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Abstract 

For a non-negative integer n; the generalized weighted composition operator 𝐷𝜑,𝜓
𝑛  is defined by 𝐷𝜑,𝜓

𝑛 𝑓 =

𝜓 ⋅ (𝑓(𝑛) ∘ 𝜑), 𝑓 ∈ 𝐻(𝔻), where 𝜓 be holomorphic map of the open unit disk 𝔻,𝜑 a holomorphic self-

map 𝔻 and 𝐻(𝔻) be the space of holomorphic functions on 𝔻. In this paper, we characterize 

compactness of 𝐷𝜑,𝜓
𝑛  from 𝑄𝐾(𝑝, 𝑞) spaces to Bloch-type spaces. 

 
Keywords: Compact weighted, Bloch-type spaces, 𝑄𝐾(𝑝, 𝑞) 
 
Introduction 
Let 𝔻 be the open unit disk in the complex plane ℂ, ∂𝔻 its boundary, 𝑑𝐴(𝑧) the normalized 
area measure on 𝔻( i.e. 𝐴(𝔻) = 1), 𝐻(𝔻) the class of all holomorphic functions on 𝔻. Let 
0 < 𝑝 < ∞,−2 < 𝑞 < ∞ and 𝐾: [0,∞] → [0,∞] a non-decreasing continuous function. A 
function 𝑓 ∈ 𝐻(𝔻) is in 𝑄𝐾(𝑝, 𝑞) if 
 

𝑀(𝑓) = {sup
𝑎∈𝔻

 ∫  
𝔻

  |𝑓′(𝑧)|𝑝(1 − |𝑧|2)𝑞𝐾(𝑔(𝑧, 𝑎))𝑑𝐴(𝑧)}

1/𝑝

< ∞, 

 
Where 
 

𝑔(𝑧, 𝑎) = log⁡|
1 − 𝑎‾𝑧

𝑎 − 𝑧
| = log⁡

1

|𝜂𝑎(𝑧)|
 

 
is the Green function in 𝔻 with logarithmic singularity at 𝑎. 
2000 Mathematics Subject Classification. Primary 47B33; Secondary 30H05, 46E15. 
Key words and phrases. Compact weighted composition operator, 𝑄𝐾(𝑝, 𝑞) space, 𝐹(𝑝, 𝑞, 𝑠) 
space, Bloch-type space.  
Throughout this paper, we assume that 
 

∫  
1

0
(1 − 𝑟2)𝑞𝐾(−log⁡𝑟)𝑟𝑑𝑟 < ∞,             (1) 

 
since otherwise 𝑄𝐾(𝑝, 𝑞) consists only of constant functions (see [19]). For 1 ≤ 𝑝 <
∞,𝑄𝐾(𝑝, 𝑞) is a Banach space with respect to the norm ∥ 𝑓 ∥𝑄𝐾(𝑝,𝑞)= |𝑓(0)| + 𝑀(𝑓). If 

𝐾(𝑥) = 𝑥𝑠, 𝑠 ≥ 0, then the spaces 𝑄𝐾(𝑝, 𝑞) reduces to 𝐹(𝑝, 𝑞, 𝑠)⁡which was introduced by 𝑅. 
Zhao in [18], is known as general family of function spaces. Let 𝜔 be a strictly positive 
continuous function on 𝔻. If 𝜔(𝑧) = 𝜔(|𝑧|) for every 𝑧 ∈ 𝔻, we call it a radial weight. A 
radial weight 𝜔 is called typical if it is non-increasing with respect to |𝑧| and 𝜔(𝑧) → 0 as 
|𝑧| → 1. For a typical weight 𝜔, the Bloch-type space ℬ𝜔 on 𝔻 is a Banach space of 𝑓 ∈ 𝐻(𝔻) 
such that 
 

∥ 𝑓 ∥ℬ𝜔= |𝑓(0)| + sup
𝑧∈𝔻

 𝜔(𝑧)|𝑓′(𝑧)|. 

