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Abstract

Let R be a commutative ring with identity and M an R-module. In this paper, we introduce and
investigate the concept of e-small multiplication modules. An R-module M is said to be an e-small
multiplication module if every e-small submodule N of M can be written as N = IM for some ideal I of R.
We explore several fundamental properties of these module and study their connections with classical
multiplication and e-small multiplication module. Various examples and counterexample are presented to
highlight the behavior and scope of this class. Furthermore, we show that the direct sum of e-small
multiplication modules retains the e-small multiplication property.

Keywords: E-small submodule, multiplication module, small multiplication module, e-small
multiplication module

1. Introduction

Throughout this paper, all rings are commutative ring with identity and all modules are unitary
mOdules. Let R be a ring and M be an R-module. The notation N < M means that N is a
submodule of M. Soc(M) and Rad(M) will stand for the socle of M and the radical of M. A
submodule L < M is said to be essential in M, indicated by L < M, if LN N # 0 for all non-

zero submodule N < M. A module M is named singular if M = %for specific module N and an

essential submodule L =2 N. As a dual to the concept of an essential submodule, a submodule N
of M is named small in M, symbolized by N « M, if M # N + K for any proper submodule K
of M (see > 7 12I), A module M is named hollow if each proper submodule of M is small in M,
and it is named I0cal if it is hOllow and finitely generated see 2,

Zhou 3 introduced §-small submodules, extended small submodules of a module M as
follows. A submodule N < M is named §-small in M (indicated by N «g M) if whenever M =

N + L with % singular, one has M = L. See 1. Evidently, any small submodule is §-small in M.

Following 4, a submodule N of M is called an essential-small (for short e-small) submodule
of M, denoted by N «, M if, whenever M = N + E with E < M, implies E = M, in reality, the
authors Kosar et. al. put an e-small submodule in place of a g-small submodule, denoted by
N &g M. Obviously, any small (6-small) submodule of an R-module M is e-small (g-small),
but the reverses are not true in general 1%, If M is a projective mOdule, then each e-small
submOdule N of M is §-small 41, If T is essential and maximal submOdule of M then T is said
to be a generalized maximal submodule of M. The intersection of all generalized maximal
submoduls Of M is named the generalized radical Of M besides indicated by Radg(M) (see B3]y,
In M it is indicated by Rad,(M). If M have no generalized maximal submodules, then the
generalized radical of M is defined by Rad.(M) = M.

Let M be a module over a ring R. Then M is called multiplication in case for every submodule
N of M, there exists an ideal I in R such that N = IM [, Multiplication modules ant their
generalizations too studied by several authors. For more information about these modules see
[1, 11]

M. Irani et. al. in 2023 ! introduced the idea of small multiplication modules as well as the
idea of 8-small multiplication modules. These ideas as natural generalizations of multiplication
modules. A module M is called small (8-small) multiplication module if for every small (6-
small) submodule N of M there exists an ideal I of R such that N = IM. Here, we introduce the
notion of e-small multiplication modules.

In sections 2, we focus on small multiplication modules. Here, we give some of examples and
important results of these modules.
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In sections 3, we introduced the concept of e-small multiplication modules. This notion is a generalization of small multiplication
modules. Here, we proved that if M is g-small multiplication module and N «, M, then M/N is e-small multiplication module.
We state the next lemma which is contained in [14, Prop. 2.3].

Lemma 1.1: Let N be a submodule of a module M. The follOwing are equivalent.
(1) N <. M,
(2) if M =X+ N, then X is a direct summand of M with % a semisimple module.

It is obvious that Lemma 1.1(2) is equal to if M = X + N, at that time M = X @ Y for sOme semisimple submodule Y of M.
Clearly, M is projective semisimple module if and only if M «, M. A ring R is local if grR (or Ry) is a local module.
The following lemma follows from [14, Prop. 2.5] and from [,

Lemma 1.2: Let M be a module. Then

1. For submodules N, K, L Of M with K < N, we have

a) IfN «.M,thenK «, Mand N/K <, M/K.

b) N+ LK, Mifandonlyif N «, M and L «, M.

