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Fractional differential equations: Change of
variables and nonlocal symmetries
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Abstract

The paper considers point changes of variables in integrals and fractional derivatives of various types.
In the general case, such changes lead to the appearance of operators of fractional integro-
differentiation of a function with respect to another function. The problem of extending the action of a
group of point transformations to a given type of operators is solved, and the corresponding formulas
for the continuation of the infinitesimal operator of the group are presented and proved. Using a simple
example of an ordinary differential equation with a fractional derivative, we illustrate the application of
continuation formulas to find some of its nonlocal symmetries and check them admitted by the
equation.
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Introduction

The study of symmetric properties of differential equations containing fractional derivatives
is currently an urgent problem in connection with the increasing use of such equations as
mathematical models of various processes with anomalous kinetics = 2. Moreover, in
contrast to the classical derivative of integer order, there are many non-identical definitions
of derivatives of fractional order [+ 56 7 which leads to a variety of differential equations
of fractional order that are close in form but significantly different in properties. The most
frequently used in practice are the concepts of left-sided fractional derivatives of the
Riemann-Liouville type Bl

1 d"F y(t)
D = dt
(D) 1“(n—oc)dx”'!(x—t)‘”+l .
and Caputo type [
1y
°Dry)x)= dt 2
) i i [y @

(heren =[] +1, F(X)- the gamma function).

In the general case, the solution of the differential equation with the derivative (1) can
contain an integrable singularity of order not higher than 1—¢ at the point X = C, while the
existence of the derivative (2) implies the boundedness of the solution at this point. It is
known (See, for example, [*!) that if there is a finite limit |jm, y(x)= y(c) then derivatives (1)

and (2) are related by the relation

R O T ®

In 8 % 10 1" methods for constructing point groups of transformations admitted by
differential equations were developed for equations containing fractional derivatives of the
form (1) and (2). Formulas for the continuation of the infinitesimal operator of a group to
integrals and derivatives of fractional order were constructed, algorithms for finding the
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admissible group for equations containing these derivatives were developed, and some problems of group classification of
ordinary differential equations and partial differential equations of fractional order were solved. It turned out, however, that the
class of changes of variables that preserve the form of fractional derivatives is very limited. For derivatives of the Riemann-
Liouville type (1), the general form of such a point change is determined by the expression.

(c Dy yXX) = (S Dy Y)(X)+ Iﬂ(ll_ a) (Xy_((;))a ®)

In [89.10. 11 ' methods for constructing point groups of transformations admitted by differential equations were developed for
equations containing fractional derivatives of the form (1) and (2). Formulas for the continuation of the infinitesimal operator
of a group to integrals and derivatives of fractional order were constructed, algorithms for finding the admissible group for
equations containing these derivatives were developed, and some problems of group classification of ordinary differential
equations and partial differential equations of fractional order were solved. It turned out, however, that the class of changes of
variables that preserve the form of fractional derivatives is very limited. For derivatives of the Riemann-Liouville type (1), the
general form of such a point change is determined by the expression

__ cc +(x—c) o
vy R wo(X)+ ywy(x),
Where

C, C1, C2 - constants,
v, (X), l//l(X) are some functions, the specific form of which is determined by the equation under study.

Nevertheless, derivatives of the form (1) and (2) are only partial, albeit the most frequently used, types of fractional
derivatives. A more general case is the case of a fractional derivative of a function with respect to another function, which
inevitably arises under a general change of variables in any derivative of a fractional order of a specific type. Differential
equations with a fractional derivative of a function with respect to a function arise, in particular, in the construction of
invariant solutions of partial differential equations of fractional order. For example, when constructing invariant solutions for
the equations of anomalous transport with respect to the dilatation group, ordinary differential equations with fractional
derivatives of the Erdelyi-Kober type arise & 2, The existing methods for their solution are very complex and are suitable only
for narrow classes of equations.

The use of fractional derivatives of a function with respect to a function allows, in the general case, to expand the class of
possible changes of variables, considering them as a new form of equivalence transformations (a short discussion of this issue
can be found in %), This approach opens up new possibilities for reducing the number of variables, and, in particular, for
constructing invariant solutions.

In this regard, it seems relevant to extend the methods of group analysis to the class of fractional-order equations containing
fractional derivatives of a function with respect to a function. The first step on this path is the construction of formulas for the
continuation of the infinitesimal operator of the group to integrals and derivatives of fractional order of a function with respect
to a function, which is the subject of the second section of this paper.

