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Abstract 

The higher-order delay differential equations are used in the describing of many natural phenomena. This 

paper presents a study on the oscillatory behavior of solutions of even order neutral differential equations 

with several delays of the form  

 

(a(t)((m(t)x(t) + p(t)𝑥(τ(t)))n−1)γ)′ + r(t)((m(t)x(t) + p(t)x(τ(t)))n−1)γ +
∑ q𝑖(t)x

γ𝑖(σ𝑖(t))
𝑛
𝑖=1 = 0             (1) 

 

is considered. In this research, we applied three techniques – the comparison technique, the Riccati 

technique, and the integral averages technique to analyze and establish the sufficient conditions for the 

oscillatory behaviour of the equations under the condition that R(t) = ∫ [
1

a(s)
exp⁡(−∫

r(u)

a(u)

s

t0
du)ds]

1

𝛾
=

∞

t0

∞ as 𝑡 → ∞. Also, the results are an extension and simplification as well as improvement of the previous 

results. 

 

Keywords: Oscillation, even-order, neutral differential equation, damping term 

 

1. Introduction 

In this paper we study the delay differential equations of even order with several delays and a 

Damping term of the type 

 
(𝑎(𝑡)((𝑚(𝑡)𝑥(𝑡) + 𝑝(𝑡)𝑥(𝜏(𝑡)))𝑛−1)𝛾)′ + 𝑟(𝑡)((𝑚(𝑡)𝑥(𝑡) + 𝑝(𝑡)𝑥(𝜏(𝑡)))𝑛−1)𝛾 +
∑ 𝑞𝑖(𝑡)𝑥

𝛾𝑖(𝜎𝑖(𝑡))
𝑛
𝑖=1 = 0 . 

 

A delay differential equation of neutral type, is an equation in which the highest order 

derivative of the unknown function appears both with and without delay. Oscillation theory is 

one of the branches of qualitative theory that studies the qualitative properties of solutions of 

differential equations, such as stability, symmetry, oscillation, and others, without finding 

solutions.  

During the last decades, a large amount of Research attention has been focused on the 

oscillation problem of different kinds of differential equations. One area of active Research in 

recent years is studying the sufficient conditions for the oscillation of delay differential 

equations see, (Abdulaziz khalid et.al. Bazighifan et.al. Graef, J.R et.al. Omar Bazighifan et.al 

[2, 3, 5, 12]. 

Also, there has been a growing interest, in the theory of oscillation in functional differential 

equations (FDEs) due to their numerous applications in various fields of science, and extensive 

research has been conducted on the oscillation of solutions to several kinds of FDE’s we refer 

to (Erbe et.al., Xing, G et.al [4, 19].  

Many Researchers have focused on understanding the oscillatory behavior of various 

differential equations of different orders and have provided advanced technologies for 

obtaining oscillation criteria for higher order differential equations and we refer to (John R. 

et.al. Li T. et.al, Tunc C. et.al. Osama Moaa, Zhang C. et.al.) [7, 8, 17, 13, 20]. 

Osama Moaaz and Asma Al-Jaser [14] studied asymptotic performance of nonoscillatory 

solutions to the functional differential equation of the form  

https://www.mathematicaljournal.com/
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 (𝑟(𝑡)|𝑥′(𝑢)|𝑚−1𝑥′(𝑢))′ + 𝑎(𝑢)𝐻(𝑥′(𝜌(𝑢))) + 𝑞(𝑢)𝐹(𝑥(𝛿(𝑢))) = 0 

 

Under the condition that 

 

∫
𝑑𝑙

𝑟
1

𝑚(𝑙)

𝑢

𝑢1

= ∞; 

 

Sarah Aloraini et.al. [16] Studied the Asymptotic and Monotonic Properties of Solutions of Functional Differential Equations with 

Multiple Delays and a Damping Term described by 

 

(𝑎(𝑡)(𝑧′(𝑡))𝛾)′ + 𝑝(𝑡)(𝑧′(𝑡))
𝛾
+∑𝑞𝑖(𝑡)𝑥

𝛾(𝑔𝑖(𝑡)

𝑛

𝑖=1

= 0⁡ 

 

Under the condition that  

 

R(t) = ∫ [
1

a
1

𝛾(s)
exp⁡(−

1

𝑘
∫

p(u)

a(u)

𝑢

0

du)ds]

1

𝛾

= ∞
∞

t0

; 

