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Abstract

In this article, we introduce a novel type of soft contractive condition and establish several soft fixed
point theorems by employing soft altering distance functions in soft S-metric spaces. The proposed
results not only generalize existing findings but also provide useful consequences, thereby enriching the
theory of soft fixed point analysis.
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1. Introduction

The concept of soft set theory, introduced by Molodtsov 2% (1999), has emerged as a powerful
mathematical tool to handle uncertainties that classical mathematical structures often fail to
address. Building on this foundation, researchers have developed various extensions, including
soft metric spaces, soft S-metric spaces, and soft topological spaces, to study problems
involving vagueness and imprecision.

In recent years, the study of fixed point theorems in soft structures has gained considerable
attention. A soft fixed point theorem investigates the existence and uniqueness of fixed points
for mappings defined in soft metric or soft S-metric spaces. These theorems generalize the
classical fixed point results of Banach 1, Kannan !4, and Chatterjea (! into the framework of
soft mathematics, thereby providing a broader applicability in areas where uncertainty is
inherent. Researchers have also introduced soft contractive conditions, soft altering distance
functions, and hybrid contraction principles to establish fixed point results in soft settings.
Such generalizations enrich the theory and allow connections with decision-making,
optimization, engineering models, and computational intelligence (see for detailed survey 8],
(o] [ 03] 81 1611471 [391) Qverall, soft fixed point theorems not only extend classical results
to a more flexible environment but also open new directions for applications in applied
sciences, particularly where data or conditions are not precisely defined.

On the basis of the theory of soft elements of soft metric spaces, Abbas et al. M proposed the
idea of soft contraction mapping. The concept of soft mapping was presented by Wardowski
1211 who also determined its fixed point in the context of soft topological spaces. A soft Banach
contraction principle was one of the findings they derived from their study of fixed points of
soft contraction mappings. The concept of soft S-metric spaces was formally introduced by
Cigdem Gunduz Aras et al. ™ in 2018. In that study, they defined soft S-metric spaces,
investigated their foundational properties, and used them to prove fixed point theorems under
soft contractive mappings. This marks the earliest known formal introduction and treatment of
the concept in the soft set framework.

2. Prilimeries

2.1 Definition B4 “A function ¢ : R* - R* is called an altering distance function if the
following property is satisfied:

e (6)Y(0) =0,

e (0,) Y is monotonically non-decreasing function,

e (03) Y is acontinuous function,

By W we denote the set of all altering distance functions.”
M. S. Khan et al. [ proved the following Banach Contraction Principal by using altering
distance function
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2.2 Theorem 4 “Let (M, d) be a complete metric space. Let yr e K and T: M - M be a mapping which satisfies the following
inequality:

Y(d(Tu, Tv)) < kY (d(w,v)),

7

for some 0 < k < 1and all u,v e M. Then w € M is a unique fixed point of T such that for each u e M, lim T"u = w.
n—-oo

2.3 Definition 2°; “A pair (F,E) is called a soft set over a given universal set X, if and only if F is a mapping from a set of
parameters E (each parameter could be a word or a sentence) into the power set of X denoted by P(X). That is, F: E — P(X).
Clearly, a soft set over X is a parameterized family of subsets of the given universe X.”

2.4 Definition [8: “A soft set (F, E) over X is said to be a null soft set denoted by &, if for all e € E, F(e) = null set ¢.”

2.5 Definition [181: “A soft set (F, E) over X is said to be an absolute soft set denoted by X if forall e e E, F(e) = X.”
Das and Samanta (6-[7) presented the concepts of soft real numbers and soft real sets and discussed about their distinctive
features. Based on these notions, they introduced in the concept of soft metric.

2.6 Definition ©1: “Let R be the set of real numbers and B(R) the collection of all non-empty bounded subsets of R and E be
taken as a set of parameters. Then a mapping F: E — B(R) is called a soft real set. If a real soft set is a singleton soft set, it will be
called a soft real number and denoted by #,5,fetc 0 and Tare the soft real numbers where 0(e) = 0, 1(e) = 1, for all
e € E respectively.”

