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Abstract 
An arbitrary order polynomial regression analysis is presented. Under the assumption of satisfaction of 
some reference points exactly by the polynomial, the general theory is given for the analysis. The 
polynomials are expressed in a suitable form so that the lower order coefficients can be calculated easily 
from the restrictions. The remaining coefficients are calculated from the error minimization. The theory 
is then applied to linear, quadratic and cubic polynomial regression sample problems having constrained 
data. Compared to the unrestrained regression analysis, the method reduces the computational cost of 
calculating coefficients. 
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1. Introduction 
In statistics, bivariate analysis is used to represent the empirical relationship between two 
variables [1]. One of the common methods of bivariate analysis is the regression analysis [1, 2]. 
The experimental data is obtained in a discrete form. The aim of the regression analysis is to 
obtain a continuous relationship between the variables so that the high cost of experimentation 
can be avoided for intermediate points and possible extrapolations with the aim of reducing the 
experimentation deviations to a reasonable approximate form. The simplest of all is the linear 
regression in which a line is searched which minimizes the total square of errors of each point. 
The nature of the problem may require a nonlinear relationship in which case appropriate 
nonlinear functions with sufficient number of parameters are employed to express approximate 
analytical representation of the data. Rather than dealing with formulas, a conceptual 
qualitative approach for nonlinear regression analysis was discussed [3]. When the linear 
regression is inadequate, polynomials of higher orders are used in expressing the relationship 
more precisely. Researchers worked on the problem of determining the minimum highest order 
of polynomials to reduce the complexity and computational cost of determining high number 
of parameters. Anderson [4] proposed a procedure in which a predetermined order is selected 
for the polynomial. If, in the regression analysis, the coefficient of the highest order is equal to 
zero, then the degree of the polynomial is lowered by one. The procedure is repeated until the 
coefficient of highest order is nonzero.  
This rather restrictive assumption of vanishing highest order coefficient is interchanged with 
the negligibly small highest order coefficient recently [5]. Using the normalized data, 
perturbation theory [6, 7] is used to develop the necessary criteria for elimination of the highest 
orders. The analysis of [5] was then generalized to arbitrary multiple base functions instead of 
polynomials with the aid of perturbation theory [8]. In fact, perturbation theory was proven to 
be extremely useful in estimating magnitudes of roots of polynomials [9]. Other works based on 
Anderson’s approach were due to Dette [10] and Dette and Studden [11]. Non-parametric 
methods were also used for polynomial regressions [12]. Another approach is to employ 
Chebyshev polynomials for reduction of the degree of the polynomials [13]. A new method 
based on neural networks was also proposed for polynomial regressions [14]. In an application 
data of batteries, it is shown that higher order polynomials better represent the relationship 
between current and voltage [15]. 
Constraints can also be imposed on the regression analysis. Shape constraints such as non-
negativity/non-positivity, monotonically increasing/decreasing, convexity/concavity of the 
regression function were discussed [16]. In this study, data point constraints for polynomial 
regressions are treated for the first time. It may happen that, some of the data may be a 
reference data where the polynomial function should pass exactly through these reference 
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 points without an error. In those cases, the number of parameters to be calculated in the regression analysis is reduced by the 

number of reference data points. Suitable alternative expressions for such trial polynomials are given which enables easy 

calculation of the non-regression coefficients. Regression analysis is then applied to a reduced order system in terms of the 

parameters. The general theory is discussed first. Applications of the theory to linear, quadratic and cubic polynomials are 

depicted via worked examples. The method enables usage of higher order polynomials with reduced computational algebra.  

 

2. Theory 

Consider an n’th order polynomial regression of data (xi, yi), i=0,1,2,…m, from which the first k+1 points (xj, yj), j=0,1,2,…k are 

satisfied exactly by the polynomial approximation. For consistency, note that k<n<m. The polynomial is cast into a suitable form 

 

𝑝𝑛(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)(𝑥 − 𝑥1) + ⋯ + 𝑎𝑘(𝑥 − 𝑥0)(𝑥 − 𝑥1) … (𝑥 − 𝑥𝑘−1)  +𝑎𝑘+1(𝑥 − 𝑥0)2(𝑥 − 𝑥1) … (𝑥 −
𝑥𝑘−1) + ⋯ +𝑎2𝑘(𝑥 − 𝑥0)2(𝑥 − 𝑥1)2 … (𝑥 − 𝑥𝑘−1)2  + ⋯ + 𝑎𝑛(𝑥 − 𝑥0)𝑛0(𝑥 − 𝑥1)𝑛1 … (𝑥 − 𝑥𝑘−1)𝑛𝑘       (1) 