 

Osama Moaaz et.al. [11] Investigated the asymptotic and oscillatory properties of delay differential equations of even order 

 

(𝑚(𝑢)((𝑥𝑚−1(𝑢))
𝛾
)
′
+∑ℎ𝑖(𝑢)

𝑛

𝑖=1

𝑓(𝑥(𝜗𝑖(𝑢)) = 0⁡ 

 

Under the assumption 

 

∫
1

𝑚
1

𝛼(𝑠)

∞

𝑢0

𝑑𝑠 < ∞;⁡ 

 

Maryam Al-Kandari [10] examined the Enhanced criteria for detecting oscillations in neutral delay Emden-Fowler differential 

equations 

  
(𝑎(𝑡)[(𝑦1(𝑡) + 𝑝(𝑡)𝑦1(𝛿2(𝑡)))

′]𝑟1)′ + 𝑓(𝑡, 𝑦1(𝜗, (𝑦)) = 0⁡ 
 

Under the condition that  

 

𝜓(𝑦0) = ∫
1

𝑎
1

𝑟1(𝑡)

∞

𝑡0

𝑑𝑡 < ∞.⁡ 

 

By a solution of equation (1) we mean a function𝑥(𝑡) ∈ 𝐶([𝑇𝑥, ∞)), 𝑇𝑥 ≥ 𝑡0 which has the properties 

 𝑧(𝑡) ∈ 𝐶′([𝑇𝑥, ∞)), 𝑎(𝑡)(𝑧′′′(𝑡))
𝛾
∈ 𝐶′(([𝑇𝑥, ∞)) and satisfies equation (1) on ([𝑇𝑥, ∞)).We consider only those solutions 𝑥 of 

equation (1) which satisfysup{|𝑥(𝑡)| ∶ 𝑡 ≥ 𝑇⁡} > 0⁡for⁡all⁡𝑇 ≥ 𝑇𝑥, and assume that the equation (1) possesses such solutions. As 

usual, a solution of equation (1) is called oscillatory if it has a zero on [𝑇,∞) for all⁡𝑇 ≥ 𝑇𝑥 ; otherwise it is called nonoscillatory. 

If all solutions of a differential equations are oscillatory, then the equation itself is called oscillatory 

The main motivation for this work is to contribute to the development of the oscillatory theory for the higher order neutral 

equations by finding sufficient conditions which guarantee that the solutions of this type of equations are oscillatory. 

 

2. Method 

In this paper we use few Lemmas and Inequality (15) which are helpful to prove our results by applying the Riccati 

Transformation technique. 

 

3. Main Results and Discussion 

We need the following in our discussion 
(𝐻1):⁡𝛾 is a quotient of odd positive integers, 𝑛 is even,⁡𝑚(𝑡) is a real valued continuous function. 

 
(𝐻2):⁡𝑎 ∈ 𝐶′[𝑡0, ∞), (0,∞)), 𝑎′(𝑡) ≥ 0, 𝑝, 𝑞𝑖 , 𝑟 ∈ 𝐶[𝑡0, ∞), (0,∞)), lim

𝑡→∞
𝑝(𝑡) = 0 And  

 

 𝑞𝑖(𝑡) > 0, 𝜏(𝑡) ≤ 𝑡, ⁡𝜏′(𝑡) ≥ 0⁡and⁡𝜎𝑖(𝑡) ≤ 𝑡, lim
𝑡→∞

𝜎𝑖(𝑡) = ∞.⁡ 

 
(𝐻3): We define  

https://www.mathematicaljournal.com/
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 R(t) = ∫ [
1

a(s)
exp⁡(−∫

r(u)

a(u)

s

t0
du)ds]

1

𝛾
= ∞

∞

t0
 as 𝑡 → ∞.                  (2) 

 

3.1 Lemma [1]. Suppose that𝜎 ∈ 𝐶𝑛([𝑣0, ℝ
+), where 𝜌(𝑛)(𝑣) has a constant sign and is non-zero on⁡[𝑣0, ∞). Additionally, 

suppose that there is 𝑣1 ≥ 𝑣0 such that 𝜌𝑛−1)(𝑣)𝜌𝑛(𝑣) ≤ 0 for every𝑣 ≥ 𝑣1. If lim
𝑣→∞

𝜌(𝑣) ≠ 0, then for any 𝛿 ∈ (0,1), there is 𝑣𝜖 ∈

[𝑣1, ∞) such that 𝜌(𝑣) ≥
𝜖

(𝑛−1)!
𝑣𝑛−1|𝜌(𝑛−1)(𝑣)|, for 𝜌 ∈ [𝑣𝜖 , ∞). 

