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Fractional differential equations: Change of 

variables and nonlocal symmetries 
 

Rano Sabirova 
 
Abstract 
The paper considers point changes of variables in integrals and fractional derivatives of various types. 
In the general case, such changes lead to the appearance of operators of fractional integro-
differentiation of a function with respect to another function. The problem of extending the action of a 
group of point transformations to a given type of operators is solved, and the corresponding formulas 
for the continuation of the infinitesimal operator of the group are presented and proved. Using a simple 
example of an ordinary differential equation with a fractional derivative, we illustrate the application of 
continuation formulas to find some of its nonlocal symmetries and check them admitted by the 
equation. 
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Introduction 
The study of symmetric properties of differential equations containing fractional derivatives 
is currently an urgent problem in connection with the increasing use of such equations as 
mathematical models of various processes with anomalous kinetics [1, 2]. Moreover, in 
contrast to the classical derivative of integer order, there are many non-identical definitions 
of derivatives of fractional order [3, 4, 5, 6, 7], which leads to a variety of differential equations 
of fractional order that are close in form but significantly different in properties. The most 
frequently used in practice are the concepts of left-sided fractional derivatives of the 
Riemann-Liouville type [3]. 
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and Caputo type [4]  
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(here 1][ += αn , ( )xΓ - the gamma function). 
In the general case, the solution of the differential equation with the derivative (1) can 
contain an integrable singularity of order not higher than α−1  at the point cx = , while the 
existence of the derivative (2) implies the boundedness of the solution at this point. It is 
known (See, for example, [4]) that if there is a finite limit ( ) ( )cyxy

cx
=

+→
lim  then derivatives (1) 

and (2) are related by the relation 
 

( )( ) ( )( ) ( )
( )

( )α
αα

α cx
cyxyDxyD x

C
cxc −−Γ

+=
1
1

     (3) 

 
In [8, 9, 10, 11], methods for constructing point groups of transformations admitted by 
differential equations were developed for equations containing fractional derivatives of the 
form (1) and (2). Formulas for the continuation of the infinitesimal operator of a group to 
integrals and derivatives of fractional order were constructed, algorithms for finding the  
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admissible group for equations containing these derivatives were developed, and some problems of group classification of 
ordinary differential equations and partial differential equations of fractional order were solved. It turned out, however, that the 
class of changes of variables that preserve the form of fractional derivatives is very limited. For derivatives of the Riemann-
Liouville type (1), the general form of such a point change is determined by the expression.  
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In [8, 9, 10, 11], methods for constructing point groups of transformations admitted by differential equations were developed for 
equations containing fractional derivatives of the form (1) and (2). Formulas for the continuation of the infinitesimal operator 
of a group to integrals and derivatives of fractional order were constructed, algorithms for finding the admissible group for 
equations containing these derivatives were developed, and some problems of group classification of ordinary differential 
equations and partial differential equations of fractional order were solved. It turned out, however, that the class of changes of 
variables that preserve the form of fractional derivatives is very limited. For derivatives of the Riemann-Liouville type (1), the 
general form of such a point change is determined by the expression  
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Where 
 c, c1, c2 - constants,  

( ) ( )xx 10 ,ψψ  are some functions, the specific form of which is determined by the equation under study. 
 
Nevertheless, derivatives of the form (1) and (2) are only partial, albeit the most frequently used, types of fractional 
derivatives. A more general case is the case of a fractional derivative of a function with respect to another function, which 
inevitably arises under a general change of variables in any derivative of a fractional order of a specific type. Differential 
equations with a fractional derivative of a function with respect to a function arise, in particular, in the construction of 
invariant solutions of partial differential equations of fractional order. For example, when constructing invariant solutions for 
the equations of anomalous transport with respect to the dilatation group, ordinary differential equations with fractional 
derivatives of the Erdelyi-Kober type arise [8, 12]. The existing methods for their solution are very complex and are suitable only 
for narrow classes of equations. 
The use of fractional derivatives of a function with respect to a function allows, in the general case, to expand the class of 
possible changes of variables, considering them as a new form of equivalence transformations (a short discussion of this issue 
can be found in [13]). This approach opens up new possibilities for reducing the number of variables, and, in particular, for 
constructing invariant solutions. 
In this regard, it seems relevant to extend the methods of group analysis to the class of fractional-order equations containing 
fractional derivatives of a function with respect to a function. The first step on this path is the construction of formulas for the 
continuation of the infinitesimal operator of the group to integrals and derivatives of fractional order of a function with respect 
to a function, which is the subject of the second section of this paper. 
Since the operators of fractional derivatives are integro-differential operators, i.e. are nonlocal by definition, it seems natural 
that equations with such derivatives should have nonlocal symmetries. One of the ways to construct such symmetries is to use 
non-point (containing fractional derivatives or integrals) changes of variables. In this case, the action of the operators in the 
space extended to the corresponding non-local variables is determined. 
Using the continuation formula to construct and test nonlocal symmetries is illustrated with a simple example. Note that when 
working with fractional derivatives, checking an admissible operator is often a nontrivial task, which is illustrated in the third 
section of this paper. 
 