2. If K <, M and f: M — N is a homomorphism, then f(K) <, N. In particular, if K <, M < N, then K «, N.

3. LetN, K, L, and T be submodules of M. If K «, Land N «, T,then K+ N «, L+ T.

4. Let Ky <M; <M, K, <M, <M and M=M,; @ M,. Then K; @ K, «; M; & M, if and Only if K; <. M; besides
K, K¢ M,.

Definition 1.3: I Let M be a module. Define

Rad.(M) =N {N = M | N is maximal in M}.

If M have no maximal essential submodules, then we denote Rad.(M) = M.

Clearly, Rad(M) < Rad.(M) and Soc(M) < Rad.(M). For an arbitrary ring R, let Rad.(R) = Rad.(rR). For more information
about Rad, (M) see for example [3-5]. In the next we use g-small submodules to characterize Rad, (M).

Theorem 1.4: Let M be an R-module. Then Rad (M) = ¥y« m N.
Proof: By [14, Theorem 2.10]. o

Lemma 1.5: Let M and N be modules. Then

(1) If f:M - N is an R-homomorphism, then f(Rad.(M)) < Rad.(N).

(2) 1 every proper essential submodule of M is contained in a maximal submodule of M, then Rad, (M) is the unique largest g-
small submodule of M.

Proof: See [14, Corollary 2.11]. o

Remark 1.6: t is clear that, in general, Rad.(M) need not be e-small in M. But if M is a coatomic module, i.e. every proper
submodule of M is contained in a maximal submodule in M, then Rad.(M) is e-small in M using Lemma 1.5(2).

Lemma 1.7: Bl If M = @;¢;M; then Rad. (M) = ®;¢;Rad.(M;).

2. On Small Multiplication Module

Over the past decades, multiplication modules besides their diverse generalizations have received considerable attention, with
their properties receiving thorough investigation. Given the central role that small submodules play in module theory, and the
significance of multiplication modules in this context, this study seeks to propose a novel generalization of multiplication modules
through the framework of small submodules.

Definition 2.1: P! Let M be an R-module. M is called small multiplication module if, for every N « M, there exists ideal I in R
such that N = IM.

Example 2.2 [%

1. Suppose M is a module with Rad(M) = 0. Then M is clearly a small multiplication module. Consequently, every
semisimple module satisfies the small multiplication condition. In particular, all modules over a V-ring are small
multiplication modules.

2. Consider M = Q as a Z-module and N a finitely generated submodule in M, with N « M it is established that N = M .
Assume there exists an ideal nZ to Z such that N = nQ. This leads to N = M, contradicting the initial condition. Hence, M is
not a small multiplication module. In general, an injective R-module over a principal ideal domain with non-zero radical,
Rad(M) # 0 cannot be small multiplication as each x € R, xM = M.

3. Let the Z-module M = Z, where n is not a square-free natural number. Now alIN < M, there is an integer x € Z in which
N = xZM. Therefore M is small multiplication.

4. A module M is consider hollow if, each proper submodule in M is small of M. For hollow modules, the notions of
multiplication module and small multiplication are equivalent. However, this equivalence does not extend to all modules, For
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instance, some injective Z-module may fail to meet the criteria of being either multiplication or small multiplication modules
(as demonstrated earlier in 2). The following example highlights a broader category of modules that fulfill the small
multiplication condition but do not satisfy the requirements of a full multiplication module.

Example 2.3: 1 Every semi simple module M over local ring R can be considered a small multiplication even though M is not a
multiplication module. Since M is semisimple, it can be written as M =@ R/J(R) for some index set 1. Now, assume there
exists a nontrivial submodule N € M. when M is multiplication, then there would be some ideal I € R where K =
1(@ier R/J(R)) = N. Then K = Bie I(R/J(R)) = Bier (IR +J(R)/I(R) = Dier JR)/J(R) = 0.

Which is a contradiction, because R is a local and I < J(R). As a result, we observe that M qualifies as a small multiplication
module, as illustrated in Ex 2.2.