 

Where 

 

𝑛 = ∑ 𝑛𝑖  , 𝑛𝑖 − 𝑛𝑖+1 = 1 V𝑘
𝑖=0  0 , 𝑖 = 0,1,2, … 𝑘 − 1 ,              (2) 

 

The powers 𝑛𝑖 should be evenly distributed in the representation. In this suitable form, the first 𝑎0 − 𝑎𝑘 coefficients can easily be 

calculated via the below recursive relations 

 

𝑎0 = 𝑦0 , 𝑎1 =
𝑦1−𝑎0

𝑥1−𝑥0
, 𝑎𝑗 =

𝑦𝑗−𝑎0−∑ 𝑎𝑖 ∏ (𝑥𝑗−𝑥ℓ)𝑖−1
ℓ=0

𝑗−1
𝑖=1

∏ (𝑥𝑗−𝑥ℓ)
𝑗−1
ℓ=0

 , 𝑗 = 2,3, … 𝑘        (3) 

 

which are derived by exact satisfaction of the polynomial function at the reference data points.  

As an example, for seventh order polynomial with two reference points, the polynomial suggested will have the below form  

 

𝑝7(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)(𝑥 − 𝑥1) + 𝑎3(𝑥 − 𝑥0)2(𝑥 − 𝑥1)  

  +𝑎4(𝑥 − 𝑥0)2(𝑥 − 𝑥1)2 + 𝑎5(𝑥 − 𝑥0)3(𝑥 − 𝑥1)2  

 +𝑎6(𝑥 − 𝑥0)3(𝑥 − 𝑥1)3 + 𝑎7(𝑥 − 𝑥0)4(𝑥 − 𝑥1)3          (4) 

 

The remaining coefficients are calculated from minimizing the sum of square errors 

 
𝜕(𝑒2)

𝜕𝑎𝑖
= 0, 𝑖 = 𝑘 + 1, … , 𝑛 ,               (5) 

 

where 

𝑒2 = ∑ (𝑦𝑖 − 𝑝𝑛(𝑥𝑖))2𝑚
𝑖=𝑘+1  .              (6) 

 

The standard error in the regression analysis is [17] 

 

𝑆𝑦/𝑥 = [
1

𝑚−(𝑛+1)
∑ (𝑦𝑖 − 𝑝𝑛(𝑥𝑖))2𝑚

𝑖=𝑘+1 ]
1/2

 ,            (7) 

 

3. Linear Regression 

Assume that one of the data points (𝑥0, 𝑦0) is a reference point and one requires the line to pass through it. Then, the specific form 

of the equation is from (1) 

 

𝑝1(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑥0)                (8) 

 

with 𝑎0 = 𝑦0 from (3). The remaining coefficient which is the slope of the line has to be determined from the regression analysis. 

Substituting (8) into (6) and then into (5), the coefficient is 

 

𝑎1 =
∑ (𝑦𝑖−𝑦0)(𝑥𝑖−𝑥0)𝑚

𝑖=1

∑ (𝑥𝑖−𝑥0)2𝑚
𝑖=1

                  (9) 

 

The following example is given.  

Example 1. Consider the data x=[3 0 1 2 4 5 6 7 8 9 10]; y=[2 1 2 1 3 3 4 3 4 5 5] with a reference point of (𝑥0, 𝑦0) = (3,2). The 

linear equation passing through this reference point is 

 

𝑝1(𝑥) = 2 + 𝑎1(𝑥 − 3)                 (10) 

 

From (9), 𝑎1 = 0.4286. The plot of the data and the approximate line is given in Figure 1.  

https://www.mathematicaljournal.com/


 

~37~ 

Journal of Mathematical Problems, Equations and Statistics                                                                      https://www.mathematicaljournal.com 
 

 
 

Fig 1: Comparison of the original data (o) with the regression line subject to the constraint (𝑥0, 𝑦0) = (3,2) 
 

From (7), the standard error is 𝑆𝑦/𝑥 = 0.5492.  