Fractional derivative of a function with respect to a function and a continuation formula 
In general, an arbitrary change of variables ( ) ( )yxyyxx ,,, ψϕ ==  does not preserve the form of the fractional 

differentiation operator. In particular, with such a change, the fractional Riemann-Liouville derivative (1) of order ( )1,0∈α  

transforms into the left-hand fractional derivative of function ( )yx,ψ  with respect to function ( )yx,ϕ : 
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Where  

( )( ) cxyxc cx ==,:ϕ . 

file://server/test/mathematicaljournal.com/issue/1%20Vol/1%20issue/www.mathematicaljournal.com


Journal of Mathematical Problems, Equations and Statistics  www.mathematicaljournal.com 

~ 46 ~ 

Here, to shorten the notation, we introduced the notation ( ) ( )( )xyxfxf ,≡ . For the definition and basic properties of 
derivatives of a function with respect to a function, see, for example, [3]. 
Let us give a number of examples of such changes of variables that transform the Riemann-Liouville operator into other well-
known forms of fractional differentiation operators. 
 
1) Transfer according to x 
 

yyaxx =+= ,  
 
Preserves the type of the operator and changes only the lower limit of integration: 
 
( )( ) ( )( ) accxyDxyD xcxc +== ,αα . 
 
2) The change of variables  
 

yyxx a == ,  
 
Leads to the replacement of the Riemann-Liouville operator with an operator of Erdelyi-Kober type [3]: 
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Such a replacement is often performed when searching for invariant solutions for the equations of anomalous transfer of 
fractional order on the dilation group [8]. 
 
3) Change of variables 
 

yyex x == ,  
 
leads to the replacement of the Riemann-Liouville operator by the operator of the fractional derivative of the Hadamard type 
[3]: 
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 Along with the notion of a fractional derivative of a function with respect to a function, the notion of a fractional-order 
integral 0>β  of a function with respect to a function is also used [3]:  
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It is assumed [3] that on the interval (c, d) the function g(x) > 0 and has a continuous derivative g’(x) of constant sign (g ′(x)> 0 
or g ′ (x) <0). The function y(x) is considered Lebesgue integrable on the interval (𝑐𝑐, 𝑑𝑑), that is, 𝐿𝐿1(𝑐𝑐, 𝑑𝑑). In what follows, for 
simplicity of presentation, we will consider the left-sided fractional derivative of the order 𝛼𝛼∈ (0, 1) of the function y(x) with 
respect to the function g(x): 
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Fractional derivative (1) for 𝛼𝛼∈ (0, 1) is a special case (5) for g(x) =x. 
Fractional derivative (5) has two properties, which will be used in what follows to derive the continuation formula. 
 
