,(z) is given by the relation

Pu(7) = Za T [ 25 (22) ] @

k J
Where
1(n) = {(ky, gy s k) € N5 Ky + 2k + -+ by =1}, 0 (2) = — X5, 4,69 (2)
And
09 (2)) = Tacc,amdz".

For the proof see the works [ 1. The partition polynomials E,(z) and Q,(z) defined
respectively by the generating functions

P —— =14 Yy Fy(2)t"

n=04_zn
And
[ ———— = 1+ Yot Qn(2)t™

n=1(1_ztn)n

appear in the theory of plane partitions [> 3 4. These polynomials are in fact special case of
polynomials B,(z). Her we focus on the sequence a,(m),m = 1 of numbers defined by
a, (1) = 1 and the recurrence relation:

a,(m+1) = ¥ a(m). 2

We will see later that a,(m) belongs to a particular family of partition polynomials. Since
a, (1) = 1 we can see that a,,(m) is a polynomial on the integer variable n of degree n — 1.
But the explicit formula of the coefficients still unknown. The following table gives the few
first polynomials.
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Table 1: B, and B,,(x) are respectively the well-known Bernoulli numbers and polynomials, B, are defined by the generating function

m a,(m)

1 1

2 n+1

3 a/2m*+@G/2n+1

4 (1/6)(Bs(n+1) —B3) + 3/4)n* + (7/H)n + 1

t =Y ..B t"
et—1  &m207m gyt

Polynomials B, (x) take the form

B,(x) = Z:=0 (:) B x™k,

The first Bernoulli numbers are By = 1, By = —%, B, = %and B; = 0. So the first few Bernoulli polynomials are
Bo(x) =1
Bl(x) =x+ Bl

B,(x) =x*—x+ B,
—.,3_3,2,1
Bs(x) = x SX o
In the table 1 we used the well-known identity
164 2K 4otk = — (B (n+ 1) — By,

To deduce that

B3(n + 1) - B3

1
12+22+---+n2=g(2n3+3n2+n)= 3

In this work we give another recurrence relation and show that a, (m) is a polynomial of m. finally we compute the explicit
formula in two different ways and ask some questions as a perspective for this study.

Generating function and recurrence relations
From the definition of the sequence a,, (m); we deduce that f£,,(t) =

1 . . . . .
1S the corresponding generating function and we write

1-0

fn(® = ) an(m)e™

nz0

The reason is that

CEEUE (Z tﬂ) (2 an<m>tn) =07 atm)em.

n=0 n=0 nz0

a,, (m) Correspond to P,(z) for C = C; = {1}, z = z; = 1 and a = a; = —m. After sample computations we conclude that

an ) = S T [ (2)] ®
n n(n) 11j=1 kit \ j .

For a, b two positive integers, it follows that

an(a +b) = Xie=o (@) ay_k (b). (4)

In section 3 we explain how to obtain another formulation of the expression (3). Let (’,:l) the binomial coefficient given by (’If) =
@k
k 1

—™__with the convention that (™) = 0 for k > m. The natural extension to complex numbers « is defined by (¢) =
kl(m—k)! k k

where (@), is the falling number (@), = a(a — 1) ... (a — k + 1). Consequently, the series expansion of (1 + t)* is

~w
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— a
1+ 0% = Tnso($)t™, It] < 1.

Theorem 3.2: For m fixed and n > 1, the sequence a,, (m) satisfies the recurrence relation
a,(m) = L5 (") (=DM g, (m) (5)
Proof: In one hand we have
(1 =™ = Tpao(7) (=D ",
and in other hand we have (1 — t)™f,(t) = 1, then
(Zrz0(R) D™ ") Bnzo an(m) t7) = 1.
By Cauchy product of generating functions we get
Ynso(Zheo(") (D™ *a, (m))t" = 1. Thus ao(m) = 1 and forn > 1;
R0l ) (D™ ay (m) = 0.

Table 2: It follows from the table 2 that a,,(m) is a polynomial of degree n on the variable m. One can write a,,(m) = ¥%_, a,m¥; in what
follows we purpose a method for computing the coefficients a;,.

a,(m)
m
1/2)ym?+ (1/2)m
(1/6)m® + (1/2)m? +1/3
—(1/3)m* + (5/3)m® + (1/8)m? + 7/12

AlW(N|F[(S

Combinatorial formulations
Let s,(k) be the set of all partitions of n which have k summands, for any sequence (x,),ey Of complex numbers; the
exponential partial Bell polynomials B, : = By, (x4, X5, ... ) are defined by the expression [,

k

"'kn—k+1 7!

| kr

Where (k k K )=% is the multinomial coefficient, with the convention that By, =1 and B,, =0 for n > 1.
1y ey i 1+ Kn:

Polynomials B, ; follow from the generating function

tm\k ¢

1 (o] 0]
E(Zm:lxm ) = Zn:k Bn,k (xl'xz’ );

m!