 

3.2 Lemma [18] Let 𝜁 ∈ 𝐶𝑛([𝑡0, ∞,ℝ+). If 𝜉𝑛(𝑡) is eventually of one sign for all large 𝑡, then there exists a 𝑡𝑥 > 𝑡1, for some 𝑡1 >
𝑡0, and an integer 𝑙, 0 ≤ 𝑙 ≤ 𝑛 with 𝑛 + 𝑙 even 𝜉𝑛(𝑡) ≥ 0 or 𝑛 + 𝑙 odd for 𝜉𝑛(𝑡) ≤ 0 such that 𝑙 > 0 implies that 𝜉𝑘(𝑡) > 0 for 

𝑡 > 𝑡𝑥, 𝑘 = 0,1, ……… 𝑖 − 1, 𝑙 ≤ 𝑛 − 1, implies that (−1)𝑙+𝑘𝜉𝑘⁡(𝑡) > 0 for⁡𝑡 > 𝑡𝑥, 𝑘 = 𝑙, 𝑙 + 1,………𝑛 − 1. 
 

3.3 Theorem: Assume that (2) holds. If there exists a nondecreasing function 𝜌 ∈ 𝐶′([𝑡0, ∞), (0,∞)) such that  

 

∫ (𝜌(𝑠)𝐴(𝑠) −
((𝑛−2)!)

𝛾
𝑎(𝑠)𝜌(𝑠)

(𝛾+1)𝛾+1(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾 (

𝜌′(𝑠)

𝜌(𝑠)
−

𝑟(𝑠)

𝑎(𝑠)
)
𝛾+1

⁡
⁡

) ⁡𝑑𝑠 = ∞
∞

𝑡0
             (3) 

  

Then equation (1) is oscillatory. 

 

 Proof: Assume that (1) has a nonoscillatory solution 𝑥(𝑡). without loss of generality, we may assume that 𝑥(𝑡) is  

 Eventually positive. It follows from (1), (𝐻2), (𝐻3) and by Lemma 3.2, we have  

 

𝑧(𝑡) > ⁡0, ⁡𝑧′(𝑡) > 0, ⁡𝑧(𝑛−1)(𝑡) > 0⁡and⁡𝑧𝑛(𝑡) < 0. 
 

Also, we may assume that there exists a 𝑡1 ∈ [𝑡0, ∞)⁡such that 𝑥(𝑡) > 0, 𝑥(𝜏(𝑡)) > 0, 𝑥(𝜎𝑖(𝑡)) > 0 for all  

  

 𝑖 = 1,2,3. and⁡𝑡 ∈ [𝑡1, ∞). 
 

Set  

 

𝑧(𝑡) = 𝑚(𝑡)𝑥(𝑡) + 𝑝(𝑡)𝑥(𝜏(𝑡))                      (4) 

 

𝑚(𝑡)𝑥(𝑡) ≥ 𝑧(𝑡) − 𝑝(𝑡)𝑥(𝜏(𝑡)) 
 

𝑥(𝑡) ≥
1

𝑚(𝑡)
[1 − 𝑝(𝑡)]𝑧(𝑡) 

 

Hence 𝑥(𝜎𝑖(𝑡)) ≥
1

𝑚(𝜎𝑖(𝑡)
[1 − 𝑝(𝜎𝑖(𝑡))]𝑧(𝜎𝑖(𝑡)), 𝑖 = 1, 2, 3. 

 

We note that 𝜎(𝑡) = 𝑚𝑖𝑛{𝜎𝑖(𝑡), 𝑖 = 1,2,3}  
 

R(t) = ∫ [
1

a(s)
exp⁡(−∫

r(u)

a(u)

s

t0

du)ds]

1

𝛾

= ∞
t

t0

, 𝐹+(𝑡) = 𝑚𝑎𝑥{𝐹(𝑡), 0}, 

 

From (1) we have  

 
(𝑎(𝑡)((𝑚(𝑡)𝑥(𝑡) + 𝑝(𝑡)𝑥(𝜏(𝑡)))𝑛−1)𝛾)′ + 𝑟(𝑡)((𝑚(𝑡)𝑥(𝑡) + 𝑝(𝑡)𝑥(𝜏(𝑡)))𝑛−1)𝛾 

 