Property 1. The relation 
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Proof. The proof is carried out by integrating by parts and then differentiating the resulting integral with a variable upper limit: 
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Statement 1. Consider the one-parameter group of point transformations in infinitesimal form: 
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Let the function ( ) ( )dcLxy ,1∈  and have a continuous derivative y′(x) for x∈(c, d), the functions ( )( )xyxx ,][ ξξ =  and 

( )( )xyxx ,][ ηη =  are sufficiently smooth in each point (c, d), g(x) is a monotone positive twice differentiable function. Then 
the infinitesimal transformation of the fractional integral (4) for β=1−α can be represented as 
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Where 1−ας  is defined by the continuation formula 
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Proof. We write the operator of fractional integration in new variables yx, : 
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To perform the replacement of the function ( )τy , some replacement of the integration variable τ  is necessary. The most 

natural form of the replacement ][τξττ a+=  makes it easy to pass from ( )τy  to ( ) ( ) ( ) ( )( )aoayyy ++= ][τητττ . 
However, such a replacement leads to the appearance of the parameter 𝑎𝑎 in the lower limit of integration, which significantly 
complicates further transformations and requires the imposition of additional restrictions on the form of the function ][xξ  [9]. 
 
More optimal is the change of variables 
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Here t is the new variable of integration. Such a change preserves the form of the limits of integration, since t=c goes to 

c=τ , and xt = to ][xax ξτ += . 
 
Carrying out this change in (9), we obtain 
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Let us consider in detail the transformation of each of the integrand factors. To express ( )τy  in terms of t, it is necessary to 
substitute the argument 𝜏𝜏 in y(τ)+aη[τ]+o(a), which transforms exactly into τ  when replaced. It is known that the inverse 
infinitesimal change has the form ( )aoa +−= ][τξττ . Expressing τ  in terms of the previously defined t, we obtain 
 
τ=t+ah(x, t) − aξ[t]+o(a). 
 
As a result, we have 
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Substituting (12), (13), (14) into (11), we obtain 
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Let's use properties 1 and 2 to transform the last integral: 
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As a result, we finally find 
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( ) ( ) ( ) ( ) =+







−+= −

−
− aoyID

g
gDD

g
ayID

g gcx
x

xgcx
α

α
α ξς 1

1
1

'
'

''
1

 

 

( )( ) ( ) ( )[ ] ( ) =+−+−+= − aoyDgDyDgDyID
g
ayD gcxgcxgcxgc

αααα ξξξη '''
'

1  

 

( )( ) ( ) ( ) =+







++= − aoyDDyID

g
ayD gcxgcxgc

ααα ξηξ '
'

1 1  

 
( )( ) ( )aoyDgyDayD gcgcgc ++−+= +ααα ξξη 1'' . 

 
Here, for the sake of brevity, the argument is omitted for all functions. 
 
Remark 1. For g(x)=x (15) turns into the extension formula obtained earlier [9] for the derivative of the Riemann-Liouville 
type, and for integer 𝛼𝛼 it coincides with the well-known classical extension formulas for derivatives of integer orders [14]. 
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Remark 2. In contrast to derivatives of integer order, it is generally impossible to expand the brackets on the right-hand side 
of (15), since the fractional derivative of the individual terms η and ξy’ may not exist. An example of an operator with such 
coefficients is X1 from Section 3. 
 
Remark 3. It can be shown that formulas (8) and (15) are valid for fractional integrals and derivatives of arbitrary order, 
respectively. 
 
Nonlocal symmetries 
Nonlocal symmetries for differential equations with derivatives of integer order have been known for a long time [15] and 
allow, in a number of cases, constructing additional invariant solutions and conservation laws. It should be noted that there is 
no constructive algorithm for their construction. Several heuristic approaches are known that allow one to construct certain 
types of nonlocal symmetries. One of them is the introduction of non-local variables and the extension of the transformations 
to these variables. This approach can be successfully applied to equations with fractional derivatives. In this case, the 
continuation formulas (8), (15) constructed in the previous section can be used both for constructing nonlocal symmetries and 
for checking their admissibility by the equation. 
Let's illustrate this with a simple example. Consider the equation 
 

( )1,0,01
0 ∈=+ αα yDx           (16) 

 
which has the well-known general solution ( )21

1 cxcxy += −α ( 21, cc  are arbitrary constants). By definition of the 
fractional derivative, equation (16) can be written as 
 

( ) 01
0

2 =− yID xx
α , 

 
Where 
 

( )( ) ( )
( )

( )∫ −−Γ
=−

x

x tx
dttyxyI

0

1
0 1

1
α

α

α
 

a left-hand integral of fractional order 1−α. After the nonlocal replacement yIz x
α−= 1