 
The weighted spaces of controlled growth 𝒜𝜔 consists of 𝑓 ∈ 𝐻(𝔻) such that ∥ 𝑓 ∥𝒜𝜔=
sup𝑧∈𝔻  𝜔(𝑧)|𝑓(𝑧)| < ∞. 
Let 𝜓 ∈ 𝐻(𝔻) and 𝜑 be a holomorphic map of 𝔻. For a non-negative integer 𝑛, we define a 
linear operator 𝐷𝜑,𝜓

𝑛  as follows:
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𝐷𝜑,𝜓
𝑛 𝑓 = 𝜓 ⋅ (𝑓(𝑛) ∘ 𝜑), ⁡𝑓 ∈ 𝐻(𝔻). 

 

For example, if 𝑛 = 0 and 𝜓 ≡ 1, then we obtain the composition operator 𝐶𝜑 induced by 𝜑, defined as 𝐶𝜑𝑓 = 𝑓 ∘ 𝜑, ⁡𝑓 ∈ 𝐻(𝔻). 

If 𝜓 = 1 and 𝜑(𝑧) = 𝑧, then 𝐷𝑝,𝜓
𝑛 = 𝐷𝑛, the differentiation operator defined as 𝐷𝑛𝑓 = 𝑓(𝑛). If 𝑛 = 0, then we get the weighted 

composition operator 𝜓𝐶𝜑 defined as 𝜓𝐶𝜑𝑓 = 𝜓 ⋅ (𝑓 ∘ 𝜑). 

For more about operators of the type 𝐷𝑝,𝜓
𝑛  we refer [1-17]. In this paper, we characterize boundedness and compactness of 𝐷𝜑,𝜓

𝑛  

from 𝑄𝐾(𝑝, 𝑞) spaces to Bloch-type spaces. 

Throughout this paper constants are denoted by 𝐶, they are positive and not necessarily the same at each occurrence. The notation 

𝐴 ≍ 𝐵 means that 𝐵 ≲ 𝐴 ≲ 𝐵, where 𝐴 ≲ 𝐵 means that there is a positive constant 𝐶 such that 𝐴 ≤ 𝐶𝐵. 

 

Compactness of 𝑫𝝋,𝝍
𝒏  

In this section, we characterize compactness of 𝐷𝜙,𝜓
𝑛  from 𝑄𝐾(𝑝, 𝑞) spaces to Bloch-type spaces. 

For the purpose we need several lemmas. The first among these can be found in [19]. 

 

Lemma 1. Let 0 < 𝑝 < ∞,−2 < 𝑞 < ∞,𝛼 = (2 + 𝑞)/𝑝, 𝐾: [0,∞] → [0,∞] a non-decreasing continuous function such that (1) 

holds and ∈ 𝑄𝐾(𝑝, 𝑞). Then (a) 𝑄𝐾(𝑝, 𝑞) ⊂ 𝐵
𝛼, (b) 𝑄𝐾(𝑝, 𝑞) = 𝐵

𝛼 if and only if 

 

∫  
1

0
(1 − 𝑟2)−2𝐾(−log⁡𝑟)𝑟𝑑𝑟 < ∞.                     (2) 

 

Moreover, ∥ 𝑓 ∥ℬ𝛼≲∥ 𝑓 ∥𝑄𝐾(𝑝,𝑞). 