In 2018, Aras et al. ™ introduced the concept of soft S-metric spaces and also discussed its important properties which are as
follows:

“Let X be an absolute soft set, E be a non-empty set of parameters and SP(X) be the collection of all soft points of X. Let R(E)*
denotes the set of all non-negative soft real numbers.”
2.7 Definition [l “A soft S-metric on X is a mapping S : SP(X) X SP(X) x SP(X) — R(E)* which satisfies the following
conditions:
(51) S(ﬁal ﬁb’ WC) = 0:
(5,) S(iig, Dy, W) = 0, if and only if 4, = D, = W,;
(83) S (g, Uy, We) < S(Wg, U Ea) + S (D, D, Ea) + S (We, W, Ea)-
For all @i, Dy, W, 4 € SP(X), then the soft set X with a soft S-metric is called soft S-metric space and denoted by (X, S, E).”
2.8 Lemma I8 “Let (X, S, E) is a soft S-metric space. Then we have
S, Uy, Up) = S(Dy, Dy, 1g).”
2.9 Definition ! “A soft sequence {27 } in (X, S, E) converges to 9, if and only if S(2% , 4% ,9,) —» 0 as n > co and we denote
this by lim 4g = 9,.”
n—oo
2.10 Definition ! “A soft sequence {agn} in (J? S, E) is called a Cauchy sequence if for & > 0, there exists n, € N such that
s(ap ,ar ,am ) < &foreachm,n > n,.”

2.11 Definition °! “A soft S-metric space (f ,S, E) is said to be complete if every Cauchy sequence is convergent.”

2.12 Definition ! “Let (X, S,E) and (Y,S’,E") be two soft S-metric spaces. The mapping f,: (X,S,E) - (Y,S',E’) is a soft
mapping, where f: X —» Yand ¢ : E — E’ are two mappings.”

2.13 Definition © “Let f,,: (X,S,E) > (Y, S’,E") be a soft mapping from soft S-metric space (X, S, E) to a soft S-metric space
(Y,S',E"). Then f,, is soft continuous at a soft point fi,e SP(X) if and only if £,({2% }) - f,(@,).”

2.14 Definition ! “Let (X,S,E) be a soft S-metric space. A map f,: (X,S,E) - (X,S,E) is said to be a soft contraction
mapping if there exists a soft real number k € R(E), 0 < k < 1 (where R(E) denotes the soft real number set) such that

S (fp@a) £ (@), £ (00)) < K S (g, U D),
for all 4, D, € SP(X).”

In 2018, Elif G. et al. 1% establish the following definition of soft altering distance function in soft metric space.
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2.15 Definition % “A soft function ¢ : R(E)* —» R(E)* is called a soft altering distance function if s satisfies the following
property:

e (0y) lIJ((_)) =0,

e (0,) Y is monotonically non-decreasing function,

e (@3) Y is a sequentially continuous function i.e., iy, — 1, then Y(dg ) = W(il,).”

2.16 Theorem [9 “Let (X, d) be a complete metric space. Let s : R(E)* — R(E)* be a soft altering distance function and T: X —
X be a soft mapping which satisfies the following inequality:

V(d(T@z), T@4)) < ¢ ¥(d(@q, ),
for some 0 < ¢ < 1and i, P,e SP(X). Then T has a unique soft fixed point.”

3. Soft fixed point theorems using altering distance function
3.1 Theorem: Let (X, S, E) be a complete soft S-metric space. Let s : R(E)* — R(E)" be a soft altering distance function and fo

be soft self mapping on (X, S, E') which satisfies the following inequality:

V(S (o (Ba), fo(a), foo (B)) < T W(S (R U, D)), (3.1)

for some 0 < ¢ < Tand 4, D, € SP(X). Then £, has a unique soft fixed point.

Proof: Let 2 e SP(X) be an arbitrary point and let {47 } be a soft sequence defined as follows
antl = fo(an ) = f," (1), £, = s(an ,ar ,antt ) for eachn € N U {0}.