0  equation (16) can be written in the 
form  
 

0"=z              (17) 
 
which admits the well-known eight-parameter group [9] defined by the infinitesimal operators 
 

.,

,,,,,,

2
8

2
7

654321

z
z

x
xzX

x
xz

x
xX

z
zX

z
xX

z
zX

x
xX

z
X

x
X

∂
∂

+
∂
∂

=
∂
∂

+
∂
∂

=

∂
∂

=
∂
∂

=
∂
∂

=
∂
∂

=
∂
∂

=
∂
∂

=
 

 
By virtue of the identity yyID xx =−− αα 1

0
1

0 , we can reverse the nonlocal change: 
 

zDy x
α−= 1

0 . 
 
Using the continuation formula (15) with g(x)=x, we can construct an extension of the group of equation 0"=z  to the 
fractional derivative zDx

α−1
0 : 

 
( ) zDzD xx

αα
α ξξης −−
− +−= 2

0
1

01 '          (18) 
 
Further, for brevity, we omit the subscripts 0 and x for the operators of fractional differentiation and integration. The well-
known relationship between the Riemann-Liouville and Caputo derivatives (3) in this case can be written as 
 

( )
( ) ( )1,0,
1
0'11 ∈
−Γ

+=≡
−

−− β
β

β
βββ xffIfDIfD        (19) 
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After differentiating it, we have 
 

( )
( )β

β
ββ

−Γ
+=

−−
+

1
1 0' xffDfD            (20) 

 
Which allows for β=1−α to write 
 

( )
( )

( )
( )1
0',0'

2
21

1
1

−Γ
−=

Γ
−=

−
−−

−
−

αα

α
αα

α
αα xzzDzDxzzDzI       (21) 

 
Note that since z(0) exists, the fractional derivative '1

0 zDx
α−  also exists. When constructing an extension, the Leibniz formula 

for fractional differentiation of the product of two functions also turns out to be useful (see [3]): 
 

( ) ∑
∞

=

−








=

0k

kk gDfD
k

fgD ββ β
          (22) 

 

Here 







k
β

 are binomial coefficients fIfD kk ββ −− =  for β>k . In particular 

 
( ) ( ) ( )fDfxDxfD 1−+= βββ β          (23) 

 
( ) ( ) ( ) ( ) ( )fDfxDfDxfxD 2122 12 −− −++= ββββ βββ       (24) 

 
The fractional derivative of the power function has the form [3] 
 

( )
( ) R,1,
1

1
∈−>

−+Γ
+Γ

= − αγ
αγ

γ αγγα xxD         (25) 

 
Continuation of operator 𝑋𝑋1: Here ξ=1, η=0 and 
 

( ) ( ) ( )
( )1
0'

2
21

1 −Γ
=+−=

−
−−

− α
ς

α
αα

α
xzzDzD . 

 

Continuation of operator 𝑋𝑋2: ( ) ( )ας
α

α
α Γ

==
−

−
−

1
1

1 1 xD  

. 

Continuation of operator 𝑋𝑋5: ( ) ( )1
1

1 +Γ
== −

− α
ς

α
α

α
xxD . 

 
Continuation of operator 𝑋𝑋6: ( )zD α

ας −
− = 1

1 . 
 
Continuation of operator 𝑋𝑋3: ( ) ( )zxDxzD αα

ας −−
− +−= 21

1 ' . 
 
It follows from the assumption of the existence of a finite value z(0) that ( ) 00 ==xxz . Then, by virtue of (19), we have 

( ) ( )xzDxzD αα −− = 21 '  and, representing xz′ as (xz)′−z, we have 
 

( ) ( ) ( ) zDzxDzDxzD αααα
α ας −−−−
− −=++−= 1212

1 1 . 
 
Continuation of operator 𝑋𝑋4: ( ) ( )zzDzzD αα

ας −−
− +−= 21

1 ' . 
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Using equation (17), Leibniz's rule (22), as well as representations (21), one can get rid of the nonlinearity under the fractional 
differentiation operator: 
 

( ) ( ) ( ) ( )∑
∞

=

−−−−−
− =+−−−=+







 −
−=

0

2121
1 ''1''

1

n

nn zzDzIzzzDzzDzDzD
n

ααααα
α α

α
ς  

 

( ) ( )
( )

( )
( ) ( ) ( )

( )
( )
( )1
0

1
0''1

1
00'1

21
1

21
1

−Γ
+

−Γ
−−=

−Γ
+







Γ

−−−=
−−

−
−

−

αα
α

αα
α

αα
α

αα
α xzzxzzzDzxzzxzzDz . 