= −𝑞1(𝑡)𝑥
𝛾1(𝜎1(𝑡)) − 𝑞2(𝑡)𝑥

𝛾2(𝜎2(𝑡)) − 𝑞3(𝑡)𝑥
𝛾3(𝜎3(𝑡))                (5) 

 

Define, 

 

𝜔(𝑡) = 𝜌(𝑡)
𝑎(𝑡)(𝑧𝑛−1(𝑡))

𝛾

𝑧𝛾(𝜎(𝑡))
, 𝑡 ≥ 𝑡1⁡                     (6) 

  

𝜔′(𝑡) = 𝜌′(𝑡)
𝑎(𝑡)(𝑧𝑛−1(𝑡))

𝛾

𝑧𝛾(𝜎(𝑡))
+ 𝜌(𝑡)

(𝑎(𝑡)(𝑧𝑛−1(𝑡))
𝛾
)
′

𝑧𝛾(𝜎(𝑡))
− 𝛾𝜌(𝑡)

𝑎(𝑡)(𝑧𝑛−1(𝑡))
𝛾
𝑧′(𝜎(𝑡))𝜎′(𝑡)

𝑧𝛾+1(𝜎(𝑡))
 

 

𝜔′(𝑡) = 𝜌′(𝑡)
𝑎(𝑡)(𝑧𝑛−1(𝑡))

𝛾

𝑧𝛾(𝜎(𝑡))
+ 𝜌(𝑡) [

−𝑟(𝑡)(𝑧𝑛−1(𝑡))
𝛾
− 𝑞𝑖(𝑡)𝑥

𝛾𝑖(𝜎𝑖(𝑡))

𝑧𝛾(𝜎(𝑡))
] − 𝛾𝜌(𝑡)

𝑎(𝑡)(𝑧𝑛−1(𝑡))
𝛾
𝑧′(𝜎(𝑡))𝜎′(𝑡)

𝑧𝛾+1(𝜎(𝑡))
 

https://www.mathematicaljournal.com/
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𝜔′(𝑡) = 𝜌′(𝑡)
𝑎(𝑡)(𝑧𝑛−1(𝑡))

𝛾

𝑧𝛾(𝜎(𝑡))
− 𝜌(𝑡)

𝑟(𝑡)(𝑧𝑛−1(𝑡))
𝛾

𝑧𝛾(𝜎(𝑡))
− 𝜌(𝑡)

𝑞𝑖(𝑡)𝑥
𝛾𝑖(𝜎𝑖(𝑡))

𝑧𝛾(𝜎(𝑡))
− 𝛾𝜌(𝑡)

𝑎(𝑡)(𝑧𝑛−1(𝑡))
𝛾
𝑧′(𝜎(𝑡))𝜎′(𝑡)

𝑧𝛾+1(𝜎(𝑡))
 

 

𝜔′(𝑡) =
𝜌′(𝑡)

𝜌(𝑡)
𝜔(𝑡) −

𝑟(𝑡)

𝑎(𝑡)
𝜔(𝑡) − 𝜌(𝑡)

𝑞𝑖(𝑡)𝑥
𝛾𝑖(𝜎𝑖(𝑡))

𝑧𝛾(𝜎(𝑡))
− 𝛾𝜎′(𝑡)𝜔(𝑡)

𝑧′(𝜎(𝑡))

𝑧(𝜎(𝑡))
            (7) 

 

Since 

 

 𝑥(𝜎𝑖(𝑡)) ≥
1

𝑚(𝜎𝑖(𝑡))
[1 − 𝑝(𝜎𝑖(𝑡))]𝑧(𝜎𝑖(𝑡))⁡ 

 

Therefore 

 

𝑥𝛾𝑖(𝜎𝑖(𝑡)) ≥
1

𝑚𝛾𝑖(𝜎𝑖(𝑡))
[1 − 𝑝(𝜎𝑖(𝑡))]

𝛾𝑖𝑧𝛾𝑖(𝜎𝑖(𝑡)), 𝑖 = 1,2,3.               (8) 

  

We know that lim
𝑡→∞

𝑧′ (𝑡) ≠ 0. By virtue of Lemma 2.1 for every constant 𝜆 ∈ (0,1)⁡and for all large 𝑡, we get 

 

𝑧′(𝑡) ≥
𝜆

(𝑛−2)!
𝑡𝑛−2⁡𝑧(𝑛−1)(𝑡)⁡                      (9) 

 

From (7), (8), and (9) and we obtain 

  

𝜔′(𝑡) ≤ (
𝜌′(𝑡)

𝜌(𝑡)
−

𝑟(𝑡)

𝑎(𝑡)
)𝜔(𝑡) − 𝜌(𝑡) − 𝛾𝜎′(𝑡)

𝜆

(𝑛−2)!

