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Finite-time blow-up of parabolic PDE with singular
coefficients, method of the fundamental solutions

Yaremenko Mykola Ivanovich

Abstract
This article is dedicated to the nonlinear second-order partial differential equations of parabolic type

with U® - perturbation, we establish conditions on the nonlinear perturbation of the parabolic operator
under which the solutions of initial value problems do not exist for all time that is the solutions blow
up.
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Introduction
In Euclidean space R', I >2, let us consider second-order parabolic partial differential
equation in the form

U= Va6V, = > b (6, X)V, [u+u’ (1)
K=

K, j=1,..| L.l

With the initial condition
u(0,x)=u,(x),

Where u(t,X); (t,x)e[O,oo)x R'.1>2 is unknown function [ 711 16 \We are
assuming that a (t,x) is a measurable symmetric uniformly elliptic matrix of |x|

dimension so that there are v, zz: 0 <v < g < oo such that the condition

| |
2 2
Vzgi < Z a;(t,x)&¢; < ,UZSEi
i=1 ij=L1,..,I i=1
Holds for allxeR',1>3. The function b(t,x):[0,0)xR"a R',1>3 is linear
perturbation and1 < p <1+3, | > 3. Here module of coefficients Ib| belongs to N, 7% 10
|

181, The best-known results for equations of this type can be found in the article [, where the
perturbation has to satisfy conditions for the existence of a solution that has been formulated
in 9 by S.1. Kametaka and O. A. Oleinik on page 588, namely that sum

3 |b (%) e L”

Or in other words coefficients must be bounded functions or more general belong to L?
functional classes, in the presented work perturbation can belong to class Nash N, which is

wider than LP.
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Since 1% M sybstantial progress has been made in the understanding of the classes of perturbations of parabolic operators,
especially in the case of linear equations with time-independent coefficients [ 71, In this article, we consider the equation (1)

under wider conditions on the perturbation than 1% 41, for example, the function b can be such that b” ¢ Li**(R'), 1>2 L.
To show the boundary of the new theory, let us consider the following example [ 16:

Z Vakj(x)Vu— Z b (t, X)V

Under the following condition on linear perturbation

J<<> ()bt et ) dt <

R

G

<cj )Vo(t, ), Vo(t,))dt+M j((p(t,-),(p(t,.»dt,

R+

Where there are constants C< 4 and M < o0. For instance, D can be a vector function that satisfies the following
condition

T el ) peom ||'”(‘”||J§.

Let the matrix aij be diagonal then the differential operator be

—A+b-V,hereb:| 2 ﬂ_,o<ﬁ<4

These conditions are more general than the sufficient conditions that were formulated in [1% by S.I. Kametaka OA. Oleinik, and
in 13 by V. V. Chistyakov.

Since the results of V. V. Chistyakov are founded on classical results of S. I. Pokhozhaev [l and S.I. Kametaka O. A. Oleinik
[10. 111 'let us consider the simplest example in which the sufficient conditions [*¥l are not satisfied, however, the solution exists.
Let us consider the elliptic equation

|
aod u—Za 0 0 —u =0,

i 0% 0X

I-1
Lob=-1+—>, x<1 123[L16].

X| 1-y

Where the matrix a is

We calculate

b XX,
b+1]x[

2
va=h(l _1)ﬁ’ (aij )71 = 5ij - , Vaoa'ovVa= (1+ b)'l (I__lj

| x|

Then we obtain inequality with the best constant

2
1-2]p
(VpoaoVe)=(1+b) 2 |1,

2
So, if g= 4[1+%) then Vaoa™ oVa e PK ,(A) with the constantc(f) =0, for 5 <4 itis necessary y e(-2(1-2),0),

VoeW?(R'),1>3

where we denote the functional class PK ,(A) according to formula
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PKﬂ(A):{f el

loc

(R',d'x):[(h f h)|< B(VhoaoVh)+c(B)[h|} VheCS"}

Where >0, c(/3)e R".We assume that the initial condition isu(|x|=1)=1. As the solutions, we can consider two

-2 then
s

functions: the first is U=1 - tautological constant and the second is U=|X|* [16]. If parameter y=—

B =4(1+%)2 and g <4 for p>s inthe ball K, (0) function u=|x* e L?(K,(0)) on another hand must hold the following

estimation

exp(—tA ) <Cexp c(AX ti(;’s)I L< p<s<o
feot-ia,)., <o) SO

T

Where semigroup exp(—tAp) is generated by a linear operator

pl

A, =A+b(l- )| lgV That means | x | L'-2(K,(0))

pl

But it is impossible because | X |*¢ Lj 2K,(0) so the function | X|* cannot be a solution and there is only one trivial

loc

solution 1261, If /3 >4 then the equation aod?u =0 always has two bounded solutions. Parallel with this equation, we can
consider a Cauchy problem for a parabolic equation with the same differential operator. Let us assume that the linear operator
—A, ©VaVv -bV defines over D(A,) generates holomorphic semigroup in

L° (R' : d'X)—space. Letboa™ ob e PK (A), we denote b, = b
Where y, is an indicator of?