Since the operators of fractional derivatives are integro-differential operators, i.e. are nonlocal by definition, it seems natural
that equations with such derivatives should have nonlocal symmetries. One of the ways to construct such symmetries is to use
non-point (containing fractional derivatives or integrals) changes of variables. In this case, the action of the operators in the
space extended to the corresponding non-local variables is determined.

Using the continuation formula to construct and test nonlocal symmetries is illustrated with a simple example. Note that when
working with fractional derivatives, checking an admissible operator is often a nontrivial task, which is illustrated in the third
section of this paper.

Fractional derivative of a function with respect to a function and a continuation formula
In general, an arbitrary change of variables X = (p(x, y), y= y/(x, y) does not preserve the form of the fractional

differentiation operator. In particular, with such a change, the fractional Riemann-Liouville derivative (1) of order & € (0,1)

transforms into the left-hand fractional derivative of function l//(X, y) with respect to function (p(x, y):

3 1 1 d ¢ l//[t]Dt(”[t]
D _ all
(c w[x]‘/’lx] F(l—a) D, o[x] dX! (go[X]—(ﬂ[t])a

Where
2 o6, Y(X)) e =C.
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Here, to shorten the notation, we introduced the notation f(X)E f(X, y(x)). For the definition and basic properties of
derivatives of a function with respect to a function, see, for example, 1.

Let us give a number of examples of such changes of variables that transform the Riemann-Liouville operator into other well-
known forms of fractional differentiation operators.

1) Transfer according to x

X=x+a, y=Yy

Preserves the type of the operator and changes only the lower limit of integration:

(C D;’yXx):(C D;"VXX), C=c+a.
2) The change of variables

a

X=X, y=y

Leads to the replacement of the Riemann-Liouville operator with an operator of Erdelyi-Kober type F:
. 1 1 d 7}y 1 _
(cnyXX)Z _J-—( () adt, b=—, C:Ca_

Such a replacement is often performed when searching for invariant solutions for the equations of anomalous transfer of
fractional order on the dilation group 1.

3) Change of variables

X

X=e", y=y

leads to the replacement of the Riemann-Liouville operator by the operator of the fractional derivative of the Hadamard type
[3]-

((Dryfx)=— ii y(f) df

Along with the notion of a fractional derivative of a function with respect to a function, the notion of a fractional-order
integral £ > 0 of a function with respect to a function is also used [

5 Wy L T y)g'l)
Lt~ - st X

It is assumed [3] that on the interval (c, d) the function g(x) > 0 and has a continuous derivative g’(x) of constant sign (g '(x)> 0
or g ' (x) <0). The function y(x) is considered Lebesgue integrable on the interval (c, d), that is, Li(c, d). In what follows, for
simplicity of presentation, we will consider the left-sided fractional derivative of the order a€ (0, 1) of the function y(x) with
respect to the function g(x):

ij‘ y g'(t dt )

. ~1.d 1
(c Dg(X)yXX)zmd_( yXX (1 a g'(x dx

Fractional derivative (1) for ac (0, 1) is a special case (5) for g(x) =x.
Fractional derivative (5) has two properties, which will be used in what follows to derive the continuation formula.

Property 1. The relation

.,.46.,.
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51 (00y(6) = 900, D v+ x5y ©
st D 80V = oo |

[9(x)- g;(t))]“ = a I y(x)+ g(x), Dy y(x).

Property 2. If tIircn y(t)g(t)-g(c))=0, then

5600 (ely(0)= gty TP S 0

Proof. The proof is carried out by integrating by parts and then differentiating the resulting integral with a variable upper limit:

t —a

tdiit)(g ()

X

[0, [y(t)g(t)- ol @)= dt} _

. l-o

) (1—05)1];(1—(1)9'](-)()} [ (t)(g() ( ))] d (g(X)—g(t))lf"dt:

dx

1 tobitie-o)]
T -l

Statement 1. Consider the one-parameter group of point transformations in infinitesimal form:

X =x+af[x]+o(a)  y(X)=y(x)+an[x]+o(a).