(𝜎(𝑡))
𝑛−2

𝑧(𝑛−1)(𝜎(𝑡))

𝑧(𝜎(𝑡))
𝜔(𝑡).⁡           (10) 

 

Here we note that  

 

𝐴𝑖(𝑡) = 𝑞𝑖(𝑡)
1

𝑚𝛾𝑖(𝜎𝑖(𝑡))
[1 − 𝑝(𝜎𝑖(𝑡))]

𝛾𝑖 ⁡𝑓𝑜𝑟⁡𝑎𝑙𝑙⁡𝑖 = 1,2,3. 

 

Therefore from (10) we get  

 

𝜔′(𝑡) ≤ (
𝜌′(𝑡)

𝜌(𝑡)
−

𝑟(𝑡)

𝑎(𝑡)
)𝜔(𝑡) − 𝜌(𝑡) −

𝜆

(𝑛−2)!

𝛾𝜎′(𝑡)(𝜎(𝑡))
𝑛−2

(𝜌(𝑡)𝑎(𝑡))
1
𝛾

𝜔
𝛾+1

𝛾 .⁡              (11) 

 

Since 𝑧′(𝑡) > 0 and𝜎(𝑡) ≤ 𝜎𝑖(𝑡), we have 

  

𝑧(𝜎𝑖(𝑡)) ≥ 𝑧(𝜎(𝑡)), 𝑖 = 1,2,3. 

 

𝜔′(𝑡) ≤ −𝜌(𝑡)[𝐴1(𝜎1(𝑡))𝑧
𝛾1−𝛾 +⁡𝐴2(𝑡)𝑧

𝛾2−𝛾(𝜎2(𝑡)) + 𝐴3(𝑡)𝑧
𝛾3−𝛾(𝜎3(𝑡))] + (

𝜌′(𝑡)

𝜌(𝑡)
−

𝑟(𝑡)

𝑎(𝑡)
)𝜔(𝑡) −

𝜆

(𝑛−2)!

𝛾𝜎′(𝑡)(𝜎(𝑡))
𝑛−2

(𝜌(𝑡)𝑎(𝑡))
1
𝛾

𝜔
𝛾+1

𝛾 (𝑡).⁡  (12) 

 

Since𝑧′(𝑡) > 0, there exists 𝑡2 ≥ 𝑡1 and 𝑀 > 0 such that 𝑧(𝑡) > 𝑀. 

Hence, we obtain  

 

𝜔′(𝑡) ≤ −𝜌(𝑡)[𝐴1(𝜎1(𝑡))𝑀
𝛾1−𝛾 +⁡𝐴2(𝑡)𝑀

𝛾2−𝛾(𝜎2(𝑡)) + 𝐴3(𝑡)𝑀
𝛾3−𝛾(𝜎3(𝑡))] + (

𝜌′(𝑡)

𝜌(𝑡)
−

𝑟(𝑡)

𝑎(𝑡)
)𝜔(𝑡) −

𝜆

(𝑛−2)!

𝛾𝜎′(𝑡)(𝜎(𝑡))
𝑛−2

(𝜌(𝑡)𝑎(𝑡))
1
𝛾

𝜔
𝛾+1

𝛾 (𝑡).⁡ (13) 

 

𝜔′(𝑡) ≤ −𝜌(𝑡)𝐴(𝑡) + (
𝜌′(𝑡)

𝜌(𝑡)
−

𝑟(𝑡)

𝑎(𝑡)
)𝜔(𝑡) −

𝜆

(𝑛−2)!