{x eR': (boa™ob)(x)< n} and lim exp(~tA,, (b,)) = exp(~tA,, (b))

Uniformly att €[0,1]. If B<1, p e[

2
, ooI: then there is C,, - contraction semi group, which is generated by
2-8

the operator A+bV and the estimates

||exp(—tAp)|| <exp [Mj
p—>p p -1

<p<s<ow

”eXp(—tA p)”p <Cexp ( C\(/%t ]t(zps)l , ﬁ

Hold fori< <4, p<s e|: 2 oo|:, operator sum A+ bV cannot be defined correctly, however, semigroup exists and
2

can be defined as a limit exp(—tA (b)) = limexp(—tA (b,)), t=0 in this case it is a definition of the semigroup [*°l.
n—oo

So, new results in the theory of semigroups bring about a new understanding of the conditions under which we consider partial
differential equations of the parabolic type. Thus, arose a problem of rectification of the conditions on the coefficients of PDE
under which these equations will have a solution in certain functional spaces on more general than in . Let us consider a
parabolic equation with the Laplace operator and with the critical case of perturbationu®, in the form

gu=Au+up.
ot

.,.27.,.
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If p> 1+|— and an initial value u, =0, u, >0 is sufficiently small then there is a bounded solution on any bounded interval

of time; if 1< p< 1+|3 then for any initial value u, (x) the solution blows up on bounded time interval i.e. there is a moment
of time € such that u(t, x)‘;%wo , the global solution does not exist for a time (14,

The main result of this article can be formulated as follows.
The solution u(t,x) to the Cauchy problem for the equation (1) with the initial condition u(O, x) =u, #0, u, >0 blows up,

when 1< p$2|—+| and |b|€ PK(ﬁ)

2. The parabolic Laplace equation with U perturbation
In this item, we are going to illustrate methods of the perturbation theory on the example of a parabolic equation with operator
Laplace. Let us consider the following Cauchy problem

%u:aAu+u", u(0,x)=u,(x) @

0
The fundamental solution of au =aAu fort >0, xeR'is

| 2
p(t,x) =(4zat) zexp —% forall t >0, xeR'.

It is easy to show that the integral equation

t

u(t, x) :<p(t,x—-)uo(-)>+j<p(t—s,x—-)up(s,-)>ds

0

Is equivalent to the Cauchy problem for the differential equation in the sense that every solution to the integral equation is also
a solution to the differential equation, and, vice versa, every solution to the differential equation is also a solution to the
integral equation?

Theorem. Assuming thatu, = 0,u, 20, ue LI(R') andl<p SZTH, any nonnegative solutionu(t,x), to (2) blows up, i.e.,

there is a moment of time t, >0 such thatu(t,x)=o, t>t,, xeR'. Proof. Indeed, let u(t,x); (t,x)e[0,0)xR" be the
nonnegative weak solution then we have an equality

t

u(t, x) :<p(t,x—-)uo(-)>+I<p(t—s,x—-)up(s,-)>ds v(t,x)€[0,50)xR".

0

We are choosing t, >0 such that p(to,O) <1 and we obtain

t

u(t+t0,x)=<p(t,x—-)u0(t0,-)>+j<p(t—s,x—-)up(s+t0,-)>ds

0

Then

u(t+t0,X)ZCp(t+t0,x)+ <p(t—s,x—-)up(s+t0,-)>ds And

o!—..p-c-
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t
u(t+1t,x)>Cp(r+7,x) +I< (t—s,x— I°(S+t0,-)>a’s
0
Thus it is enough to show that the solution
t
u(t,x)=Cp(t+r,x) +J.< (t—s,x— p(s,')>ds
0

«blows up».
We multiply the last equality by ] (t, X) and integrate over all space

<p(t,x)u(t,x)> > Cp(Zt +z‘,0)+ <p(2t —s,-)up(s,-)>ds >

O'-—.'—"

N|—

2C(47m)|2€Xp( o j2t+z'l2 i(Zt Sj< )(u(s,-))p>ds.

zc(47m)'zexp( 471Zaj(zf+f'z O(Zt Sj (p(sJu(s. )’ ds.

N | —

c._.._.

