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Abstract

We study mixed Riemann-Liouville fractional integration operators and mixed fractional derivative in
Marchaud form of function of two variables in Holder spaces of different orders in each variables. The
obtained are results generalized to the case of Holder spaces with power weight.
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Introduction
In 1928 H.G. Hardy and J.E. little wood [ (see [, Theorem 3.1 and 3.2) showed that the
fractional integral

(Ig:(pr):r(la):[(x(p_(tt);jlta, 0<x<1

of orderg e (0,1) improves the Holder behavior of its density exactly by the order ¢ . More
exactly, these operators establish an isomorphism between the spaces H(f([O,l]) and

H ¢+ ([0,1]) under the condition ¢ + A . This result was extended in many directions: to

the case of Holder spaces with power weight 4l to the case of generalized Holder spaces
with characteristics from the Bari-Stechkin class 12, 1¥I; to the case of more general weights
[15. 18] etc. Different proofs were suggested in > 31 where the case of complex fractional
orders was also considered the shortest proof being given in [,

In the multidimensional case, the statement about the properties of a map in Hélder spaces
for a mixed fractional Riemann - Liouville integral was studied in [* 11,

As is known, the Riemann-Liouville fractional integration operator establishes an
isomorphism between weighted Holder spaces for functions one variable. But for functions
two variable were not studied. This paper is aimed to fill in this gap. We study mixed
Riemann-Liouville fractional integration operators and mixed fractional derivative in
Marchaud form of function of two variables in Hélder spaces of different orders in each
variables. The obtained results generalized to the case of Holder spaces with power weight of
functions of two variables.

Mixed Riemann-Liouville fractional integrals of order (¢, 3)

1 (o(t, S)dtds (1)
I

ot vy L
(155 0)x.y) ) Oy

a)r(B)
x>0,y>0.

Mixed fractional derivatives form Marchaud of order (Ot, ﬂ)
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a, _ @(X7 y) —a
(Dofw)(x, y)—mx y”'+ @

af it elxy)-elts)
+ dtds, x>0,y >0
H oer-sr

Consider the operators in a rectangle

Q={(x,y):0<x<b0<y<d}
For a continuous function g(x,y) on R? we introduce the notation

1,0

Aw](x, )= o+ h,y)- gl y),

01

Ay co}(x, y)=o(x, y+1)-0(xy),

An ¢j<x, )= plx+ by + 1) p(xcs hy)-plx,y + 1)+ plx,y).

So that

0,1

ol hyem)=[Bur o uy)s 20 y)s

" (LAOh <0j(x, y)+o(x.y).

®)

Everywhere in the sequel by C,Cl,C2 etc we denote positive constants which may have different values in different
occurrences and even in the same line.

Definition 1. Let A, € (0,1]. We say that ¢o(X, y) e H*7(Q), if

" (4)

‘(D(Xl’ y1)—o(Xs, yz)‘ < Cl‘xl - Xz‘l +C2‘Y1 - Y
Forall (X, Y;)eQ,i=12.

Condition (4) is equivalent to the couple of the separate conditions

10 01
(Ah (DJ(X, Yﬁ <C,|hl, [An (/)j(X, Y% <C,Inl

Uniform with respect to another variable.

By H¢” (Q) we define a subspace of functions ¢ e H *7(Q), vanishing at the boundaries X =0 and ¥ =0 of Q.
Let ﬂ‘ = 0 and\or 7/ = O . We pUt H O'O(Q) = |_OO (Q) and

[1,th (0]0(' y)

[OAZ (p](x, yﬂ <C, |7 |7}, y e (0d].

H”%Qﬁ{¢et%Q)

gCﬁhV}ﬂemﬂ

H®”(Q)= {(pe L*(Q):
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Definition 2. We say that (D(X, y) e H* (Q) where 4,7 € (0,1], if

peH™ (Q) And

11
(Ah,n (Pj(xa Y# <Cs[hl*Inl".

We say that @ € H~§”‘7 (Q) ifpeH 7 (Q) aHY¢(O’ Y) = @(X1O) =0.

These spaces become Banach spaces under the standard definition of the norms:

1,0 0,1
(Ah (pj(x, y# (An (pj(x, y#
[ly2r =lolgy+ sup B+ sup St —

%, x+he[0,b] |h|* y,y+nel0,b] 4
, %10.6]

ye[0,d]
11

(Ah,n (/’j(x1 Y#

|2 =]z +  sup -

A 4
x,x+he[0,b] h
o] Ih|*[7]

Note that

p(x,y)e H*(Q)=

11
(Ah,n <oj(x, yﬁ <C,|h|%|n|=0 .

Forany & €[0,1], whereC,, = ZCEC%_H.