𝛾𝜎′(𝑡)(𝜎(𝑡))
𝑛−2

(𝜌(𝑡)𝑎(𝑡))
1
𝛾

𝜔
𝛾+1

𝛾 (𝑡).⁡            (14) 

 

Where, 

 

𝐴(𝑡) = 𝐴1(𝜎1(𝑡))𝑀
𝛾1−𝛾 +⁡𝐴2(𝑡)𝑀

𝛾2−𝛾(𝜎2(𝑡)) + 𝐴3(𝑡)𝑀
𝛾3−𝛾(𝜎3(𝑡)) 

 

Using the following inequality in (14),  

 

𝑉𝑢 − 𝑈𝑢
𝛾+1

𝛾 ≤
𝛾𝛾

(𝛾+1)𝛾+1

𝑉𝛾+1

𝑈𝛾 ,⁡                      (15) 
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Where 𝑈 > 0, 𝑉 ≥ 0, 𝛾 > 0⁡with 

 

𝑉 = (
𝜌′(𝑡)

𝜌(𝑡)
−
𝑟(𝑡)

𝑎(𝑡)
) , 𝑈 =

𝜆

(𝑛 − 2)!

𝛾𝜎′(𝑡)(𝜎(𝑡))
𝑛−2

(𝜌(𝑡)𝑎(𝑡))
1

𝛾

and⁡𝑢(𝑡) = 𝜔(𝑡) 

 

We get 

 

𝜔′(𝑡) ≤ −(𝜌(𝑡)𝐴(𝑡) −⁡
((𝑛−2)!)

𝛾
𝑎(𝑡)𝜌(𝑡)

(𝛾+1)𝛾+1(𝜆𝜎𝑛−2(𝑡)𝜎′(𝑡))
𝛾 ⁡(

𝜌′(𝑡)

𝜌(𝑡)
−

𝑟(𝑡)

𝑎(𝑡)
)
𝛾+1

)⁡              (16) 

 

Integrating (16) from 𝑡1⁡to⁡𝑡, we obtain  

 

∫ (𝜌(𝑠)𝐴(𝑠) −
((𝑛−2)!)

𝛾
𝑎(𝑠)𝜌(𝑠)

(𝛾+1)𝛾+1(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾 (

𝜌′(𝑠)

𝜌(𝑠)
−

𝑟(𝑠)

𝑎(𝑠)
)
𝛾+1

⁡
⁡

) ⁡𝑑𝑠 ≤ 𝜔(𝑡1)
𝑡

𝑡1
            (17) 

 

This is a contradiction to (3) as 𝑡 → ∞. thus the proof is completed.  

 

4. Philos -type oscillation Result 

In this section, we apply the integral averaging technique to establish a Philos type oscillation criteria for equation (1). 

Definition Let  

 

𝐷 = {(𝑡, 𝑠) ∈ 𝑅2 ∶ 𝑡 ≥ 𝑠 ≥ 𝑡0}⁡and⁡𝐷0 = {(𝑡, 𝑠) ∈ 𝑅2 ∶ 𝑡 > 𝑠 ≥ 𝑡0}⁡. 
 

A kernel function 𝐻 ∈ 𝐶(𝐷, 𝑅) is said to belong to the function class ℑ, written as 𝐻 ∈ ℑ, if  
 

(i) 𝐻(𝑡, 𝑠) = 0⁡for⁡𝑡 ≥ 𝑡0, 𝐻(𝑡, 𝑠) > 0, (𝑡, 𝑠) ∈ 𝐷0;  
 

(ii) 𝐻(𝑡, 𝑠) has a continuous and nonpositive partial derivative 
𝜕𝐻

𝜕𝑠
𝑜𝑛⁡𝐷0, and there exists a function 𝜌 ∈ ⁡𝐶′([𝑡0, ∞), (0,∞)) and 

ℎ ∈ 𝐶(𝐷0, 𝑅) such that  

 
𝜕

𝜕𝑠
𝐻(𝑡, 𝑠) + (

𝜌′(𝑠)

𝜌(𝑠)
−

𝑟(𝑡)

𝑎(𝑡)
)𝐻(𝑡, 𝑠) = ℎ(𝑡, 𝑠)𝐻

𝛾

𝛾+1(𝑡, 𝑠).                (18) 

 

4.1 Theorem: Assume that (2)) holds. If there exists a positive function 𝜌, ∈ 𝐶′([𝑡0, ∞), 𝑅) such that  

 

lim
𝑡→∞

𝑠𝑢𝑝
1

𝐻(𝑡,𝑡1)
∫ (𝐻(𝑡, 𝑠)𝐴(𝑠) −

ℎ𝛾+1(𝑡,𝑠)

(𝛾+1)𝛾+1

((𝑛−2)!)
𝛾
𝑎(𝑠)𝜌(𝑠)

(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾)

𝑡

𝑡1
𝑑𝑠 = ∞.             (19) 

 

Then (1) is oscillatory.  