 
This form of the coefficient of the continued operator is not the only possible one. In particular, we can eliminate the variable 
z′ using the representation of the fractional derivative zD α−1 - on equation (17): 
 

( ) ( )
( )

( )∑
∞

=

−
−−−

+Γ
−

+
Γ

=






 −
=

0

1
11

1
'11

1

n

nn xzzxDzD
n

zD
α

α
α

α αα
αα , 

 
Whence, in view of Γ(𝛼𝛼 + 1) = 𝛼𝛼Γ (𝛼𝛼), we have 
 

( ) ( )
x
zzD

x
z ααα α

α −
+Γ

=− −11'1  

 
As a result, we find 
 

( ) ( )
( )

( )
( ) =

−Γ
+







Γ

−





 −

+Γ
−=

−−
−−

− 1
001 21

11
1 αα

αας
αα

αα
αα

xzzxzzD
x
zzD

x
 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) =








Γ

−
−Γ

+
Γ
+Γ

+++Γ−= −
−−−

2
1121

0
1

1101 α
αα

α

α

α
α

αα
ααα xzz

x
zDz

x
zzD

x
zD

 

 

( ) ( ) ( )( ) ( )
( )α

αα
αα

α

α

Γ
−

+
++Γ−=

−−− 2121 001 xzz
x

zDzz
x

zD
. 

 
Continuation of operator 𝑋𝑋7: ( ) zDxzxxzD αα

ας −−
− +−−= 2221

1 '' . 
 
Proceeding similarly to the procedure of continuation of the operator 𝑋𝑋3, we find 
 

( ) ( ) ( ) ( ) ( ) =+−=++−= −−−−−−−
− zDxzxDxzDzDxxzDzxDDxzD ααααααα
ας 22221221211

1 32  
 

( ) ( ) ( ) −−−−+=+−= −−−−− zxDzIzxDzDxzxDzxD αααααα αα 1122221 243333  
 
( )( ) ( ) ( ) zDzxDzI ααα αααα 21 11212 −+−=−−− − . 

 
Continuation of operator 𝑋𝑋8: ( ) zxzDxzzzD αα

ας −−
− +−−= 221

1 '       (26) 
 
Using Leibniz's rule (22), by virtue of equation (17), we find 
 

( ) ( )∑
∞

=

−−−− −+=






 −
=

0

1121 '1
1

n

nn zIzzzDzzDD
n

zD αααα α
α

      (27) 

 
Similarly, applying the Leibniz rule for xz⋅z′ and taking into account that, by virtue of equation (17) 𝐷𝐷3(xz)=0, we have 
 

( ) ( ) ( )( ) ( )( ) =−−−+−−−=− +−− ''1''1'' 111 zIzzIxzzzxzDxzzD αααα ααα  
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( )
( ) ( )( ) ( )

( ) ( ) ( )
( ) =








+Γ

−−+







Γ

−+−−
−Γ

+−=
−

−
−

−

1
0'10'1

1
0 1

1
2

2

α
αα

α
α

α

α
α

α
α

α
α xzzIzxzzDxzzxzxzzxzD  

 

( )
( ) ( ) ( )

( ) ( )
( )

( ) ( ) +







−Γ−

−+
−Γ−

−−−
−Γ

+−= −
−

−
−

−

11
0''

11
01

1
0 1

1
1

1
2

αααα
α

α

α
α

α
α

α
α xzzzDxzxzzzzDxzzzxzD  

 

( ) ( )
( ) ( ) =








−Γ−

−−+
11

0''1
ααα

αα
α

α xzzzIz  

 
( ) ( ) ( ) zIzzDxzzzDzxzD αααα αααα '1'11 112 −+−−−−−= −−−      (28) 

 
Substituting (27) and (28) into (26), we obtain 
 

( ) ( ) zDxzzIzzzD ααα
α ααας −−
− −−−+= 121

1 '1'1 . 
 