So that

| I:'Iw,(l—@)y(Q)‘J Hl,y(Q)‘J H“A,y(Q) ©)

0<6<1

Where I stands for the continuous embedding.
The norm for | R #0:1-0)y (Q) is introduced as the maximum in 6 of norms for H 40,1-0)y (Q) Since 8 €[0,1] is

0<6<1
arbitrary, it is not hard to see that the inequality in (5) is equivalent (up to the constant factor C) to
11 ] 1
Any g (X y) <Cmin{[h[* [ 71| 0

We will also make use of the following weighted spaces. Let p(x, y) be a non-negative function on Q (we will only deal
with degenerate weights

p(x,y)= py(x)p,(¥)).

Definition 3. By H*” (Q,p) and H*7(Q, p) we denote the spaces of functions (D(X, y) such that pp € H A (Q) and
ppeH 24 (Q) respectively, equipped with the norms

HCDHHM(Q,,)) = HP(”HHM(@ and H@HW(Q,,,) = HWHW(@-

.,.45.,.
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By HOW (Q, p)and |—~|0” (Q, p) we denote the corresponding subspaces of functions ¢ such that
P0| o = PPy =0.

Below we follow some technical estimations suggested in @ for the case of one-dimensional Riemann-Liouville fractional
integrals. We denote

plx, y)—P(t’S) (8)
pltsNx—t) (y-s)”

B(x,y;t,s)=

Where
0<d,0<2,a<t<x<b,0<s<y<d.

Main Result
The definition in the Marchaud form may be used for all—1 < Ot,ﬂ <1:if a,ﬁ >0 (2) gives the mixed fractional

derivative, if &, f <0, it is mixed fractional integral.

Let p(X y) ( )p( ) be the weight function and put

w(xy)= ( Y)e(x,y) p € Hy” (Q; p)

Evidently i e (Q) and (//(x y)‘ X=0,y=0 = = (Q It is easy to see that

( Jos 0+(PXX y :('J 0+‘//XX y +C(K0+ o#/’XX’ Y), )

Where—1< ¢, S <1, C=constant and

Xy
( 0+0+V/XX y :j IB X, y;t,s ) (t,s )dtds,
0 0

So that in (9) we have the mixed fractional integral if O < ¢, # <1 and the mixed fractional derivative if

-l<a,p<0.

The representation (9) for the fractional (integral) derivative shows that the estimate for the continuity modulus in the

weighted case reduces to two simpler estimates:

1) The known non-weighted estimate of Hardy-Littlewood for mixed fractional integral (see ) and mixed fractional
derivative (see [); in the case weighted estimated of Hardy-Littlewood for mixed fractional integral (see );

2) The estimate of the second term in (9), which is the mixed fractional derivative. It is main part of the job.

\%4

Theorem2. Let 0< a, f <1, 0< 4,7 <1, p(X,y)=x"y
A+a v+ p
Andleta+/1<l,,B+}/<1and|l//(X,y)|SCX y
With £ <1+ A, v <1+ y . Then the operator K &% is bounded from the space
Hg” (p) imoHg ™ """ (p).
Proof. We don’t proof this theorem. The proof of this theorem can be seen in [,

.,.46.,.
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Theorem3: Let 0 <, f <1, 0< 4,y <1, p(X,y)ZXﬂyvandleta+ﬂ,<l, p+r<l

and [y/(x, y)I< Cx*y”

With 22 <1+ A, v <1+ . Then the operator K %7 is bounded from the space H /7 (p) into H =77 (p)

Proof. The proof of this theorem can be seen in [,

Theorem 4. Let p(X,y) have the form p(X,y)ZXﬂyVWith,u<l+ﬂ,, v<1l4+y and Ilet

0< o, ,B < l, 0< ﬂ,, y < l, A+ta< 1, Y+ ,B < 1. Thenthe operator J gﬁr"’%Jr establishes an isomorphism between
the spaces H 61'7 (p)and H 6”0["8“/ (p)

Proof. We should consider, as usual the following three parts of the proof:

1.
2.
3.

Action of the mixed fractional integral operator from the space H 61’7 (p) to the space H 6“0!”3”/ (p);
Action of the mixed fractional differentiation operator from the space H 6“&’/“7 (p) to the space H 61’7 (p);

The possibility to represent any function f (X, y) S Illvém’ﬂw (p) as (J (’)ﬁ’ﬁongX, y) with the density in HZ7 (p).

Because of |ly(t,8)|S Ct*tos”t/, |l//(t,S)—l//(X,0) I< C(t—X)/HaSH’B the parts 1) -2) are covered by
Theorems 2 and 3. The part 3) is treated in the standard way in case 0 < a,ﬂ <1 by using the possibility of similar

representation with the density from Lﬁ (R 2 ), p= (pl, P, ) See [15] Theorem 24.4.
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