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Abstract
In this work, the stability analysis of systems of sub-fractional differential equations is carried out.
Stability status of systems of fractional differential equations satisfying stability notions of fractional
input stability, Mittag-Leffler input stability and global asymptotic stability have been determined.
Stability theorems have been stated and examples have been given to illustrate the application of the
theorems.
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Introduction
Many scientific and engineering systems can be formulated as differential equations,
especially those that require dynamical laws. There are basically two types of derivatives
namely, fractional order derivative and integer order derivative. Fractional-order derivative
deals with the whole time domain and space of a physical process, while the classical
derivative is concerned with a particular time and local properties of a certain position.
Fractional calculus, as a generalization of integer- order or classical calculus has been used as
a valuable tool in the modelling of many physical phenomena and engineering systems.
Research in fractional order systems is relatively new due to the absence of solution methods
for fractional differential equations. Fractional order systems have more degrees of freedom in
the model compared to integer order systems. Recently, fractional differential equations have
become popular in modelling processes such as control theory, signal processing,
bioengineering, circuit theory and viscoplasticity. Fractional differential equations also have
great applications in other fields such as secure communication, data encryption, financial
systems, chaos control and chaos synchronization.
Further studies on fractional calculus have given rise to the development of many fractional
derivatives such as Liouville-Riemann derivative [, Caputo-Fabrizio derivative [,
Conformable derivative ], Caputo-Liouville derivative [1, Atangana-Baleanu derivative * 5 ¢
and others. The importance of stability analysis of systems cannot be over-stated. Stability
analysis is carried out on systems because of its time-serving and resources conservation gains.
It determines the pattern and behavior of the solutions of differential equations. Before
analyzing, many physical systems are expressed or modelled as differential equations. The
solutions of these differential equations are analysed to obtain the stability status of the
differential systems. Over the years, many works focusing on stability analysis of differential
equations for both classical and fractional order systems have been done -8, Many
researchers have developed stability conditions either necessary or sufficient conditions which
are used in determining the stability status of differential systems U921, Also, researchers have
developed new fractional derivatives and methods of establishing systems stability 22-24,
Stability analysis of fractional differential equations involving external inputs is relatively new
and was introduced into the literature of fractional differential equations by Sontag %!, This
has given rise to the evolution of various stability notions involving external inputs. Studies
have been carried out on fractional input stability and Mittag-Leffler input stability of systems
demonstrating converging-input-converging-state and bounded-input bounded-state properties
(26, 271 Akpan U7l investigated the stability status of the system of fractional differential
equations with two sub-fractional differential equations which are fractional input stable and
globally asymptotically stable respectively.
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This work examines a system of fractional differential equation with three sub-fractional differential equations which are
fractional input stable, Mittag-Leffler input stable and globally asymptotically stable.

Definitions and Preliminary Analysis
In this section, some definitions and concepts that would be needed in the analysis are given.

Definition 2.1
The Mittag-Leffler function with two parameters is defined by

s ® = ) Ty

where the parameters « > 0,8 € Rand z € C. For § = 1,E,(z) = E,1(2).

Definition 2.2
The set of all continuous map a: R,y = R, satisfying @(0) = 0, and a(t) > 0 for all t > 0 represents the class PV function. A
class K function is an increasing PV function. The class K., represents the set of all unbounded K functions.

Definition 2.3
The Caputo-Liouville generalized fractional derivative denoted by D, is defined by

(DF*g)(®) = 1"(11— ) fot (tP ;gl’)‘“ g'(s)ds,

for all t > 0, where the order a € (0,1),p > 0.

Definition 2.4
A fractional differential equation where a class KL function f exists such that for any initial condition y,, the inequality

lh(t, yo)ll < Blyoll, t — to)

holds. Then, the equation is globally asymptotically stable.

Definition 2.5
The origin of the unforced equation defined by DZx = f(x, 0) is said to be Mittag-Leffler stable, if for any initial condition x,, its
solution satisfies

1
[l x0)|| < [dCllxoIDEa (At — t0)®)]a
where ¢ > 0, and d is locally Lipschitz71.