As a result, the continued operators take the form 
 

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ,1~,~,
1

0~
1

1
31

1

21

2

1 α
α

α

α

α

α

α
αα −

−
−

−

−

−

∂
∂

−+
∂
∂

=
∂
∂

Γ
+

∂
∂

=
∂
∂

−Γ
+

∂
∂

=
z

z
x

xX
z

x
z

X
z

xz
x

X  

 

( ) ( ) ( )
( )

( )
( ) ( ) ,

1
0

1
0''1~

1

21
1

4 α

αα
α

αα
α −

−−
−

∂
∂









−Γ

+
−Γ

−−+
∂
∂

=
z

xzzxzzzz
x

zX  

 

( ) ( )
( )

( ) ,~,
1

~
1

1
615 α

α
α

α

α −
−

− ∂
∂

+
∂
∂

=
∂
∂

+Γ
+

∂
∂

=
z

z
z

zX
z

x
z

xX  

 

( ) ( ) ( ) ( )[ ] ( ) ,112~
1

212
7 α

αα αα −
−−

∂
∂

−+−+
∂
∂

+
∂
∂

=
z

zxz
z

xz
x

xX  

 
( ) ( ) ( ) ( ) ( )[ ] ( ) ,'1'1~

1
2112

8 α
ααα ααα −
−−−

∂
∂

−+−−+
∂
∂

+
∂
∂

=
z

zzzxzzz
z

z
x

xzX  

 
Where  

( ) zDz x
αα −− ≡ 1

0
1 . Hence, after the inverse change of variables  

 
yIz x

α−= 1
0 , we find the symmetries of equation (16): 

 
( ) ( )
( ) ( ) ,1,,

1
0

3
1

2

21

1 y
y

x
xX

y
xX

y
xy

x
X

∂
∂

−+
∂
∂

=
∂
∂

=
∂
∂

−Γ
+

∂
∂

= −
−−

α
α

α
αα

 

 

( ) ( ) ( )
( ) ( ) ( )

( )
( ) ( ) ( )

( ) ,
1
0

1
01

21111
1

4 y
xyyxyyyy

x
yX

∂
∂









−Γ

+
−Γ

−−+
∂
∂

=
−−−−−

−

αα
α

αααααα
αα  

 

( ) ( )[ ] ,112,, 22
765 y

Iyxy
x

xX
y

yX
y

xX
∂
∂

−+−+
∂
∂

=
∂
∂

=
∂
∂

= ααα  

 
( ) ( ) ( ) ( ) ( ) ( )[ ]

y
Iyyxyyyy

x
xyX

∂
∂

−+−−+
∂
∂

= −− αααα ααα 211
8 11 . 
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Here ( ) yIIyyIy xx 0
1

0
1 , ≡≡ −− αα . 

 
Symmetries 𝑋𝑋2, 𝑋𝑋3, 𝑋𝑋5, 𝑋𝑋6 are local, the rest of the symmetries are nonlocal. Note that the initial value y(α−1)(0) included in the 
operators 𝑋𝑋1 and 𝑋𝑋4 is a natural initial condition in the statement of the Cauchy problem for fractional differential equations. 
Let us show that the coefficients of the operators 𝑋𝑋1… 𝑋𝑋8 satisfy the defining equation 
 

001 1 =
=+ + yDαας , 

 
which for equation (16) takes the form 
 

( ) 0' 0
1

1 =−
=

+
+ yDyD αξηα . 

 
 

 
 

Operators 𝑋𝑋2, 𝑋𝑋5, 𝑋𝑋6. The check is trivial. For 𝑋𝑋6 we have ( ) 00
1

1 =
=

+
+ yDyD α

α . For 𝑋𝑋2, we have αξη xy =− ' . By virtue of 

(25), we obtain 01 =+ αα xD , since the gamma function has poles of order 1 at the points x= 0, x=−n, n∈R. Similarly for 𝑋𝑋5: 
011 =−+ αα xD . 

Operator 𝑋𝑋1. 
( ) ( )
( ) 








−

−Γ
=

−−
+

+ '
1

0 21
1

1 yxyD
α

ς
αα

α
α .  