 

Lemma 2. Let 0 < 𝑝 < ∞ and −2 < 𝑞 < ∞,𝐾: [0,∞] → [0,∞] is a non-decreasing continuous function such that (1) holds and 

𝑓 ∈ 𝑄𝐾(𝑝, 𝑞).  
Then 

 

|𝑓(𝑧)| ≲

{
 
 

 
 
∥ 𝑓 ∥𝑄𝐾(𝑝,𝑞)  if 2 + 𝑞 < 𝑝;

log2⁡
2

1 − |𝑧|2
∥ 𝑓 ∥𝑄𝐾(𝑝,𝑞)  if 2 + 𝑞 = 𝑝;

∥ 𝑓 ∥𝑄𝐾(𝑝,𝑞)

(1−∣ 𝑧2)
2+𝑞

𝑝
−1

 if 2 + 𝑞 > 𝑝;

 

 

And 

 

|𝑓(𝑛)(𝑧)| ≲
∥ 𝑓 ∥𝑄𝐾(𝑝,𝑞)

(1 − |𝑧|2)
2+𝑞

p
+𝑛−1

 if 𝑛 ≥ 1.  

 

The next lemma is an extension of a well known result on compactness of composition operators of the Hardy spaces 𝐻𝑝 (see [1], 

proposition 3.11). The proof follows using the standard arguments of proposition 3.11 in [1]. We omit the details. 

 

Lemma 3. Let 0 < 𝑝 < ∞ and −2 < 𝑞 < ∞,𝐾: [0,∞] → [0,∞] is a non-decreasing continuous function such that (1) holds, 𝜔 a 

radial weight, 𝜓 ∈ 𝐻(𝔻), 𝑛 ∈ ℕ or 𝑛 = 0 and 𝜑 be a holomorphic self-map on 𝔻. Then 𝐷𝜑,𝜓
𝑛 : 𝑄𝐾(𝑝, 𝑞) → 𝐵𝜔 is compact if and 

only if for every bounded sequence {𝑓𝑘} in 𝑄𝐾(𝑝, 𝑞) which converges to zero on compact subset of 𝔻 as 𝑘 → ∞, we have 

∥∥𝐷𝜑,𝜓
𝑛 𝑓𝑘∥∥ℬ𝜔

→ 0 as 𝑘 → ∞. 

The next two lemmas are inspired from lemmas 3.6 and 3.7 in [5]. 

 

Lemma 4. Let 0 < 𝑝 < ∞ and −2 < 𝑞 < ∞ such that 2 + 𝑞 < 𝑝 and 𝐾: [0,∞] → [0,∞] be a non-decreasing continuous function 

such that (1) holds. Then every bounded sequence in 𝑄𝐾(𝑝, 𝑞) has a subsequence that converges uniformly on 𝔻̅. 

Proof. Let {𝑓𝑚} be a sequence in 𝑄𝐾(𝑝, 𝑞) and 𝑀 be a positive number such that ∥∥𝑓𝑚∥∥𝑄𝐾(𝑝,𝑞)
≤ 𝑀 for all 𝑚 ∈ ℕ. Since 

𝑄𝐾(𝑝, 𝑞) ⊂ ℬ
(2+𝑞)/𝑝 and (2 + 𝑞)/𝑝 < 1, we have |𝑓𝑚(𝑧) − 𝑓𝑚(𝑤)| ≲ |𝑧 − 𝑤|

(𝑝−2−𝑞)/𝑝 for all 𝑧, 𝑤 ∈ 𝔻) and for every 𝑚 ∈ ℕ. 

Thus the family {𝑓𝑚:𝑚 ∈ ℕ} is equicontinuous. Since ∥ 𝑓 ∥∞≲∥ 𝑓 ∥ℬ(2+𝑞)/𝑝≲ 𝑓 ∥𝑄𝐾(𝑝,𝑞) for every analytic 𝑓 on 𝔻, the family 

{𝑓𝑚:𝑚 ∈ ℕ} is bounded in 𝐶(𝔻̅‾ ). Hence by Arzela-Ascoli Theorem the result follows. 