Let us denote @(t) = < p (t, X)U(t, X)> then we have

o(t) > C(47Z'a)7IE exp(—%)(Zt +7) JE + j(th (p(s))’ ds

ra

|
Assume that ¢(t) =1t2¢(t), we obtain

i 2542

o(t) > C(47m)_~|2 exp(— 471raj( 2;+ . jz + (%)2 Is_z( "y (¢(S))p ds

The last inequality is equivalent to the differential problem:

dg(t) :Gj;t;(“)
(p(t))"dt (2

¢(8)=C(47m)l2exp(— L j( £ j

dra )\ 2+ 1

~29 ~
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I
So, for 1< p and E( p —1) <1 the solution blows up in the bounded time interval.

3. Nonlinear parabolic equation with singular coefficients, the general case
We consider the Cauchy problem for the following parabolic equation:

0
au =[V,a, (. )V, =b (t, )V, Ju+u®”,  u(0,x)=u,(x).
If the elliptic matrix depends on time, fundamental solutions to the equation

%u =[V,a,;{t,X)V; —b,(t,X)V, Ju can be written in the form

t
p,(t. X7, 2) = po(t, X~ 2;7,2) + [dp [ po(t, X = Vi, YF (7, yi 7, 2)dly

Where

(L, X;7,y) = (27:)7' Iexp ixn — '[a(y, yp’dy d

Are fundamental solutions to the equation?

[0, - V., 8y (t, y)Vj]u (t,x) =0, here F(77,Y;7,2) is the heat kernel density.

Definition. Let } be positive constant, function fe LlOC(RI+1) belongs to Nash class N(f if exists N >0 such that

n,(f:2.h)=(n,"+n,7)(f;z,h) <o, where

s+h ‘|§ |._ |2 dr
“(f17,h)= I B e I (P
i ( d ) esssg!ojs' 471;((1'—8) oXP 4)((?—3) | (= )| (T—S)
, -
; 2 = dr
(fix, ———— T ()| )/
n, (f;x.h = esssup | ﬂZt T) exp ) f(z,)| (7]

C
T
and function @ : R, — R_ satisfies the conditions: 0) =0, exists number C > 0 such that integrals Mdz’.
PR, + ®»

dr
fﬂ(f)

Limelimn, (f; 7,h)=n"(f;x.h)+n(f; 2 h)=0.

h—0

'—-o

] d7 are bounded. Function f & LlOC(RI+1) belongs to the Nash class N # [16] if there is a

O ey O

Lemma 1. Let |b| € N2 and the matrix @ is uniformly elliptic then there are constants C, K such that

~30~
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Voel,

Ll

iHBeSAgoHL1 ds < cm(b?;kt)[|e

Where

2 dt
Jt

m(b?;kt) = ess sypj(etAbz(x)) and D(B) > D(A).

and we have inequality for an operator norm

B(2+A)"

<c(A),where limc(1) =0 for arbitrary 4 >0.
151 A—>00

Applying the Jean-Marie Duhamel principle to the differential operator at + A('[, X) + B(t, X) , We obtain equality
t

Ut,s = Pt,s - jUt,rB(T)Pr,sdT’
S

Where

Uis
0, + A(t, X) . since ”Pts

is a propagator of the differential operator at + A(t, X) + B(t, X), and Pt s Is a propagator of the operator

<1forall t,S suchthat t —S <K for
1-1

S+7

p@)= sup [[BOP.y] dt<1

Il =150

Using the Fubini theorem, we are obtaining

p(r) < sup Sj"r<|(b(t,.) -Vp(t,-s, X)|>dt , and then we have inequalityHUt’S S (l—ﬂ(r))_l.
XERI,SZO S -

Let p(t, XS, y) be the heat kernel of the linear operator5t - A(t, X). The heat kernel of the heat equation 5t —Ais
the Gaussian densityG (t, X). Under certain conditions, the operator at — A(t, X) can be considered as a perturbation of
the operator Ot — A so for the heat kernel p(t, XS, y) the Gaussian estimations hold. Similarly, the operator
8t - A(t, X) + B(t, X) can be considered as a perturbation of the operator at - A(t, X) and so for the fundamental
solution g(t, X; S, Y) of the equation.

0
Eu =[V,ay(t,x)V; —b (t, )V, ]u
Hold the next estimations

const p(t,x;s,y) <q(t,x;s, y) <Const p(t,X;s,Y). So, forarbitrary X,y € R',t —s<T R, | >2

we obtain the following estimations

.,.31.,.
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CG,(t—s,x—y)=c(4m5(t- s))_2I exp[_|x—_y|2J <

- —|X =
<q(t,x;s,y) <C(4ra(t—s))? exp[ﬁj =
=CG, (t—s,x—Y).