Let the function y(x)e L,(c,d) and have a continuous derivative y'(x) for xe(c, d), the functions E[X] = &(X, y(x)) and

n[x]= 77(X, y(x)) are sufficiently smooth in each point (c, d), g(x) is a monotone positive twice differentiable function. Then
the infinitesimal transformation of the fractional integral (4) for B=1—a. can be represented as

(v = (1 5y )x)+ ag, . [x]+ ofa),

.,.47.,.
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Where ¢, _, is defined by the continuation formula

¢oalX1=, 153 (- &')x)+ E1X1g " (x) . DZy JX) ®)

Proof. We write the operator of fractional integration in new variables X, Y :

PR S 8733 Lo W L (9 4 LA
15900 = 7 al oG Ta) | Tarazd-o@ T ) ¥

To perform the replacement of the function y(z), some replacement of the integration variable 7 is necessary. The most

natural form of the replacement 7 =7 +a&[z] makes it easy to pass from )7(?) to y(r)(y(f) = y(r)+ anr]+ o(a)).
However, such a replacement leads to the appearance of the parameter a in the lower limit of integration, which significantly
complicates further transformations and requires the imposition of additional restrictions on the form of the function &[x] [l
More optimal is the change of variables

7 =t+ah(xt),

Where

(10)

ct) g 9 g(x)-g(c)
)= e

Here t is the new variable of integration. Such a change preserves the form of the limits of integration, since t=c goes to
T=cC,and t =Xto 7 = X+ a&[x].

Carrying out this change in (9), we obtain

la X V(f)g |(f) dz
(90 5l a5 3

dt +o(a) (11)

r=t+ah(x,t)

Let us consider in detail the transformation of each of the integrand factors. To express V(f ) in terms of t, it is necessary to
substitute the argument 7 in y(t)+an[t]+o(a), which transforms exactly into = when replaced. It is known that the inverse
infinitesimal change has the form 7 =7 —ad[7 ]+ o(a). Expressing 7 in terms of the previously defined t, we obtain

t=t+ah(x, t) — ag[t]+o(a).
As a result, we have

y(z_—j F=t+ah(xt) — (y(T) + a’][f] + O(a)j r=t+ah(xt)-aéftl+o(a) — y(t + ah(X, t) - aé:[t]) + aﬂ[t] + O(a) =
= y(t)+ay (thh(x.t)- £[tD)+ arlt] + o(a) = y(t)+ anft] - agltly"(t) +

2 6149 (x) 9®)-9() i), ofa
g(x)-glc) g't) y't)+ola)

Further,

(9(x+a[x]) = 9(7)) -,y = 9(x)+ a&[x]g ' (x) - g(t) - ah(x, t)g '(t)+ o(a) =

(12)

- 06)- 00+ o 05" (0- 0 291 80 ) o) -
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= X)— +a—§[x]g'(x) +0(a
~fa- o012 LI |1 o),

Where

[ox+ a&lx])— (| e = [960)— 00 (1— %} vofa) )

Finally

(g'(f)%J

o)1 a9 ) (e 80-a(), .y d 90)-9(0)), )
-0 0o B 05 00 X o

VAR b N O R NPV
o) *

Substituting (12), (13), (14) into (11), we obtain

=(g'(t)+ag"(Oh(x t))L+ah, (x,t))+o(a)=

7=t+ah(xt)

(i y)x) = (11_ 2) I [7(f o(x+achx])- 9@ g )%j dt +o(a) =

r=t+ah(x,t)

) ant-acty ) +a SLI 1 008Dy )

1 e fe(d) )
‘r(l_a){ (9(x)-g(t)\" ! g(x)—g(c)j
10 IS Yy L R
B (o)A ] [

a [ gdt [ o e, €X9) [90-96) iy, 0o, N
r(1—a)I(g(x)—g(t))“L77[t] Y (t) - { —y'(t)+( )y(t)D

ro(@)=(, 1 y)x)+a 15 (- &) x)+

. adlxg'(x) f(g(t)— 9y M)+ A-a)y)g'®) g , oa)
r-a)g(x)-g(c)); (9(x)-g(t)"

Let's use properties 1 and 2 to transform the last integral:

O IDt[y(t)(g(t)—9(0))]—ay(t)g'(t)dt:
Fi-a); Tl-a); (9(x)-g(t))"

=, Dy LyONg(x) = g(e)l - e 155y (%) =¢ D5 (9(x)y(x))—g(c). Dy y(x) - .1 5 ¥(x) =

= g(x), Dg Y(X)+ . 155 y(¥) = g(C). Dy Y (¥) - e gy y(x) =

.,.49.,.
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= (9(x)- g(c)), Dey Y X)-

As a result, we finally find

( |l z yXx ( |l - yXx +a( |l - (77 &' )( )+ E[x]g'(x ( ( yXx )+0 WhICh proves the statement.