 

Lemma 5. Let 0 < 𝑝 < ∞ and −2 < 𝑞 < ∞ such that 2 + 𝑞 < 𝑝, 𝐾: [0,∞] → [0,∞] be a non-decreasing continuous function 

such that (1) holds and 𝑇:𝑄𝐾(𝑝, 𝑞) → 𝑋 is a bounded linear operator, where 𝑋 is a normed linear space. Then 𝑇:𝑄𝐾(𝑝, 𝑞) → 𝑋 is 

compact if and only if ∥∥𝑇𝑓𝑚∥∥ → 0 for every bounded sequence {𝑓𝑚} in 𝑄𝐾(𝑝, 𝑞) that converges uniformly on 𝔻̅. 

Proof. If 𝑇: 𝑄𝐾(𝑝, 𝑞) → 𝑋 is compact, then it is obvious that ∥∥𝑇𝑓𝑚∥∥ → 0 for every bounded sequence {𝑓𝑚} in 𝑄𝐾(𝑝, 𝑞) that 

converges uniformly on 𝔻̅. Conversely, suppose 𝑇: 𝑄𝐾(𝑝, 𝑞) → 𝑋 is not compact. Then there is a bounded sequence {𝑓𝑚} in 

𝑄𝐾(𝑝, 𝑞) such that {𝑇𝑓𝑚} has no convergent subsequence. By Lemma 5, {𝑓𝑚} has a subsequence {𝑔𝑚} such that 𝑔𝑚 → 𝑔 

uniformly on 𝔻̅. Clearly, 𝑔 ∈ 𝑄𝐾(𝑝, 𝑞) and sequence {𝑔𝑚 − 𝑔} is bounded in 𝑄𝐾(𝑝, 𝑞) and converges to zero uniformly on 𝔻̅. By 
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assumption ∥∥𝑇(𝑔𝑚 − 𝑔)∥∥ → 0 as 𝑚 → ∞. Thus the subsequence {𝑇(𝑔𝑚)} of {𝑇(𝑓𝑚)} converges in 𝑋, a contradiction. Hence we 

are done. 

 

Theorem 1. Let 0 < 𝑝 < ∞ and −2 < 𝑞 < ∞,𝐾: [0,∞] → [0,∞] is a non-decreasing continuous function such that (1) holds, 𝜔 a 

radial weight, 𝜓 ∈ 𝐻(𝔻), 𝑛 ∈ ℕ or 𝑛 = 0 and 𝜑 be a holomorphic self-map on 𝔻. 

(1) If 𝑛 ∈ ℕ, or 𝑛 = 0 and 2 + 𝑞 > 𝑝, then 𝐷𝜑,𝜓
𝑛 : 𝑄𝐾(𝑝, 𝑞) → ℬ𝜔 is compact if and only if 𝜓 ∈ ℬ𝜔, 𝜓𝜑

′ ∈ 𝒜𝜔 and 

(a) lim|𝜑(𝑧)|→1  
𝜔(𝑧)|𝜓′(𝑧)|

(1−|𝜑(𝑧)|2)
2+𝑞
𝑝 +𝑛−1

= 0, 

(b)  lim|𝜑(𝑧)|→1  
𝜔(𝑧)|𝜑′(𝑧)𝜓(𝑧)|

(1−|𝜑(𝑧)|2)
2+𝑞
𝑝 +𝑛

= 0. 

(2) If 2 + 𝑞 < 𝑝, then 𝐷𝜑,𝜓
0 : 𝑄𝐾(𝑝, 𝑞) → 𝐵𝜔 is compact if and only if 𝜓 ∈ ℬ𝜔, 𝜓𝜑

′ ∈ 𝒜𝜔 and 

(c)  lim|𝜑(𝑧)|→1  
𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)|

(1−|𝜑(𝑧)|2)
2+𝑞
𝜑

= 0. 