We first prove that f,, has a soft fixed point in (X,S,E). We may assume that £,, > 0 for each n € N U {0}. From the contractive
condition (3.1), we obtain

WS @2, fo (@B, fo@it) < e w(s(as, az,, ant))
w(sa@u, ant, anz)) < ey (s(az, a2, ax:,))
Y(tnsn) < CW(E) < Wiy

Since  is non-decreasing function, {Z,,} is a decreasing sequence of soft real numbers. Hence {,} has a limit point. We put
lim £, = £ and suppose £ > 0. Hence £, > implies that Y(£) <cy (£) < W () which is a contradiction. So £ = 0.

n—oo

Therefore, {£,,} converges to 0.
Now, we will prove that {@ig } is a Cauchy sequence in (f S, E) Suppose that {@ig } is not a Cauchy sequence which means that

} of {7} such that for every n € N U {0}, we find that n, >

there is a constant € > 0 and two subsequence {aggk} and {ﬁZ"‘

my

me >n, S (ﬁZ" ok ﬁmril‘k) >€andS (ﬁ;";: e ﬁmm"k) < €. For eachn > 0, we put

ng’ T AGng’ T4 -1’ Tang—1’ T

B, =s(a™ ,a™ 4™ ). Then we have
n any,

ank amk

— ANk ANk ~Mg ANk ANg  ~ANg—1 ~ANg—1 ~np—1 ~mg ) 2 =
< < <
E<S (uank,uank,uamk) <2S$ (uank,uank,uank_l) ) (uank_l,uank_l,uamk <2t,_1+€

Since {t,} — 0, we obtain {B,} converges to E.

~ANp+1

.. AN+l A~ +1
Similarly, we can show that § (ua Lk e
nE+1

U amk+1) converges to €.

From the hypothesis, we deduce
W (SCrp @R ). o @it ) fo(imt ) < e (s (ag ane am )

llJ(S(ﬁnk+1 ﬁnk+1 ﬁmk+1 )) < C_‘IIJ<5 (ﬁnk e M ))

aTLk+1’ aTLk+1’ amk+1 aTLk' ank’ amk

Letting k — o, we obtain that W(€) < ¢y (€) < W (€), which is contradiction. Hence, {@iz } is a Cauchy sequence. By
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completeness of (f ,S, E) {11z, } converges to some soft point w,.
Now, we show that w, is a fixed soft point of f,,. If we substitute @i, = 27—, and ¥, = W, in (3.1), we obtain

WS U @B, fp @), fo(B0)) < € (S0, 2t w))

W(S@s,, 0k, fo W) < e (s(ag, amt, ).

Taking limit as n — oo and using the continuity of s and f,,, we get

V(S (e, W, fo (W) < € W(SW, W, W) = €. 9(0) =0,

which implies y(S (W, W, f, (W.)) = 0 that is £, (#,) = .

To prove the uniqueness, we assume that w, and 7; be two different fixed soft point of f,,. Then from (3.1), we obtain that
V(S S (W), fo (We), fio(Fa)) < €W (S (W, We, Fa))

lIJ(‘S‘(WC' Wc' f‘d) <c qJ(S(WC' Ww f'd)) < llJ(S(VAVc' Wc' f‘d))y

which is contradiction. Hence f,, has a soft unique fixed point.
Here completes the proof.

Note: If we consider yi(t) =t. Then the above theorem reduces to contraction condition §(f, (@), fo(fa), fo(Pp) <
¢ S(iig, 0ig, Dp,), for some 0 < ¢ < 1, which is given by Aras [,

3.2 Theorem: Let (X, S, E) be a complete soft S-metric space. Let  : R(E)* - R(E)* be a soft altering distance function with
Y(x) # 0 forall ¥ + 0 and fo be soft self mapping on (f S, E) which satisfies the following inequality:

S (Fp @), o @), o (0)) < 8 (0 By D) — W(S (s B, D)), (3.2)

for all &, D, € SP(X). Then £, has a unigue soft fixed point in X.