Statement 2. Under the conditions of Statement 1, the infinitesimal transformation of the fractional derivative (5) of order
a€(0, 1) has the form

(c D;’(;)V)(i) = (c D;"(x)y)(X)+ ag,[x]+ o(a),

Where

6,[X1=, D&y~ &)%)+ &lxg" (x). DLy Nx) (15)

Proof. By definition

(. Dgwy ¥ IX) = .1 i(c'éi%y)(i)

%:(z—;j di=(1 aD §[X]+o(a))&,
1 1 —a Xg"(x)+oa Loy x e x+a X]+ola), we obtain
g-(x)‘g'x)[l Sk ()].(clgmy)() (15y I+, [+ 0(a), we ob

(D5 IX)= gi (1—af%+ o(a)j@—ané rofa)) {15y +ag, s +o(a))-

_1 —a—DX(g&gl) oy )+a +o(a)=
_g-[l g’ ](Dx(clg y) ngafl) ()

= gi D, (.17y)+ gi[nga_l ngg Jp,, l;‘“y)J +o(a)=

- Ds’y%[Dx(c 1(n - &)+ D, (&', DFy)- D, (&), DI y]+o(a) =

=, D;‘y+a{gl D, (.15 (ney )+ §DX(CDgy)}ro(a):

a lta
= D;y+a(,Dy(n-& ")+, Diy)+ofa).
Here, for the sake of brevity, the argument is omitted for all functions.

Remark 1. For g(x)=x (15) turns into the extension formula obtained earlier ! for the derivative of the Riemann-Liouville
type, and for integer « it coincides with the well-known classical extension formulas for derivatives of integer orders [*4],

.,.50.,.
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Remark 2. In contrast to derivatives of integer order, it is generally impossible to expand the brackets on the right-hand side
of (15), since the fractional derivative of the individual terms n and &y’ may not exist. An example of an operator with such
coefficients is X; from Section 3.

Remark 3. It can be shown that formulas (8) and (15) are valid for fractional integrals and derivatives of arbitrary order,
respectively.

Nonlocal symmetries

Nonlocal symmetries for differential equations with derivatives of integer order have been known for a long time ©°! and
allow, in a number of cases, constructing additional invariant solutions and conservation laws. It should be noted that there is
no constructive algorithm for their construction. Several heuristic approaches are known that allow one to construct certain
types of nonlocal symmetries. One of them is the introduction of non-local variables and the extension of the transformations
to these variables. This approach can be successfully applied to equations with fractional derivatives. In this case, the
continuation formulas (8), (15) constructed in the previous section can be used both for constructing nonlocal symmetries and
for checking their admissibility by the equation.

Let's illustrate this with a simple example. Consider the equation

,DF*y=0, a<(0,1) (16)

which has the well-known general solution y=x“‘1(clx+c2)( C,,C, are arbitrary constants). By definition of the
fractional derivative, equation (16) can be written as

D(,1:y)=0,

Where

£ y(t)dt

La 1
L v ey

a left-hand integral of fractional order 1-o.. After the nonlocal replacement Z =, Ii’“y equation (16) can be written in the
form

2"=0 (17)

which admits the well-known eight-parameter group [9] defined by the infinitesimal operators

Xlzilxzzg’ stxi, X4:Z£;X5ZX£|X6:Z£|
OX 0z OX oz oz oz
X, :x2£+xz—, XS:xz£+zzi.
OoX OX OX 0z

By virtue of the identity Di’ao | 7y =y, we can reverse the nonlocal change:
y=, DI “z.

Using the continuation formula (15) with g(x)=x, we can construct an extension of the group of equation z"'=0 to the
fractional derivative Di‘“z ;

S1q —0 Di_a (77 - §Z')+ &o Df_a z (18)

Further, for brevity, we omit the subscripts 0 and x for the operators of fractional differentiation and integration. The well-
known relationship between the Riemann-Liouville and Caputo derivatives (3) in this case can be written as

f(0)x”*

ri-z)

D/f =DI""f=1""f"+ , B<(0,2) (19)

.,.51.,.
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After differentiating it, we have

-1-p8
prfprp O (20)
r(-4)
Which allows for f=1-a to write
a-1 a-2
1“2'=D""z 2o , D'"z'=D*"z _zox** (21)
() (e -1)