(3) If 2 + 𝑞 = 𝑝 and condition (2) of Lemma 1 holds, then 𝐷𝜑,𝜓
0  : 𝑄𝐾(𝑝, 𝑞) → ℬ𝜔 is compact if and only if 𝜓 ∈ ℬ𝜔, 𝜓𝜑

′ ∈ 𝒜𝜔 

and 

(d)  lim|𝜑(𝑧)|→1  
𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)|

(1−|𝜑(𝑧)|2)
2+𝑞
𝑝

= 0, 

(e)  lim|𝜑(𝑧)|→1  𝜔(𝑧)|𝜓
′(𝑧)|log⁡(

2

1−|𝜑(𝑧)|2
) = 0. 

 

Proof. (1). Suppose that 𝑛 ∈ ℕ, or 𝑛 = 0 and 2 + 𝑞 > 𝑝 and 𝐷𝜑,𝜓
𝑛  : 𝑄𝐾(𝑝, 𝑞) → 𝐵𝜔 is compact. Let {𝑧𝑘} be a sequence in 𝔻 such 

that |𝜑(𝑧𝑘)| → 1 as 𝑘 → ∞. Define 

 

𝑓𝑘(𝑧) =
1−|𝜑(𝑧𝑘)|

2

(

 1−
 zk

𝑧

)

 

2+𝑞
𝑝

                       (3) 

And 

 

𝑔𝑘(𝑧) =
1−|𝜑(𝑧𝑘)|

2

(

 1−
 zk

𝑧

)

 

2+𝑞
𝑝

−
2+𝑞

2+𝑞+𝑛𝑝
(

(1−|𝜑(𝑧𝑘)|
2)
2

(1−𝜑(𝑧𝑘))
2+𝑞

𝑝
+1

                 (4) 

 

Then {𝑓𝑘} and {𝑔𝑘} are norm bounded sequences in 𝑄𝐾(𝑝, 𝑞) which converges to zero uniformly on compact subsets of 𝔻 as 𝑘 →
∞. By Lemma 3, we have 

 

lim
𝑘→∞

 ∥∥𝐷𝜑,𝜓
𝑛 𝑓𝑘∥∥ℬ𝜔

= 0⁡ and ⁡ lim
𝑘→∞

 ∥∥𝐷𝜑,𝜓
𝑛 𝑔𝑘∥∥ℬ𝜔

= 0                  (5) 

 

Thus we have that 

 

𝑝

2+𝑞+𝑛𝑝

n 1

j 1






(
2+𝑞

𝑝
+ 𝑗 − 1) |

 zk
|

𝑛+1

𝜔(𝑧𝑘)|𝜓(𝑧𝑘)𝜑
′(𝑧𝑘)|

|1−|𝜑(𝑧𝑘)|
2|2+𝑞+𝑛 ∥

∥𝐷𝜑,𝜓
𝑛 𝑔𝑘∥∥ℬ𝜔

             (6) 

 

And 

 

∥∥𝐷𝜑,𝜓
𝑛 𝑓𝑘∥∥ℬ𝜔

≳ ⁡∣ ∏  𝑛
𝑗=1  (

2+𝑞

𝑝
+ 𝑗 − 1)

  
)𝑛

𝜔(𝑧𝑘)𝜓
′(𝜆)

(1−|𝜑(𝜆)|2)
2+𝑞
𝑝 +𝑛−1

⁡+∏  𝑛+1
𝑗=1  (

2+𝑞

𝑝
+ 𝑗 − 1)

  
)𝑛+1

𝜔(𝑧𝑘)𝜓(𝜆)𝜑
′(𝜆)

(1−|𝜑(𝜆)|2)
2+𝑞
𝑝 +𝑛

∣

              (7) 

 

Taking 𝑘 → ∞ on both sides of (6) and (7) and employing (5), we get (a) and (b). Moreover, as in Theorem 1, we can prove that 