 
Note that '1 yD +α  and 21 −+ αα xD  are not exist, so the operator 𝐷𝐷𝛼𝛼 + 1 cannot be applied to individual terms in this case. 

Relation (19) allows us to write down the following representation y for yIf α−= 1 : 
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( )( )
( )

( )( )
( )αα

αα
αα

αα
αααα

Γ
⋅

+=
Γ

⋅
+==

−−−−
−−−

1111
111 00 xyyDIxyIyDIIyIDy     (30) 

 
Where 
 

( ) ( )
( )1

0'
21

1

−Γ
⋅

+=
−−

−

α

αα
αα xyyDDy          (31) 

 
due to (𝛼𝛼 - 1) Γ (𝛼𝛼 - 1) = Γ (𝛼𝛼). Then 
 

( )yDDD xxx
111

1
αα

ας
−+

+ −= . 
 
By virtue of relation (19) for and equation (16), we have 
 

( )( )
( )

( )( )
( )ββ

αααα
αααααα

−Γ
⋅

=
−Γ
⋅

+==
−−

+−

1
0

1
0 11

11 xyDxyDyDIyDDIyDD      (32) 

 
(the existence ( )( )0yDα  of follows from the statement of the Cauchy problem for the original equation or from the existence 
of z′(0)). The fractional derivative of order 𝛼𝛼 + 1 of expression (32) is equal to zero by virtue of (25), whence 
 

001 1 =
=+ + yDαας . 

 
Stretch group operator 𝑋𝑋3: ( )( )'11

1 xyyD −−= +
+ ας α
α . Using the representation xy′=(xy)′−y and the relation 

( ) ( )xyDxyD 21 ' ++ = αα  (true by virtue of ( ) 00 ==xxy ), we obtain 
 

( ) ( ) ( ) ( )yDyxDxyDyDxyyD 12211
1 2')( +++++
+ −−=−=−= ααααα
α αας , 

 
and 

001 1 =
=+ + yDαας . 

 
Operator X4: 

( ) ( )
( ) ( ) ( )

( )
( ) ( ) ( )

( )
( )









−

−Γ
+

−Γ
−−= −

−−−−−
+

+ '
1
0

1
01 1

21111
1

1 yyxyyxyyyyDx
α

αααααα
αα

α αα
ας . 

 
Using Leibniz's rule (22), it is easy to see that the fractional derivatives of the first and second terms by virtue of equation (16) 
are equal to zero: 
 

( )( ) 0
1

0
0

1
0

1
11 =⋅







 +
=∑

∞

=
=

+−+
=

+
++

n
yD

nn
yDx yDyD

n
yyD αα

αααα α
, 

 

( )( ) 0
1

0
0

11
0

11
11 =⋅







 +
=∑

∞

=
=

+−−+
=

−+
++

n
yD

nn
yDx yDxD

n
yxD αα

αααααα α
. 

 
To simplify the rest of the expression, we use the representation y′ (31): 
 

( )( ) ( )

( )
( ) ( )

( ) ( )∑
∞

=

−−−+

−−+−
−−−

+

⋅






 +
=

=⋅−=







−

−Γ

0

111

1111
211

1

1

'
1

0

n

nn

xx

yIDyDDD
n

yDDyIDyyxyyD

αααα

ααααα
ααα

α

α

α  
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By virtue of the equation and its differential consequences 0=+αnD , all terms with n> 1 vanish. The first two terms are also 
equal to zero due to the relation (32) fulfilled on the equation: 
 

( ) ( ) ( ) 01 1111 =⋅+−⋅− −−−+ yDyDDDyIyDDD αααααααα α . 
 
Remark. It is clear from the proof that an operator of a simpler form than 𝑋𝑋4 is allowed: 
 

( )
( ) ( )( )

( ) y
xyy

x
yX

∂
∂

−Γ
+

∂
∂

=
−−−

−

1
0ˆ

211
1

4 α

ααα
α . 

 
Operator X7: ( ) ( )( )'112 221

1 yxIyxyD −−+−= +
+ αας α
α . Equalities are true 

 
( ) yDyDIyIIDIyIDIyD ααααα ==== −−−+ 112121 , 

 
( ) ( ) ( ) yDyxDyDxyDyDxyDxyD ααααααα α+=−=−= ++ 11'' , 

 
( ) ( ) ( ) yxDyDxyDDxyD 211 1'' +++ ++== αααα α . 