Definition 2.6
The equation defined by Dgx = f(h,x,v)is said to be Mittag-Leffler input stable if, for any input v € R", there exists a
K4 function y such that for any initial condition X, its solution satisfies

1
ll2x(h, x0, VI < [@(lIxoIDEq (AR — ho)®)]7 + y([[Vlle).
where @ and q > 0 are nonnegative constants 271,

Definition 2.7 28]
The equation defined by DSy = f(h, x, v)is said to be fractional input stable if, for any input v € R", a class KL function f
exists and a K, function y such that for any initial condition x(hy), its solution satisfies

llx(h, x0, V)II < BIxoll, h = ho) + Y (Ilvlle)

Definition 2.8

The trivial solution to system D5y = f(h, x,0) is said to be stable if, for every € > 0, there exists a § = §(¢€) such that for any
initial condition ||x,|| < &, the solution x(h) of the system DSx = f (h, x, 0) satisfies the inequality ||x,|| < € for all h > h,,.

The system DSy = f(h, x, v) which is stable and }ll_r)g y(h) = 0. Then, the system asymptotically stable.

Main results
Consider the system of equations
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DPy = f(x1,%z,%3)
Déz'pg = f(x2,x3) (3.1
D’z = f(x3)

consisting of three sub-equations. The following theorems are stated and proved as the main results.

Theorem 3.1

Consider the system of fractional differential equation (3.1) where D.”y = f(x;,x,,%3) is fractional input stable, D;’g =
f(x2,x3) is Mittag-Leffler input stable and D,;”z = f(x;) is globally asymptotically stable. Then, the system (3.1) is globally
asymptotically stable.

Proof

Consider the fractional input stability of the fractional differential equation

DSy = f(x1, X2, x3). This implies the input of the differential equation is converging. Therefore, the solution of the equation is
converging. This property is known as the Converging —Input-Converging-State (CICS). Also, the input is bounded and the
solution is also bounded. This is known as the Bounded-Input-Bounded-State (BIBS) property. The equation

DIy = f(x;,%,,%3) is therefore convergent. Mittag-Leffler input stability is a special case of FIS and therefore possesses the
CICS and BIBS properties. Therefore, D, g = f(x,, x3) is convergent. For global asymptotic stability of the equation defined by
D"z = f(x3), it implies that tliﬁrgllxg (Ol = 0. Therefore, equation (3.1) is convergent.

Next, we use the stability notions to establish the stability of equation (3.1). If the equation D’y = f(x;, x,, x3) is the fractional
input stable, it implies that there exists a class KL function f; and a K,, function y, such that for any initial condition &;, its
solution satisfies

(e, 22, 2301l < B1(lIS1 1l & = o) + v (llx2ll0)
< B1(l16:11,0) + v (llxzlleo)
< BilI&l, 0) + ¥ (B (116111, 0) (3.2)

From the Mittag-Leffler input stability of the fractional differential equation
DIPx, = f(x,,x3), if for any input x € R3, there exists a class K,, function y such that for any initial condition &,, its solution
satisfies

llx (2, x) | < [B1IE: 11 Eq (A(E — to)“)]% +v(lIxslle)
< B2 (18211 £ = o) + v (llxzlle0)
< B2(lI8211,0) + v (B211€211,0) (3.3)

From global asymptotic stability of fractional differential equation D;"”z = f(x3), there exists a class KL function £ such that
for any initial condition &5, we have

llxs (1l < B3(lIS311, 0) (3.4)

From (3.2), (3.3) and (3.4), there exists € such that |[x(t)|| = ||x(xq, x5, x3)|| < €.

Therefore, equation (3.1) is stable. Combining the convergence, boundedness and the stability of the component fractional
differential equations, equation (3.1) is therefore Globally Asymptotically stable.

Theorem 3.2
Consider the system of fractional differential equation (3.1) where D;*y = f(x1,%,,%3), Do g = f (x5, x3) are Mittag-Leffler
input stable and D"’z = f(x3) is globally asymptotically stable. Then, the system (3.1) is globally asymptotically stable.