𝜓 ∈ ℬ𝜔 and 𝜓𝜑′ ∈ 𝒜𝜔. Conversely, suppose that 𝜓 ∈ ℬ𝜔, 𝜓𝜑
′ ∈ 𝒜𝜔 and (𝑎) and (𝑏) hold. Let (𝑓𝑘) be a sequence in 𝑄𝐾(𝑝, 𝑞) 

such that 𝑓𝑘 → 0 uniformly on compact subsets of 𝔻 and ∥∥𝑓𝑘∥∥𝑄𝐾(𝑝,𝑞)
≲ 1. Then 𝑓𝑘

(𝑛)
 and 𝑓𝑘

(𝑛+1)
 converges to zero uniformly on 

compact subsets of 𝔻. Since (𝑎) and (𝑏) hold, for every 𝜖 > 0, there exist 𝛿 ∈ (0,1) such that 
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𝜔(𝑧)|𝜓′(𝑧)|

(1 − |𝜑(𝑧)|2)
2+𝑞

𝑝
+𝑛−1

< 𝜖⁡ and ⁡
𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)|

(1 − |𝜑(𝑧)|2)
2+𝑞

𝑝
+𝑛
< 𝜖,

 

 

when 𝛿 < |𝜑(𝑧)| < 1. Since 𝜓 ∈ ℬ,𝜓𝜑′ ∈ 𝒜∞
1 , we have 𝑁1 = sup𝑧∈𝔻  𝜔(𝑧)|𝜓

′(𝑧)| < ∞ and 𝑁2 = sup𝑧∈𝔻  𝜔(𝑧)|𝜓(𝑧)𝜑
′(𝑧)| <

∞. This together with Lemma 3 yields 

 

∥∥𝐷𝜑,𝜓
𝑛 𝑓𝑘∥∥ℬ𝜔

⁡≤ sup
𝑧∈𝔻

 𝜔(𝑧)|(𝐷𝜑,𝜓
𝑛 𝑓𝑘)

′
(𝑧)|

⁡≤ sup
𝑧∈𝔻

 𝜔(𝑧)|𝜓′(𝑧)𝑓𝑘
(𝑛)
(𝜑(𝑧))| + sup

𝑧∈𝔻
 𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)𝑓𝑘

(𝑛+1)
(𝜑(𝑧))|

⁡≤ sup
|𝜑(𝑧)|≤𝛿

 𝜔(𝑧)|𝜓′(𝑧)||𝑓𝑘
(𝑛)
(𝜑(𝑧))| + sup

|𝜑(𝑧)|>𝛿
 𝜔(𝑧)|𝜓′(𝑧)||𝑓𝑘

(𝑛)
(𝜑(𝑧))|

⁡+ sup
|𝜑(𝑧)|≤𝛿

 𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)||𝑓𝑘
(𝑛+1)

(𝜑(𝑧))|

⁡+ sup
|𝜑(𝑧)|>𝛿

 𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)||𝑓𝑘
(𝑛+1)

(𝜑(𝑧))|

⁡≤ 𝑁1 sup
|𝜑(𝑧)|≤𝛿

 |𝑓𝑘
(𝑛)
(𝜑(𝑧))| + sup

|𝜑(𝑧)|>𝛿
 

𝜔(𝑧)|𝜓′(𝑧)|

(1 − |𝜑(𝑧)|2)
2+𝑞

𝑝
+𝑛−1

 

 

+𝑁2 sup
|𝜑(𝑧)|≤𝛿

 |𝑓𝑘
(𝑛+1)

(𝜑(𝑧))| + sup
|𝜑(𝑧)|>𝛿

 
𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)|

(1 − |𝜑(𝑧)|2)
2+𝑞

𝑝
+𝑛−1

≤ 𝑁1 sup
|𝜑(𝑧)|≤𝛿

 |𝑓𝑘
(𝑛)
(𝜑(𝑧))| + 𝑁2 sup

|𝜑(𝑧)|≤𝛿
 |𝑓𝑘

(𝑛+1)
(𝜑(𝑧))| + 2𝜖

 

 

From the arbitrariness of 𝜖, and the fact that 𝑓𝑘
(𝑛)

 and 𝑓𝑘
(𝑛+1)

 converges to zero uniformly on compact subsets of 𝔻, we have 

lim𝑘→∞  ∥∥𝐷𝜑,𝜓
𝑛 𝑓𝑘∥∥ℬ𝜔

= 0 and so by Lemma 4, 𝐷𝜑,𝜓
𝑛 : 𝑄𝐾(𝑝, 𝑞) → ℬ𝜔 is compact. 