Proof: Let i € SP()? ) be an arbitrary point and let {agn} be a soft sequence defined as follows
antl = fo(an ) = £, (1), £, = s(an ,ar ,antt ) foreachn € N U {0}.

We first prove that f,, has a soft fixed point in (f S, E) We may assume that £,, > 0 for each n € N U {0}. From the contractive
condition (3.2), we obtain

s (Fol@,) S (02, £ (A1) < S (a2, a2, a2iL) — v (s(az, a2, a5,
s(ags gk, an) < s(ag, a5, a) — v (s(ag, a5, a37,))
En+1 < fn - lp(fn) < fn- (33)

Since {t,} is a decreasing sequence of soft real numbers. Hence {£,,} has a limit point. We put lim £, = £ and suppose £ > 0.
n—-oo

Since Y is non decreasing, £,, > £ implies that (£, ) = ¢ (£) > 0. By (3.3) we have £,,.; < &, — W(D).

Thus, £,y < £, — M Y(£) is a contradiction for M large enough. So £ = 0. Therefore, {£,;} converges to 0. As in above theorem
it is easy to show that {a7 } is a Cauchy sequence in (X, S, E ). By completeness of (X, S, E), {@iz } converges to some soft point
W,

Now, we show that W, is a fixed soft point of f;,. If we substitute @i, = 27, and ¥, = W, in (3.2), we obtain

SUp (02, fo (0572,), o)) < 8 (a2, a2, ) = (S (a2, i, we))
Sz, %, fo(W)) < (@, apt,we) — w(s(an?, amt, w)).
Taking limit as n — co and using the continuity of s and f,,, we get
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S (Pe, B f @) < 5B, B, W) — (S (@, B, D)) = () = 0,

which implies s (W,, W, f,(W,)) = 0 that is f,,(W.) = W,.

To prove the uniqueness, we assume that w, and 7, be two different fixed soft point of f,,. Then from (3.2), we obtain that
S (o), fo (P, (7)) < S (W, Wi Fa) = W(S (e, W, 7o)

S(Wc: Wc: 77‘d) < 5(171\/5, Wc' 77‘d) - llJ(S(V/l}C, Wc' f‘d))
Which implies (S (W, W,, 7)) < 0.

Thus, Y(S (W, W,,#;)) = 0 and hence we get w, = ;.
Therefore, £, has a soft unique fixed point.
Here completes the proof.

Note: If we consider y(f) =k.t where0 <k <1, then the above theorem reduces to contraction condition
S(fo(tig), f (Ui, fo (D)) < € S(Hg, Ulg, Dp), for some 0 < ¢ < 1, which is given by Aras I,

3.3 Theorem: Let (f S, E) be a complete soft S-metric space. Let Y, d : R(E)* = R(E)" be the two soft altering distance
function with (%) # 0 and ¢(%) # 0 for all ¥ # 0 and fo be soft self mapping on (5(,5, E) which satisfies the following
inequality:

U(S (), fio (0, fo(B))) < W(S (g, U, D)) — B(S (B, g, D)), (3.4) for all @, Dy € SP(X). Then £, has a unique soft
fixed point in X.

Proof: Let 2 e SP(X) and let {7 } be a soft sequence defined as follows

aml = fo(an ) = f," (1), £, = s(an ,ar ,antt ) foreachn € N u {0}.
We first prove that f,, has a soft fixed point in (f S, E) We may assume that £,, > 0 for each n € N U {0}. From the contractive
condition (3.4), we obtain

W (s (Fo@z) folaz,) foars)) < w (s(az, a2, a2:1)) - o (s(a, 2z, 221%))
o (sam, an w)) < w(s(an, az, an)) - o (s(az, g, a2))

Y(nar) S W) — dE) < W(Ew). (35)

Since Y is non-decreasing function, {f,} is a decreasing sequence of soft real numbers. Hence {£,;} has a limit point. We put
lim £, =  and suppose £ > 0. Letting n — oo in (3.5) and using continuity of y, we obtain ¢(£,) < v E) - E) < ¢ ()

n—-oo

which is a contradiction. So £ = 0.
Therefore, {£,.} converges to 0.