 
Thus 
 

yDIyD αα =+1 , ( ) yDxyD yD
αα αα =

=+ 01' , ( ) 0' 0
1

1 =
=

+
+ yDxyD α

α       (33) 

 
Then 
 

( ) ( ) ( ) ( ) ( ) ( )+−=⋅−−+−= ++++
+ yxDxyxDIyDxyD αααα
α ααας 11121

1 12'112  
 
( )( ) ( ) ( ) ( ) ( )'1'1112 12 xyDxyxDyDyD αααα αααα +−−−++−+ + . 

 
After substituting equation (16) and using relations (33), we obtain 
 

( ) ( ) 010112 22
01 1 =+−−−+−+=

=+ + yDyDyD
αα

α ααααας α . 

 
Operator X8: ( ) ( ) ( ) ( ) ( ) ( )( )'11 1211

1 yxyIyyxyyyyD −−+
+ −−+−−= ααααα
α ααας . 

 
We use Leibniz's rule (22) to represent each of the terms, taking into account that, by virtue of (16), 0n =+ yD α  for n> 0. 
 

( ) ( )( )2
0

1111 1
1

yDyDyD
n

yID
n

nn ααααα αα
α

αα +=⋅






 +
= ∑

∞

=

−+−+−+ , 

 

( )( ) ( ) ( ) ( ) ( ) =−=⋅






 +
−=− +

∞

=

+−++ ∑ xyDyDxyD
n

yxyDD
n

nn ααααα α
α

αα 1

0

11 1
1

11  

 

( ) ( ) ( )( )( ) ( )( )2221 1111 yDyDyxD ααα αααα −=+−+−= + . 
 

( )( ) ( ) ( ) =⋅






 +
−=− ∑

∞

=

+−++

0

1221 1
11

n

nn yDIyD
n

yIyDD αααα α
αα  

 

( ) ( ) ( )( )2212 11 yDyDIyD ααα αα −=−= + , 
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( ) ( ) ( )

( ) ( ) ( )( ) .1'1

''
1

'

2

11

0

1111

yDyDxyD

yIxyDyDxyD
n

yIxyD
n

nn

ααα

αααααα

ααα

α

+−=+−

−−=






 +
−=− −+

∞

=

−+−+−+ ∑
 

 
It is easy to see that the sum of the right-hand sides of all equalities gives 0, which is what was required to prove. Note that 
simpler operators are also allowed: 
 

( ) ( ) ( ) ( ) ( ) ( )( )
y

IyyxyyX
y

yy
x

xyX
∂
∂

−+−=
∂
∂

+
∂
∂

= −− αααα ααα 2
8

11
8 11,ˆ  

 
Remark. Earlier, in [9], from the invariance principle for equation (16), five local symmetries were obtained, including the 
projection operator 
 

y
xy

x
xX

∂
∂

+
∂
∂

= α2
9 . 

 
This operator cannot be obtained from 𝑋𝑋1 , ..., 𝑋𝑋8, but the closest to it is 𝑋𝑋7, obtained from the projection operator for the 
equation z′′ = 0. It is easy to verify that the nonlocal operator. 
 

( ) ( )[ ]
y

IyxyXXX
∂
∂

−+−=−≡ 2
9710 11 αα  

 
Allowed by equation (16). Moreover, in the limiting case 𝛼𝛼 = 1, the operator 𝑋𝑋10 vanishes, that is, 𝑋𝑋7 is the same as 𝑋𝑋9. 
 
Conclusion 
The continuation formulas obtained in this work make it possible to study the symmetry properties of a new class of 
differential equations containing fractional derivatives of a function with respect to another function. In this case, the next 
important task to be solved is the development of a method for resolving the resulting governing equation. In this case, the 
main difficulty is the question of the rules for splitting the governing equation. 
Another area of further research is the systematization of results on nonlocal symmetries of differential equations of fractional 
order and the development of new algorithms for their construction. It is also very important to develop rules for the 
classification of nonlocal symmetries of such equations. 
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