(2). The necessity in condition (2) can been proved in the same way as the proof above. We omit the details. Assume that 2 + 𝑞 <
𝑝,𝜓 ∈ ℬ𝜔, 𝜓𝜑′ ∈ 𝒜𝜔 and (c) holds. Let {𝑓𝑚} be a bounded sequence in 𝑄𝐾(𝑝, 𝑞) which converges to zero uniformly on compact 

subsets of 𝔻. To show that 𝐷𝜑,𝜓
0 : 𝑄𝐾(𝑝, 𝑞) → 𝐵𝜔 is compact, we need to show that if 𝑀 = sup𝑚  ∥∥𝑓𝑚∥∥𝑄𝐾(𝑝,𝑞)

< ∞ and 𝑓𝑚 → 0 

uniformly on compact subsets of 𝔻, then ∥∥𝐷𝜑,𝜓
0 𝑓𝑚∥∥ℬ𝜔

→ 0 as 𝑚 → ∞. This amounts to show that 

 

sup
𝑧∈𝔻

 𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)𝑓𝑚
′ (𝜑(𝑧))| → 0                    (8) 

 

And 

 

sup
𝑧∈𝔻

 𝜔(𝑧)|𝜓′(𝑧)𝑓𝑚(𝜑(𝑧))| → 0                      (9) 

 

as 𝑛 → ∞. By Lemma 6, we have sup𝑧∈𝐷‾  |𝑓𝑚(𝑧)| → 0 as 𝑛 → ∞. So 

 

sup
𝑧∈𝔻

 𝜔(𝑧)|𝜓′(𝑧)𝑓𝑚(𝜑(𝑧))| ≤∥ 𝜓 ∥ℬ sup
𝑧∈𝔻̅

 |𝑓𝑚(𝑧)| → 0 

 

as 𝑛 → ∞. Thus (33) holds. If |𝜑(𝑧)| ≤ 𝑟 < 1, then 

 

𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)𝑓𝑚
′ (𝜑(𝑧))| ≤ ∥∥𝜓𝜑′∥∥𝒜𝜔

max
|𝑧|≤𝑟

 |𝑓𝑚
′ (𝑧)| 

 

If |𝜑(𝑧)| > 𝑟, then 

 

𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)𝑓𝑚
′ (𝜑(𝑧))| ≤

𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)|

(1 − |𝜑(𝑧)|2)
2+𝑞

𝑝

. 

 

Thus 

 
sup
𝑧∈𝔻

 𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)𝑓𝑚
′ (𝜑(𝑧))| ≤ ⁡∥ 𝜓𝜑′||𝒜𝜔

max
|𝑧|≤𝑟

 |𝑓𝑚
′ (𝑧)|

⁡+ sup
|𝜑(𝑧)|>𝑟

 
𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)|

(1−|𝜑(𝑧)|2)
2+𝑞
𝑝

.
              (10) 

 

First letting 𝑛 → ∞ and subsequently 𝑟 increases to 1, in (10) obtains that (8) holds. (3). To prove (3), we assume that {𝑧𝑚} is a 

sequence in ID for which |𝜑(𝑧𝑚)| → 1 and consider the function 
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𝑔𝑚(𝑧) =
 

3

m m

3 2
log

1 z z

 
 
    −

 

3

2

m m

2 2
log

1 z z

 
 
     

 

where 𝜇𝑚 =
 

2

m

2
log

1 z 
. Then 

 

𝑔𝑚
′ (𝑧) =

 m2 z

1 − 𝜑(𝑧𝑚)𝑧̅̅ ̅̅ ̅̅ ̅̅ ̅̅
{
1

𝜇𝑚
(log⁡

2

1 −
 mz

) −
1

𝜇𝑚
2
(log⁡

2

1 −
 mz

𝑧

)

2

}. 