Proof

From the Mittag-Leffler input stability of D;"”y = f(x;,%,,x3) and DS’ g = f(x,, x3), it follows that the fractional differential
equations satisfy the CICS and BIBS properties. Therefore, the equations are convergent. From the global asymptotic stability of
DIPz = f(x3), it implies that tli_)r£10||x3 ()|l = 0. Therefore, D" x; = f(x3) is convergent.

Also, from the Mittag-Leffler input stability of fractional differential equations

DIPy = f(x;,%5,%x3) and DS’ g = f(x,, x3), the equations are stable(as in the proof of Theorem 3.1). Similarly, D;"*z = f(x3)
is stable since it is asymptotically stable. Combining the convergence and stability of the individual fractional differential
equations, the system (3.1) is Globally Asymptotically Stable.

Theorem 3.3
Consider the system of fractional differential equation (3.1) where D;Py = f(x1,%,,%3), Do g = f (x5, x3) are Mittag-Leffler
input stable and Df "z = f(x;) is fractional input stable. Then, the system (3.1) is fractional input stable.
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Proof

The Mittag-Leffler input stability of DS’y = f(x;, x5, x3) and D, g = f(x,, x3) implies the fractional differential equations are
convergent and stable as in the proof of Theorem 3.1. Also, the fractional input stability of the equation D;”z = f(x3) is
convergent and stable as in the proof of Theorem 3.1. But Mittag-Leffler input stability is a special case of fractional input
stability. Therefore, the system (3.1) is Fractional Input Stable.

Application and Analysis
Example 1
Consider the system of fractional differential equations consisting of sub-fractional differential equations

DPy = —2x; + 2x,

Di*g =3x; —x, 4.1)
DIz = —4x,
where D;?y = —2x; + 2x, is fractional input stable, D, g = 3x; — x, is Mittag-Leffler input stable and D;"”z = —4x; is

globally asymptotically stable. We show that the sub-fractional differential equation
DIy = f(x1, %3, %3) = =221 + 2%, (4.1a)
is fractional input stable. The solution of (4.1a) is given by the following 2%,

a

y(©) = €5, (P (%)) + f (“ ;SP)H Boal? (5) 2
0

Further modifications result in the following

lyOIl <= m ([IE4 1, ) + Gllx,

a
where py (||1&.],tP) = ¢E, (P (%) ) and G is a constant. This shows that equation(4.1a) satisfies CICS as well as BIBS and

tlim [ly(®)]| = 0 and therefore fractional input stable.

The sub-fractional differential equation
DI*Pg = 3x; — x, (4.1b)

exhibits the CICS and BIBS properties and therefore convergent. Also, tlim llg®Il = 0.

Therefore, equation (4.1b) is Mittag-Leffler input stable.
The sub-fractional differential equation

DIz = —4x; (4.1c)

is obviously globally asymptotically stable. Combining the convergence and the stability of the individual fractional differential
equations as well as utilizing Theorem 3.1, we conclude that system (4.1) is globally asymptotically stable. This result agrees with
the result obtained by using the Matignon condition on system (4.1).

Example 2
Consider the system

DIPy = —3x; + 3x,
D{Pg = —4x, + 5x, 4.2)
Df’pz = —6X3

where DJ?y = —3x; +3x, and DJ”g = —4x; + 5x, are Mittag-Leffler input stable. This implies that CICS and BIBS
properties are satisfied. Also, }im l|z(t)]| = 0. Therefore, the system (4.2) is convergent.

The Mittag-Leffler input stability of these equations implies the stability of the sub-fractional differential equations. Also, the
global asymptotic stability of Df Pz = —6x, implies the stability of the sub-fractional differential equation. Combining the
convergence and stability as well as Theorem 3.2, we conclude that the system (4.2) is globally asymptotically stable. Applying
the Matignon condition for establishing asymptotic stability, the result agrees with the result obtained by using Theorem 3.2.
Similar analysis can be carried out to illustrate the utilization of Theorem 3.3.

Conclusion
Stability analysis of differential equations with external input is an emerging area of research with vast applications in sciences
and engineering. The properties of the stability notions have been studied. Stability theorems for establishing the stability status of
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the fractional differential systems have been stated and proved. Examples have been given to illustrate the application of the

theorems.
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