Lemma 2.4: 9 Presume M is a Noetherian module in which for each cyclic submodule Rx an ideal I of R exists in which Rx =
IM. Now M is small multiplication. Consequently, all finitely generated Z-module is small multiplication.

Proposition 2.5: [¥1 The next conditions are equivalent for a module M,
e M is small multiplication;

e Foreach N« M wehave N € (N:M)M;

e ForeachN « M we have N = (N: M)M = Anng(M/N) - M.

Proposition 2.6: P! The next conditions are equivalent for a left module M over a ring R,

1. M issmall multiplication;

2. Forevery ideal Iof R inwhichI € Anng(M), the R/I-module M is small multiplication;

3. Thereisanideal Iin R inwhich I € Anng(M) besides M is a small multiplication R/I-module.

Let Rbe aring and M be an R-module. Recall that L < M is called fully invariant provided (L) S L for each endomorphism
@ in M. Clearly 0 and M are fully invariant submodules in M. Note that if R is a commutative ring, then all submodule of an R-
module R is fully invariant.

Proposition 2.7. 1 Assume M is a small multiplication module and N <« M. Then M/N is small multiplication.

Proposition 2.8: 1 Assume M is a small multiplication module. Then,
1. Each small submodule to M isa fully invariant submodule of M,
2. Assume N < M in which N n IM = IN for each ideal I of R. Now, N is a small multiplication module.

Suppose M is a small multiplication which does not possess any nontrivial fully invariant submodule. Then as stated in
Proposition 2.8, the zero submodule is the only small submodule of M. As a result, we have Rad(M) = 0.

Corollary 2.9: I Each direct summand of small multiplication module, inherits the property.

Proposition 2.10. [ Assume M is a small multiplication R-module and P is an ideal to R in which M = PM. If every cyclic Y <
M we have Rad(Y) # 0, then there is a cyclic X < M such that P € Anng (M/X).

Proposition 2.11: P! For a module M, the following conditions are equivalent;

1. M issmall multiplication;

2. For each cyclic small X < M ,there is an ideal B of R in which X = BM;

3. Foreach small X < M thereis set {X;}ie; < X and a set {B;};¢; of ideals of R such that X = Y};;X; and X; = B;M for each
i€l

The next presents an easy characterization of small multiplication modules.

Lemma 2.12: [T Presume M is an R-module. ThenM is small multiplication if and only if for each small N < M and each m €
M, there is an ideal I of R suchthat NN Rm = IM.

Remark 2.13: 1 Presume R is ring with just one non-trivial ideal 1. Presume M is small multiplication module besides presume
N is small submodule to M. Choose any nonzero element x € N, then the submodule Rx is small in M. Given that R has only one
nontrivial ideal and M is small multiplication module, we have Rx = IM = N. This implies that N must be a simple submodule
of M . Therefore, over aring like R = Zp2 , every small submodule of a small multiplication is simple.

Proposition 2.14. Pl Let M be an Artinian small multiplication module, and suppose ] is the Jacobson radical of R. Then the
following assertions hold.

1. If]M « M, then the module M/JM is a semisimple small multiplication module.

2. IfJM « M and M/M] is cyclic, then M is a cyclic module.

3. If Mis a finitely generated module, then M is a cyclic module.
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3. e-Small Multiplication Modules

In this section, we aim to investigate the connection between multiplication modules besides g-small submodules. Our focus is on
e-small submodules as a generalization, rather than relying on classical small submodules. Inspired by this perspective, we
propose a new approach to generalizing multiplication modules through the concept of e-small submodules.

Definition 3.1: A module M is called e-small multiplication module if for every e-small submodule N of M, there exists an ideal I
of R such that N = IM.