Note that since z(0) exists, the fractional derivative Di’“z' also exists. When constructing an extension, the Leibniz formula
for fractional differentiation of the product of two functions also turns out to be useful (see FI):

Dﬂ(fg)=2(ij“f D'g (22)

k=0
Here ['f} are binomial coefficients D”™* f = 1*f for k > /. In particular

D?(xf )= xD”(f )+ pD?*(f) (23)

D?(x* )= x2D*(f)+2/D**(f )+ BB -1)D**(f) (24)

The fractional derivative of the power function has the form [3]

Doy = LA+7)

re -1, R 25
F(1+7—0()X e “e (29)

Continuation of operator X1: Here £=1, n=0 and

a-2
gl—a (Z )+ (Z) F(O{ _1)
Xafl
Continuation of operator X2 ¢, , = D (1): F( )
a

- X
Continuation of operator Xs: ¢; , = D! “(X):—

Continuation of operator Xe: ¢, , = D*™ (Z)
- - . _ l-a 1 2-a
Continuation of operator X3: ¢, , =—D (XZ )+ xD (Z)

It follows from the assumption of the existence of a finite value z(0) that (XZ)|X:0 =0. Then, by virtue of (19), we have

D' (XZ)': D*“ (XZ) and, representing xz' as (xz)'~z, we have
¢, =—D"*(x2)+ D" *z+xD*“(z)=(a -1)D**z.

Continuation of operator X,: ¢, , =—D"“(zz")+2D**“(z).

.,.52.,.
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Using equation (17), Leibniz's rule (22), as well as representations (21), one can get rid of the nonlinearity under the fractional
differentiation operator:

:_Z( j Z)D""“2'+2D**(z2) = -2D" “z'~(1-a)2'1 “2'+2D*“(z)=

gl 1,az_zo)x”‘1 +zz(0)x“‘2: Y1) Hz_z'z(o)x“‘l+zz(0)x“‘2
-t-a) [D F(a)J o R G Ay~ ey s oy

This form of the coefficient of the continued operator is not the only possible one. In particular, we can eliminate the variable
Z' using the representation of the fractional derivative D"“z-on equation (17):

0 _ a-1 _ vy a
Dl—azzz[l ajD”(z)Dl‘”‘“l= 724 +(1 a)z'x |

o\ N Me) T(l+a)

Whence, in view of I'(a + 1) = aI” (a), we have

(-a)'= fl+a)p.

X X

As a result, we find

. (F(1+ @) yra, —aéj(Dl‘“z ) Z(O)Xal}r (o

x* () (o -1)
- i (Dl‘“z)z+azD1‘“z+z(O)F(1+a)D1‘”’z+ I B
= Tlra) = X () (F(a—l) F(a)j ©)

o\ > o
B e N R - )
X x M)

Continuation of operator X+: ¢, , =D (XZ '—x’z ')+ x’D*“z.

Proceeding similarly to the procedure of continuation of the operator X3, we find

¢, =D (x2)- D" “D(x?z)+ D" (2xz)+ x?D?“z = 3D (xz2)—- D*“(x*2 )+ X*D*“z =
=3xD*“z-D?*(X’2)+ x*D*“z =3xD*“z +(3-3a)| “z — (4— 201 )xD* “2 -
~(2-a)t-a)l“z=(2a-1)xD"“z+{1-a? D"z

Continuation of operator Xs: ¢, , = -D" (22 —Xzz ')+ xzD%“z (26)

Using Leibniz's rule (22), by virtue of equation (17), we find

D (2?)= i(l_aJD“zD“”‘z =D “z+(1-a)2'l1“z @7)

no\ N
Similarly, applying the Leibniz rule for xz-z’ and taking into account that, by virtue of equation (17) D3(xz)=0, we have
~D"*(xzz')=—xzD"(2) - (1~ a Nz + x2 N “2'~(1-a)-a)z'| “"'2'=

.,.53.,.
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a2 Yo xz'){D“‘z _zox” } ¥ a(l—a)z'{l oy 2O } _

=—xzD*“z+2

+a(1—a)[z'|“z— 22(0)x* }:

a(a -1 (e -1)

~(1-a)z 1"”z—z—z(o)xa_l +Xz' HZ_—z'z(o)x“ +
R e e e T s <]

=—xtD*“z-(1-a)D*“z-(1-a)xz' D" *z+a(l-a)z'1"z (28)
Substituting (27) and (28) into (26), we obtain
¢, =azD ™z +(1-a?)'1“2-(1-a)x2' D"z,