Among other values of B, ; we have B, (1,1,..,1) = S(n, k) is a Stirling number of second kinds defined by the generating
function:

e[“(et_l)] =14+ Yiccran S, k)uk %l

B (01,11,21,...) = |s(n, k)| = s(n, k) is signless Stirling numbers of first kind and s(n, k) is a Stirling number of first kind
defined by the generating function

(1+ 0% = 1+ Syaeen s )uk S

Bni(1,2,3,...) = (})k™* is idempotent number.

Bell polynomials play an important role in number theory and combinatorial analysis, such us for computing the coefficients of
the inverse or the composition of generating functions. With these combinatorial polynomials we give the explicit formula of the
polynomials a,,(m) in two different ways.

For any generating function

F,t) = Yps1 v ()", e/ is calculated as follows [,

tn
ef® = Fs0 Theo Buc(11y2, 21y, ) o @)

~gw
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For the general case gof one consult [ &, to see the g-analog we refer to ], According to Bell polynomials the expression of
a, (m) as a polynomial on the integer variable m is given in the following theorem.

Theorem 3.1: We have

an(m) = T2 ols(n, k)m*. (®)

tn
Proof: We have f,(t) =e™Z"1w, then f,(t) = Ynuso Yk=0Bnr(01,11,21,, mks — and the desired result follows.
Consequently the coefficients a;, are signless Stirling numbers of first king.

Corollary 3.1: The connection of a,,(m) to Bernoulli polynomials and numbers is given by the following relation.

M an() = = T o(Breas (M) = Brgr) S ©

Proof: We have
T an() = - Thools(r I(Z51 /%), and then T3 @, () = = Tizols(n, k)| 2ert—fie,

Otherwise we have
S0 (M) = Teo (Thoo 515G, KIm).
Then
an(m+1) = Bio (X515 G, 1) m.
But from Theorem 3.1 we get
ay(m +1) = =7 ls(n, k)| (m + 1)*,
Since (m + ¥ = 3 ,(¥)m’, then
an(m +1) = =5 (Shei(Dlsm, ) )m!,
which is the same with
an(m +1) = =30 (S (D)Istr H)m*.
The comparison between the coefficients let us to conclude the following corollary.
Corollary 3.2 For every 0 < k < n, the Stirling numbers of first kind satisfies the following identity

Fe(DIs@u ] = nlEieye IsG R, (10)
For any generating function g(t) = >.,,5¢ b,t™ and complex number «; the series expansion of the function g¢ is given by
%) = Tnzo Zico(@ib§ ™ Bie(11by, 21 by, ) 5.
Theorem 3.2:
an(m) = (-2 1D

Proof: In the case g(t) = 1 — t and @ = —m, we obtain f,,,(t) = g~™(t). Then we deduce that

fin(®) = Bnzo Zteo(=m)iBn e (~1,0,0,0,.) .
Since B, ,(—1,0,0,0, ...) = (—=1)" and B, x(—1,0,0,0,...) = 0 for k # 0. Then

~g~
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a,(m) = (-1)n 2

Corollary 3.1: The connection between generalized binomial coefficient and Stirling numbers of first kind is given by the
following relation.

(—m)p = (=)™ ZRools(n, k) Im*. (12)
Proof: This result is immediate from the series expansion

(1 =07 = Enso() D"t

and the expression (11) of Theorem 3.1.

Letm™ = m(m + 1) ... (z + m — 1) the rising factorial. Then m”™ = (—1)"(—m),, and the well-known result

m™* = ¥i_ols(n, k)Im*

is obtained. Knowing that in the literature; sometimes the numbers |s(n, k)| are denoted by [Z]

Perspective

We computed explicitly the coefficients of a,, (/) as a polynomial of the integer variable m. Regarding the recurrence relation
(1); a,,(m) is a polynomial on the variable n. But what is the explicit formulae of the coefficients? To answer this question; we
must investigate the generating function of the falling number (—m),. For a any fixed integer n, one can write f,(t) =
Ymso(—m),t™. The values of f; (t) and f,(t) are illustrated in the table 3. But how about the general form of f,,(t)?

Table 3: We must investigate the generating function of the falling number (—m),,. For a any fixed integer n, one can write f,(t) =
Ymso(—m),t™. The values of f;(t) and £, (t) are illustrated

n [n(®)
1 —t(t—1)?
2 2t2(1—-1)73
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