It is obvious that every e-small multiplication module is small multiplication. Besides, by [, every §-small multiplication module
is small multiplication. Hence, we have the following hierarchies:

Multiplication module = e-Small multiplication = §-Small multiplication =Small multiplication

Example 3.2

e Let M be a module with Rad.(M) = 0. Then the only e-small submodule of M is zero submodule and we have 0 = OM.
Hence M is e-small multiplication.

e Let M be an e-hollow module, i.e. every proper submodule of M is e-small in M. Then M is an e-small multiplication module
if and only if M is multiplication. In particular, for a hollow module (and e-hollow module), the three concepts e-small
multiplication, small multiplication and multiplication coincide.

e Let M be projective and singular module, we claim that M is an e-small multiplication. This equivalence arises from two
facts: first, in projective modules, e-small submodules are necessarily §-small (as established in [*l). Second, the singularity
of M ensures that the distinction between e-small and &-small submodules vanishes. Consequently, verifying the e-small
multiplication condition request to checking the small multiplication condition in this context [,

e  Consider an injective (divisible) R-module M, where R is a principal ideal domain and Rad.(M) = 0. In this scenario, M
does not satisfy the e-small multiplication property. Since for every element x € R, we have xM = M.

An example is given of a small multiplication module that fails to be g-small multiplication, presentation that the collection to
small multiplicatiOn modules strictly includes all e-small multiplication modules.

Example 3.3: Suppose that F is a field. Set M =@;2, F. Then M is a semisimple projective F-module andRad(M) = 0. Therefore,
M is a small multiplication F-module. Now, take N = F @ F < M. It is straightforward to confirm that N is an e-small submodule
of M. However, there exists no ideal I of F such that N = IM, then N = 0 or N = M that both of which are contradictions. Thus,
we conclude that M is not e-small multiplication.

Lemma 3.4: Let M be an R-module. Then M is e-small multiplication if and only if for every e-small submodule N of M and
each m € M, there is an ideal I of R suchthat NN Rm = IM.

Proof: Assume M is e-small multiplication, N <, M andm € M. Then NN Rm is e-small submodule of both M andN.
Consequently, there exists an ideal I of R such that N n Rm = IM. Conversely, assume N is an e-small submodule of M. Now for
every y € N, There exists an ideal I tof R such that Ry = I,M. Hence, we can write N = ¥,y Ry = IM where 1 is an ideal of R
which is the sum of all ideals I,. ©

Proposition 3.5: For a module M, the following conditions are equivalent:

1. M is e-small multiplication;

2. Foreach e-small submodule N of M, we have N € (N: M)M;

3. For each e-small submodule N of M, we have N = (N: M)M = Anng (M/N)M.

Proof: (1) = (2) Since M is e-small multiplication then for every e-small submodule N of M there exist an ideal I of R such that
N = IM. It follows that I = (N: M). Therefore, N =IM < (N: M\)M.

(2) = (3) Let N is e-small submodule of M and x = }{L; rjx; € (N: M)M such that x; € M and r; € (N: M). As r; € (N: M), we
conclude that r;x; € N. It follows that x belongs to N. Thus N = (N: M)M. Note also that (N: M) = Anng(M/N).

(3) = (1) Take (N: M) as the ideal related to N. o

Let M beamodule N<K<M. If K/N isan e-small submodule in M/N and N <, M, then it can be easily shown that
K<, M.

Proposition 3.6: Suppose M is a e-small multiplication module and N is an e-small submodule in M. Then M/N is e-small
multiplication.

Proof: Assume M is a g-small multiplication besides N g-small submoOdule to M. Consider K/N as an e-small submodule of
M/N where K< M and N <K . Since N «, M, this means K «, M. As well. Because. M an e-small multiplication module,
there must exist an ideal I to R in which K = IM. One can easily verify that

K/N = I(M/N). As aresult M/N is e-small multiplication. O
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Proposition 3.7: Suppose that M is an e-small multiplication module. Then the following hold.

1. Every e-small submodule of M is a fully invariant submodule of M.

2. Let N be a submodule of M such that NN IM = IN for every ideal I of R. Then N is an e-small multiplication module. For
example, every direct summand of an e-small multiplication module, inherits the property.

Proof

1. Suppose N < .M and ¢ be an endomorphism of M. Since M satisfies the e-small multiplication property, there exists an ideal
[in Rinwhich N = IM. It follows that @(N) = @(IM) = I@(M) < IM = N. This shows that N is fully invariant .