As a result, the continued operators take the form

-~ 0 z(0x*? o = 9 Xt 0 ~ o) O
X, =— X,=— Xy=x—+la-1
o [(a-1) oz 2 az+1“(a)(32(1‘a)’ ’ an+(a ) o)
- ' a-1 a-2
X4=zi+ (a—l)z'z(l’“)—zz(o)x +ZZ(0)X ?_ ,
X Ma-1) [(a-1) oz
vi 0 x* 0 v 0 0
X,=X—t—— ' X, =z2— 42707 ,
° X82+F(a+1)62(1‘“) A
i 0 0 v o] ©
X7:x2&+x25+[(205—1)x2(l )+(1—a2)z( )]W'
X, = xz§+ 22§+[azz(1“) ~(1-a)xz'z* +(1—a2)z'z(“)]%,
Where
7 =, D} “Z. Hence, after the inverse change of variables
Z=, I i’“ Y, we find the symmetries of equation (16):
(e-1) a-2
x1=i+&i, X, =x 1L X, =xZr(a-1y 2,
x  T(a-1) oy oy ox oy
(@), (a-1) a-1 (a-1),,(a-1) a-2
X4:y(a—l)£+ (@ -1y - LY x| y“Iy“r(ox 9
OX F(oc —1) F(a —l) oy
« 0 0 2 2\1y].2
Xe=X"—, Xg=y—, X,=X"—+|2a-1)xy+{1l-aly|—,
Xg = xy(“’l)i+[ayy(“ Y (1-a)xyy® +(l—a2)y(“)ly]£.
° OX oy

..54.,.
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(a—l) _ l-a _
Here y“ =, L7y, ly=, I,y

Symmetries X, X3, Xs, X are local, the rest of the symmetries are nonlocal. Note that the initial value y©(0) included in the
operators X1 and X4 is a natural initial condition in the statement of the Cauchy problem for fractional differential equations.
Let us show that the coefficients of the operators X1... Xg satisfy the defining equation

=0,

g{2+1

Da+1Y=0

which for equation (16) takes the form

Da+1 (77 — éy Ij D *ly=0 = 0 .
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= 0. For X, we have 77 —&y'= X“ . By virtue of

Operators X, Xs, Xe. The check is trivial. For Xs we have D“*l(y)( Dey=

(25), we obtain D“*x* =0, since the gamma function has poles of order 1 at the points x= 0, x=—n, neR. Similarly for Xs:
Da+1xa—l — O
y (e-1) (O)X a-2

Operator X;. =D**"
p 1 Goi F(a—l)

_y'_

Note that D**'y" and D*"*x*2 are not exist, so the operator D«** cannot be applied to individual terms in this case.

Relation (19) allows us to write down the following representation y for f = | L y:
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la a-1
y:Dl—all—ayzlaDIl—ay+(l yXO)X =|aDay+

: 30

r(a) r(a) )

Where
(a-1) (O) Xa—2
_ lea Da y 3
y a1 (31)
dueto (@-1)T (a-1)=T (a). Then
Casl = _Dim (Di_a Di Y)-
By virtue of relation (19) for and equation (16), we have
a a-1 a a-1

Dl—ocDozy= DIaDay: IaDa+1y+(D YXO)X — (D yXO)X (32)

r(1-p) r(1-p)

(the existence (D“ yXO) of follows from the statement of the Cauchy problem for the original equation or from the existence
of 2/(0)). The fractional derivative of order a + 1 of expression (32) is equal to zero by virtue of (25), whence

=0.

g1+a

Da+1y:0

Stretch group operator Xs: &, = D‘”l((a—l)y—xy'). Using the representation xy'=(xy)'-y and the relation
D**(xy)'= D“"?(xy) (true by virtue of (ny o = 0), we obtain

iy = Da+1(ay_(xy) -)= aDa+1y_ Da+2 (Xy)= _XDa+2(y)_ 2Da+1(y)'

and

GIHz = O :

D:z+ly:0
Operator Xa:

(@)y,(a-1) a-1
Stia = Di+a ((a _1)yy(0!) - y y (O)X

F(a —1)

Using Leibniz's rule (22), it is easy to see that the fractional derivatives of the first and second terms by virtue of equation (16)
are equal to zero:

2 (1+
Dl (yy“‘)] pyeg = Z( najD“*” Y-D"Y| ey =0,
n=0
> (l+a
+a [ya-ly,(a) _ +a-N,, - n+a _
D, (X g 101*”y=0_§[ n JDl XD yD““y=0_O'

To simplify the rest of the expression, we use the representation y’ (31):

(e-1) (e-1)y @2
D)l(+a( y IEO)y X _ y(a—l)y -J — _DiJra (I l-a y- Dl—a D¢ y):

(a -1
_ i[l;a} Dl (lea Day). Dn(l 1a y)
n=0
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By virtue of the equation and its differential consequences D"** =0, all terms with n> 1 vanish. The first two terms are also
equal to zero due to the relation (32) fulfilled on the equation:

_ D1+a (Dl—a D¢ y) I l-a y— (1+ a)Da(Dl—a D* y) D* y= 0.
Remark. It is clear from the proof that an operator of a simpler form than X, is allowed:

A

(a-1),,(a-1) a-2
X4 — y(a—l)i_l_ y y (O)X 6

OX (o -1) a_y '

Operator Xr: ¢,,, = D¥*((2 —1)xy + (1— a2 )ly — x2y"). Equalities are true
D*“ly = D21 “ly = DI (I*“y)=DI*“y = D"y,

D*(xy')= D“(xy)'~D“y = D“*(xy)- Dy = xD*"'y + aD“y,
D**(xy')=DD*(xy')= (1+ a)D*"y + xD**?y..

Thus

D™“ly = D"y, D (xy’)

=aD"y, D“*(xy j =0 (33)

- oo
Then

Guow = (20 ~1)D“(xy)+ (L— &? DIy — D¥*(x- xy") = (2 —L)xD** (y ) +
+(2a-1)1+a)Dy +[1—a? D%y — xD" (xy')— (L+ & )D* (xy ).

After substituting equation (16) and using relations (33), we obtain

—_—e (Za +a-1+1- a)D"’y 0—a(l+a)D“y=0.

gl+a

Operator Xg: ¢,,, = D™ (ayy(“’l) - (1— a)xyy(“) + (1— a’ )y(“) ly — Xy(“’l)y )
We use Leibniz's rule (22) to represent each of the terms, taking into account that, by virtue of (16), D"y =0 for n> 0.

1+«

D" (ayl ™ )= ai(

A leﬂlny pme ly (l+a)(D"‘y)2,

D" ((e ~1)xyD*y) = (a - 1g(l+a)DMn (xy)- D™y = (@ —1)D™* (xy) =
= (@ —1)xD"(y)+(a —1fa +1(D°y ) = (@® -1fD Y.
D" ((1-a?JDyly)= (1—a2)g(1+naJD“““(ly)- D"y =

_ (1—042)D1*“(Iy)D“y _ (052 _1XDay)2 |
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0

Dl+a (_ Xy il l-a y) _ _Z (1—:]&) D1+a—n (Xy I)D n+a—ly — _Dl+a (Xy I)I l-a y _

—(1+a)D*(xy Dy =—a(l+a)Dy).

It is easy to see that the sum of the right-hand sides of all equalities gives 0, which is what was required to prove. Note that
simpler operators are also allowed:

Y; a-— a a- 8 Va2 a a 8
Xq :Xy( l)&+ayy( 1)5, Xq :((a_l)xyy( )+(1—052)y( )W)E

Remark. Earlier, in 1, from the invariance principle for equation (16), five local symmetries were obtained, including the
projection operator

0 0
Xy =X —+axy—.
OX oy
This operator cannot be obtained from X; , ..., Xs, but the closest to it is X7, obtained from the projection operator for the

equation z” = 0. It is easy to verify that the nonlocal operator.
0
w=A—Xg=la-LXy+\l-—a JIy[—
X=X, =X 1 1-a? )l Y

Allowed by equation (16). Moreover, in the limiting case a = 1, the operator X10 vanishes, that is, X7 is the same as Xo.

Conclusion

The continuation formulas obtained in this work make it possible to study the symmetry properties of a new class of
differential equations containing fractional derivatives of a function with respect to another function. In this case, the next
important task to be solved is the development of a method for resolving the resulting governing equation. In this case, the
main difficulty is the question of the rules for splitting the governing equation.

Another area of further research is the systematization of results on nonlocal symmetries of differential equations of fractional
order and the development of new algorithms for their construction. It is also very important to develop rules for the
classification of nonlocal symmetries of such equations.
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