Let q(t, X;S,Y) be a fundamental solution of the equation
0
au =[V.a,;{t, X))V, -b (t, X)V, Ju

t

for t >0, X € R' then we can write integral tautology U(t, X) = <C|(t, X;0,-)u, ()> + j<C](t, X;S, )uP (s, -)>dS :
0

Moreover, the perturbation b(t, X)V must satisfy the following integral estimation

S

j.< (47ra(r — s))zI exp[%}b(r,gvmr,g s, y)|>dz- <

<c,Cfana(t- s))_2| exp(%}

Where constant can be obtained define according to the formula

¢'(T)|+detJandn(p(V;al,r)z max n (v;y,r),
T ac

(% _ n¢(Vi0‘1' r)([ne(%(ﬁ(f) + I(

yesa2a,——
a

an (V;y,r)=n" (Viy,r)+n" (v;y,r) <oo,

Where

o t 4 —x—d dr
n,(v;7, r):essxstupj (47y (t—7))2 exp| ———— ||v(z.9)| And
Dy

X, t

t+r — 2
n+¢,(v;7/,r):esssupI<(4ﬂ7(r—t));exp =g |V(r,g)|> dz
t

Theorem. Let |b| € N2 and 1< p SZTH then the solution u(t, x); (t,x)e[0,50)xR' tothe Cauchy problem

%u =[V.a;t, )V, =b (t,x)V, Ju+u®,

~32~
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u(0,x)=u, =0, u, >0Blows up, that means there is a moment of time t, >0 such thatu(t,x)=o, txt;, xeR'.

Proof. Assuming that function u(t,x) V(t,x)e[0,:0)xR' is a weak solution to the Cauchy problem for the parabolic

nonlinear equation with the initial condition u (0, x) =u, #0, u, >0, wewrite

u(t,x) = <q(t,x;0,-)u0(-)>+_t[<q(t,x;s,-)up(s,-)>ds v(t,x)e[0,50)xR".

0

The function d(t, X) = <C{(t, X;0,-)u, ()> V(t, X) S [O, OO) x R" is a solution to the Cauchy problem
Z Vkakj t.X)V; =b (t, X)V,] '~)1,

)
=[
ot k,j=1,., and function

L)J(O X)=u (x)zO

LG(t,X) = 't[<q(t,x;s,-)up(s,-)>ds v(t,x)e[0,50)xR'

is a solution to following the Cauchy problem

%6:[ S V,a,(t XV, -b t v, 1+
§(0.x)=0.

Let us choose a moment of time t, >0 such that Q(tO,O,O, O) <1 and

t

u(t+t),X) = {q(t.%,0,")uy (t,, ")) + j<q(t, X,S,-)uP (s +t0,-)>ds
0

so we have to show that the solution to the integral equation

< (t,x,s,-)up(s,-)>ds

u(t,x) = Cq(t X,7, O)+

Ol—..;—o-

Blows up.

We multiply the last equality by ( (t, X, 0, 0) and integrate over all space

(a(t,x,0,0)u(t,x)) >cG,(2t+7,0 +j[<< t,x,0,0) (t,x,s,-)up(s,-)>_> ds >

t

> G, (2t+7,0)+C [ ({6, (t.X)G, (t=s5,)u’(s,)) ) ds=

0

> cG, (2t + T,0)+C,j<G5(2t —5,-)uP(s,))ds >

0

~33~
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> C(47z§)|2 exp(—%)(Zt + r)lz +C,;[(2ts_ jlz <G§(s,-)(u(s,-))p>ds.

7Tt

7Tt

> C(47r5)|2 exp(—%)(Zt + r)lz + C,;[( 2ts— jlz (G, (s.)(u(s.)))" ds.

Next, applying Gaussian upper estimation, we have

K, (G, (t,)u(t,))
> c(476) zexp(—%j(zur e j(zt_ j2<(55(s,.)(u(s,-))>pds

7T

Let us denote

go(t):<G5(t,-)u(t,')>:<(4ﬂ5t)2 exp{ i ]u(t )>

Then

o(t) > C(47r5)l2 exp(—ij(Zt + r)lz +C, j(zitjz (¢(s))” ds

4rd

Take ¢(t) = '[Ego('[) , we obtain

B [¢(S)]

SZ

P(t) > C(47z'§)_|2 exp(— 471[5j( 258+ T) + j

#(t) > c(478 )_|2 exp (— 4i§j£ 2:+ - )2 + (%)2 j 52" (¢(s))" ds

Thus, we have obtained the following differential problem

de(t) _£1jlzt'2(p1>
2

() dt 2

$(e) =c(4n6 )_Iz exp(— 4i§]( 258+ - jz.

.,.34.,.
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We can consider the value ¢(¢) as the initial value of the ordinary differential equation, the solution of this equation blows up

when 1< p and IE(p—l)sl so the solution of the Cauchy problem for the parabolic equation blows up on bounded time

interval.

Conclusion
In this equation, we have established the condition on the perturbation under which the Cauchy problem for the parabolic

partial differential equation with U P - perturbation blows up for 1< p < 2T+| .
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