2. Suppose N < M in which NN IM = IN for every ideal I of R. Let K be e-small submodule to N. Note that K is an e-small
submodule in M, too. Given that M has the e-small multiplication, there is an ideal I to R in which K = IM. Consequently,
K=IM=KnIMENNIM=IN € IM = K. In fact, K = IN, which completes the argument. For the latter, set M = N @ N’
where N’ < M. Now for every ideal 1of R, IM =IN @ IN'. It follows that NN IM = N n (IN @ IN"), which implies N n
IM = IN. Thus, N is e-small multiplication. o

Let M be a module with no nontrivial fully invariant submodule. If M is an e-small multiplication module, then either Rad,(M) =
0 or M is a semisimple projective module. For, if N is an e-small submodule of M, then N = 0 or N = M. coincide with the entire
module, N = M. Observe that the condition M «. M leads to M being semisimple projective. In particular, the Z-module Q can
not be e-small multiplication note that @ is neither semisimple projective nor Rad.(Q) = 0. It is clear that Rad.(Q) =
Rad(Q) = Q.

Proposition 3.8: For an R-module M, the following conditions are equivalent;

1. M ise-small multiplication;

2. For every cyclic e-small submodule X of M, there exists an ideal B of R such that X = BM,;

3. For every e-small submodule X of M, there exists a set {X;} j¢; of submodules of X and a set {B;};c; of ideals of R such that
X = Yie Xjand X; = B;M foreach i € 1.

Proof: The implication (1)=(2) is clear.

(2) =(3) Presume X is e-small submodule of M. Then each cyclic submodule of X is e-small submodule of M. Note that X =
Yyex Ry . By (2), for each y € X, there exists an ideal By of R such that Ry = B, M. This completes the proof.

(3) =(1) Think through an arbitrary e-small submodule X of M and a set {B;}i¢; Of ideals of R such that X = Y\;; X; and X; =
B;M for each i € 1. We denote by B the sum of all ideals B; of R. Then X = Yi¢; X; = Yie1 BiM = (Xier Bi)M = BM. Thus, M is e-
small multiplication Y.

References

Alwan AH, Alhossaini AMA. Dedekind multiplication semimodules. Iragi Journal of Science. 2020;61(6):1488-1497.
Alwan AH. Principally ss-supplemented modules. Baghdad Sci J. 2024;21(10).

Alwan AH. g-Coatomic modules. Al-Bahir Journal for Engineering and Pure Sciences. 2023;2(2):118-123.

Alwan AH. g-Small intersection graph of a module. Baghdad Sci J. 2024;21(8):2671-2680.

Alwan AH, Falh MN. tg-Radical supplemented modules. BIO Web of Conferences. 2024;97:00165.

Alwan AH. Generalizations of supplemented and lifting semimodules. Iragi Journal of Science. 2024;65(7):3876—3889.
Anderson FW, Fuller KR. Rings and Categories of Modules. New York: Springer-Verlag; 1992.

El-Bast ZA, Smith PF. Multiplication modules. Comm Algebra. 1988;16:755-779.

Irani M, Talebi Y, Hamzekolaei ARM. A new approach to multiplication modules via (8)-small submodules. Mathematica.
2023;65(1):66-74.

10. Kosar B, Nebiyev C, Sokmez N. G-supplemented modules. Ukr Math J. 2019;67(6):975-980.

11. Tuganbaev AA. Multiplication modules. J Math Sci (N Y). 2004;123:3839-3905.

12. Wishauer R. Foundations of Module and Ring Theory. Reading: Gordon and Breach; 1991.

13. Zhou Y. Generalizations of perfect, semiperfect, and semiregular rings. Algebra Collog. 2000;7:305-318.

14. Zhou DX, Zhang XR. Small-essential submodules and Morita duality. Southeast Asian Bull Math. 2011;35(6):1051-1062.

CoNoOA~LNE

~528~


https://www.mathematicaljournal.com/