Now, we will prove that {@ig } is a Cauchy sequence in (f S, E) Suppose that {2z, } is not a Cauchy sequence which means that

~Mp

there is a constant € > 0 and two subsequence {ag';k} and {ua } of {fig,} such that for every n € N U {0}, we find that n; >

my
me >n, S (aj;:k ank ik ) >E€ands (A""_l ot ﬁm"k) < €. For each n > 0, we put

u
? Tang’ T Amy, anp-1’ “Ang-1’ Tam

_ ANk ANk ~AMg
L, =S (uank'uank'uamk)' Then we have

|

— IETC PN I P M-l =1 o . =
ESS (un" T umkk) <2S§ (uZ’;k,un" T ) +S (unk gk ) <2t,.,+E

ang’ “Ang’ TAm ang’ “Angp-1 Ang-1" "Ang—1’ " Amy,
Since {£,,} converges to 0, we obtain {B,,} converges to €.

.. ~ 1 A 1 1 =
Similarly, we can show that S (u;‘;;;l,ugg;l, uZ:l‘:H) converges to €.

From the hypothesis, we deduce
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W (Sl ). o @ ) fo@me ) < w(s (ag an ame ) - o (s (am ame am )

ng" T Ong’ T Amy

AN+l ~np+l ~mp+l < AN AN ~AMpe _ AN AN ~Mp
ll'[ (S(uank+1’ uank+1’ uamk+1) - l'lj S uank'uank’ uamk cb s uank' uank’uamk

Letting k — oo, we obtain that y(€) < ¥ (€) — d(€) < W (€), which is contradiction. Hence, {fi7 } is a Cauchy sequence. By
completeness of (f ,S, E) {11z, } converges to some soft point w,.
Now, we show that w, is a fixed soft point of f;,. If we substitute @i, = 27, and 9, = W, in (3.4), we obtain

lIJ(‘S(fCP (ﬁg;_ll),f(p(ﬁg;_ll), f(P(WC))) S l.ll (S(ﬁg;—lf ﬁg;—lﬂ WC)) - (I) (S(ﬁg;—lﬂ ag';—lﬂ WC))
WS @z, al, fow)) < b (s(am?, ast,w)) - o (s(@?, an, ).

Taking limit as n — co and using the continuity of s and f;,, we get

b (5 (Pe P fo @) < W(S e, B, 00)) = H(S @es P, B)) =,

which implies § (W, e, fo (W) ) = 0 that is f,, () = ..

To prove the unigueness, we assume that w, and 7,; be two different fixed soft point of f,,. Then from (3.4), we obtain that
0 (5 (Fo @, fo @), £oG0)) ) < W(S W e 7)) = (5@ e o)

lp(s(wm WC! f‘d)) < l.lJ(S(WC, WC! f'd)) - cb(s(wc' WC' f‘d))
Which implies ¢(S (W, W, 7)) < 0. Thus, (S (W,, W, #;)) = 0 and hence we get w, = 7.
Therefore, £, has a soft unique fixed point.

Note: In Theorem 3.3 If we particularly take ¢(£) = (1 — k) Y(£), for all £ > 0 where 0 < k < 1 then we obtain the result of
Theorem 3.1. Again, by taking yi(2) = £ for all £ > 0, in Theorem 3.3, we obtain the result of Theorem 3.2..

4. Conclusion

The study of soft S-metric spaces provides a natural extension of classical metric and S-metric spaces within the framework of
soft set theory. By incorporating parameterization, these spaces successfully handle uncertainty, vagueness, and imprecise data,
making them more suitable for real-life applications. The fundamental results on convergence, Cauchy sequences, and
completeness form the basis for further theoretical developments. In particular, the establishment of soft fixed point theorems
under various contractive conditions not only generalizes existing results but also enhances their applicability in decision-making,
optimization, engineering, and computational intelligence. Thus, soft S-metric spaces open new directions for both theoretical
research and practical applications.
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