 

By a direct calculation, we have sup𝑚  ∥∥𝑔𝑚∥∥ℬ ≤ 𝐶 < ∞. Since condition (2) of Lemma 1 holds, we have 𝑔𝑚 ∈ 𝑄𝐾(𝑝, 𝑞) and 

sup𝑚  ∥∥𝑓𝑚∥∥𝑄𝐾(𝑝,𝑞)
 which converges to zero uniformly on compact subsets of 𝔻. Note that 

 

𝑔𝑚
′ (𝜑(𝑧𝑚)) = 0⁡ and ⁡𝑔𝑚(𝜑(𝑧𝑚)) = log⁡(

2

1 − |𝜑(𝑧𝑚)|
) .  

 

So if 𝐷𝜑,𝜓
0 : 𝑄𝐾(𝑝, 𝑞) → ℬ𝜔 is compact, then ∥∥𝐷𝜑,𝜓

0 𝑔𝑚∥∥ℬ𝜔
→ 0, and consequently, 

 

𝜔(𝑧𝑚)|𝜓
′(𝑧𝑚)|log⁡(

2

1 − |𝜑(𝑧𝑚)|
2
) = 𝜔(𝑧𝑚)|(𝐷𝜑,𝜓

𝑛 𝑔𝑚)
′
(𝑧𝑚)| → 0 

 

as 𝑛 → ∞. Conversely, suppose that {𝑓𝑚} is a bounded sequence in 𝑄𝐾(𝑝, 𝑞) which converges to 0 uniformly on compact subsets 

of 𝔻. Let 𝑀 = sup𝑚  ∥∥𝑓𝑚(𝑧)∥∥𝑄𝐾(𝑝,𝑞)
< ∞. By Lemma 2, we have 

 

sup
𝑚
 |𝑓𝑚(𝑧)| ≤ 𝐶𝑀log⁡

2

1 − |𝑧|2
. 

 

If |𝜑(𝑧)| ≤ 𝑟 < 1, then 

 

𝜔(𝑧)|𝜓′(𝑧)𝑓𝑚(𝜑(𝑧))| ≤∥ 𝜓 ∥ℬ𝜔 max|𝑧|≤𝑟
 |𝑓𝑚(𝑧)| 

 

If |𝜑(𝑧)| > 𝑟, then 

 

𝜔(𝑧)|𝜓′(𝑧)𝑓𝑚(𝜑(𝑧))| ≤ 𝐶𝑀𝜔(𝑧)|𝜓
′(𝑧)|log⁡

2

1 − |𝜑(𝑧)|2
 

 

Thus 

 

sup
𝑧∈𝔻

 𝜔(𝑧)|𝜓′(𝑧)𝑓𝑚(𝑧)| ≤∥ 𝜓 ∥ℬ𝜔 max|𝑧|≤𝑟
 |𝑓𝑚(𝑧)| + 𝐶𝑀𝜔(𝑧)|𝜓

′(𝑧)|log⁡
2

1 − |𝜑(𝑧)|2
→ 0 

 

as 𝑛 → ∞. Similarly, we can prove that 

 

sup
𝑧∈𝔻

 𝜔(𝑧)|𝜓(𝑧)𝜑′(𝑧)𝑓𝑚
′ (𝑧)| → 0 

 

as 𝑛 → ∞. Hence ∥∥𝐷𝜙,𝜓
0 𝑓𝑚∥∥𝐵,𝑤

+ 0 and this completes the proof 
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