 

Proof. Let 𝑥 be a nonoscillatory solution of equation (1). Multiplying (14) by 𝐻(𝑡, 𝑠) and integrating the resulting inequality from 

𝑡1⁡to⁡𝑡, we find that  

 

∫ 𝐻(𝑡, 𝑠)𝜌(𝑠)𝐴(𝑠)𝑑𝑠
𝑡

𝑡1

≤ 𝜔(𝑡1)𝐻(𝑡, 𝑡1) +⁡∫ (
𝜕

𝜕𝑠
(𝐻(𝑡, 𝑠) + (

𝜌′(𝑠)

𝜌(𝑠)
−
𝑟(𝑠)

𝑎(𝑠)
)𝐻(𝑡, 𝑠))𝜔(𝑠)𝑑𝑠 −

𝑡

𝑡1

−∫
𝜆

(𝑛 − 2)!

𝛾𝜎′(𝑠)(𝜎(𝑠))
𝑛−2

(𝜌(𝑠)𝑎(𝑠))
1

𝛾

𝐻(𝑡, 𝑠)𝜔
𝛾+1

𝛾

𝑡

𝑡1

𝑑𝑠. 

 

From (18) we get  

 

∫ 𝐻(𝑡, 𝑠)𝜌(𝑠)𝐴(𝑠)𝑑𝑠
𝑡

𝑡1
≤ 𝜔(𝑡1)𝐻(𝑡, 𝑡1) +⁡∫ ℎ(𝑡, 𝑠)𝐻

𝛾

𝛾+1(𝑡, 𝑠)𝜔(𝑠)𝑑𝑠 −
𝑡

𝑡1
− ∫

𝜆

(𝑛−2)!

𝛾𝜎′(𝑠)(𝜎(𝑠))
𝑛−2

(𝜌(𝑠)𝑎(𝑠))
1
𝛾

𝐻(𝑡, 𝑠)𝜔
𝛾+1

𝛾
𝑡

𝑡1
𝑑𝑠.   (20)  

 

Using the Lemma (15) with 

 

𝑈 =
𝜆

(𝑛 − 2)!

𝛾𝜎′(𝑠)(𝜎(𝑠))
𝑛−2

(𝜌(𝑠)𝑎(𝑠))
1

𝛾

𝐻(𝑡, 𝑠), 𝑉 = ℎ(𝑡, 𝑠)𝐻
𝛾

𝛾+1(𝑡, 𝑠), 𝑎𝑛𝑑⁡𝑢(𝑠) = 𝜔(𝑠) 

 

We get  

ℎ(𝑡, 𝑠)𝐻
𝛾

𝛾+1(𝑡, 𝑠)𝜔(𝑠) −
𝜆

(𝑛 − 2)!

𝛾𝜎′(𝑠)(𝜎(𝑠))
𝑛−2

(𝜌(𝑠)𝑎(𝑠))
1

𝛾

𝐻(𝑡, 𝑠)𝜔
𝛾+1

𝛾 (𝑠) ≤
ℎ𝛾+1(𝑡, 𝑠)

(𝛾 + 1)𝛾+1
((𝑛 − 2)!)

𝛾
𝜌(𝑠)𝑎(𝑠)

𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠)
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Which implies that  

 

1

𝐻(𝑡,𝑡1)
∫ (𝐻(𝑡, 𝑠)𝐴(𝑠) −

ℎ𝛾+1(𝑡,𝑠)

(𝛾+1)𝛾+1

((𝑛−2)!)
𝛾
𝑎(𝑠)𝜌(𝑠)

(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾)

𝑡

𝑡1
𝑑𝑠 ≤ 𝜔(𝑡1).⁡              (21) 

 

Which is a contradiction to (19). Thus, the theorem (2) is proved  

 

4.2 Theorem: Assume that (2) holds. If there exists a function 𝜌 ∈ 𝐶′([𝑡0, ∞), (0,∞)) such that  

 

lim
𝑡−→∞

𝑠𝑢𝑝
1

𝑡𝑛
∫ (𝑡 − 𝑠)𝑛
𝑡

𝑡0
(𝜌(𝑠)𝐴(𝑠) −

((𝑛−2)!)
𝛾
𝑎(𝑠)𝜌(𝑠)

(𝛾+1)𝛾+1(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾 ⁡(

𝜌′(𝑠)

𝜌(𝑠)
−

𝑟(𝑠)

𝑎(𝑠)
)
𝛾+1

)𝑑𝑠 = ∞.         (22) 

 

Then (1) is oscillatory.  

 

Proof. In this case we define the function 𝜔(𝑡) by (6) and proceeding as in the proof of Theorem 3.1 to obtain (16). From (16) we 

have for 𝑡 ≥ 𝑡1  

 

∫ (𝑡 − 𝑠)𝑛 (𝜌(𝑠)𝐴(𝑠) −
((𝑛−2)!)

𝛾
𝑎(𝑠)𝜌(𝑠)

(𝛾+1)𝛾+1(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾 ⁡(

𝜌′(𝑠)

𝜌(𝑠)
−

𝑟(𝑠)

𝑎(𝑠)
)
𝛾+1

) 𝑑𝑠 ≤ −∫ (𝑡 − 𝑠)𝑛
𝑡

𝑡1

𝑡

𝑡1
𝜔′(𝑠)𝑑𝑠.       (23) 

 

Since  

 

∫ (𝑡 − 𝑠)𝑛
𝑡

𝑡1
𝜔′(𝑠) = 𝑛 ∫ (𝑡 − 𝑠)𝑛−1𝜔(𝑠)𝑑𝑠 −

𝑡

𝑡1
𝜔(𝑡1)(𝑡 − 𝑡1)

𝑛               (24) 

 

We get 

 

1

𝑡𝑛
∫ (𝑡 − 𝑠)𝑛 (𝜌(𝑠)𝐴(𝑠) −

((𝑛−2)!)
𝛾
𝑎(𝑠)𝜌(𝑠)

(𝛾+1)𝛾+1(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾 ⁡(

𝜌′(𝑠)

𝜌(𝑠)
−

𝑟(𝑠)

𝑎(𝑠)
)
𝛾+1

)⁡
𝑡

𝑡1
≤ 𝜔(𝑡1) (

𝑡−𝑡1

𝑡
)
𝑛

−
𝑛

𝑡𝑛
∫ (𝑡 − 𝑠)𝑛−1
𝑡

𝑡1
𝜔(𝑠)𝑑𝑠,   (25) 

 

Hence 

 

1

𝑡𝑛
∫ (𝑡 − 𝑠)𝑛 (𝜌(𝑠)𝐴(𝑠) −

((𝑛−2)!)
𝛾
𝑎(𝑠)𝜌(𝑠)

(𝛾+1)𝛾+1(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾 ⁡(

𝜌′(𝑠)

𝜌(𝑠)
−

𝑟(𝑠)

𝑎(𝑠)
)
𝛾+1

) ≤ (
𝑡−𝑡1

𝑡
)
𝑛

𝜔(𝑡1)⁡
𝑡

𝑡1
         (26) 

 

And so  

 

lim
𝑡−→∞

𝑠𝑢𝑝
1

𝑡𝑛
∫(𝑡 − 𝑠)𝑛
𝑡

𝑡0

(𝜌(𝑠)𝐴(𝑠) −
((𝑛 − 2)!)

𝛾
𝑎(𝑠)𝜌(𝑠)

(𝛾 + 1)𝛾+1(𝜆𝜎𝑛−2(𝑠)𝜎′(𝑠))
𝛾 ⁡(

𝜌′(𝑠)

𝜌(𝑠)
−
𝑟(𝑠)

𝑎(𝑠)
)

𝛾+1

)𝑑𝑠 ≤ 𝜔(𝑡1), 

 

Which is a contradiction to (22), and this completes the proof.  

 

5. Conclusion 

The goal of this paper is to study the ‘Oscillatory behavior of Even Order neutral differential equations with Several Delays of 

equation (1) by using Riccati Transformation technique. Further extension of these results can be used to study a class of system 

of Fractional order equations. Some research in this area is in progress. 

The results of this study complement many of previously published findings in the literature. To our knowledge, this equation has 

not been studied by many researchers, so it would be a good idea to apply these results to nonlinear higher order NDE’s with a p-

Laplacian like operator in future. 
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