 

3. Quadratic Regression 

The analysis is done for only one reference data point (𝑥0, 𝑦0). The quadratic polynomial is 

 

𝑝1(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)2               (11) 

 

with 𝑎0 = 𝑦0 from (3). The remaining coefficients are determined from the regression analysis. Substituting (11) into (6) and then 

into (5), solving the linear algebraic equations, the coefficients are 

 

𝑎1 =
∑ (𝑦𝑖−𝑦0)(𝑥𝑖−𝑥0)𝑚

𝑖=1 ∑ (𝑥𝑖−𝑥0)4−𝑚
𝑖=1 ∑ (𝑦𝑖−𝑦0)(𝑥𝑖−𝑥0)2 ∑ (𝑥𝑖−𝑥0)3𝑚

𝑖=1
𝑚
𝑖=1

∑ (𝑥𝑖−𝑥0)2𝑚
𝑖=1 ∑ (𝑥𝑖−𝑥0)4𝑚

𝑖=1 −(∑ (𝑥𝑖−𝑥0)3𝑚
𝑖=1 )

2           (12) 

 

𝑎2 =
∑ (𝑦𝑖−𝑦0)(𝑥𝑖−𝑥0)2𝑚

𝑖=1 ∑ (𝑥𝑖−𝑥0)2−𝑚
𝑖=1 ∑ (𝑦𝑖−𝑦0)(𝑥𝑖−𝑥0) ∑ (𝑥𝑖−𝑥0)3𝑚

𝑖=1
𝑚
𝑖=1

∑ (𝑥𝑖−𝑥0)2𝑚
𝑖=1 ∑ (𝑥𝑖−𝑥0)4𝑚

𝑖=1 −(∑ (𝑥𝑖−𝑥0)3𝑚
𝑖=1 )

2           (13) 

 

The following data is given.  

Example 2. Consider the data x=[4 0 1 2 3 5 6 7 8 9 10]; y=[9 4 4 2 7 13 26 30 49 60 70] with a reference point of (𝑥0, 𝑦0) =
(4,9). The quadratic polynomial passing through this reference point is 

 

𝑝1(𝑥) = 9 + 𝑎1(𝑥 − 4) + 𝑎2(𝑥 − 4)2                (14) 

 

From (12) and (13), 𝑎1 = 5.0283 and 𝑎2 = 0.9518. The data and its approximation function are contrasted in Figure 2.  

 

 
 

Fig 2: Comparison of the original data (o) with the quadratic regression subject to the constraint (𝑥0, 𝑦0) = (4,9) 
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From (7), the standard error is 𝑆𝑦/𝑥 = 2.8664.  

Three points determine a parabola in the two dimensional space. Hence, the maximum number of constraints can be at most 2 for 

a quadratic regression analysis. Depending on the specific data, increasing the number of constraints may increase the standard 

error also.  

 

4. Cubic Regression 

The analysis is done for two reference data point (𝑥0, 𝑦0) and (𝑥1, 𝑦1). The suitable form of the cubic polynomial is 

 

𝑝1(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)(𝑥 − 𝑥1) + 𝑎3(𝑥 − 𝑥0)2(𝑥 − 𝑥1)        (15) 

 

with 𝑎0 = 𝑦0 and 𝑎1 =
𝑦1−𝑎0

𝑥1−𝑥0
 from (3). The remaining coefficients are determined from the regression analysis. Substituting (15) 

into (6) and then into (5), solving the linear algebraic equations, the coefficients are 

 

𝑎2 =
[

∑ (𝑦𝑖−𝑎0−𝑎1(𝑥𝑖−𝑥0))(𝑥𝑖−𝑥0)(𝑥𝑖−𝑥1)𝑚
𝑖=2 ∑ (𝑥𝑖−𝑥0)3(𝑥𝑖−𝑥1)2𝑚

𝑖=2

∑ (𝑦𝑖−𝑎0−𝑎1(𝑥𝑖−𝑥0))(𝑥𝑖−𝑥0)2(𝑥𝑖−𝑥1)𝑚
𝑖=2 ∑ (𝑥𝑖−𝑥0)4(𝑥𝑖−𝑥1)2𝑚

𝑖=2

]

[
∑ (𝑥𝑖−𝑥0)2(𝑥𝑖−𝑥1)2𝑚

𝑖=2 ∑ (𝑥𝑖−𝑥0)3(𝑥𝑖−𝑥1)2𝑚
𝑖=2

∑ (𝑥𝑖−𝑥0)3(𝑥𝑖−𝑥1)2𝑚
𝑖=2 ∑ (𝑥𝑖−𝑥0)4(𝑥𝑖−𝑥1)2𝑚

𝑖=2

]

           (16) 

 

𝑎3 =
[
∑ (𝑥𝑖−𝑥0)2(𝑥𝑖−𝑥1)2𝑚

𝑖=2 ∑ (𝑦𝑖−𝑎0−𝑎1(𝑥𝑖−𝑥0))(𝑥𝑖−𝑥0)(𝑥𝑖−𝑥1)𝑚
𝑖=2

∑ (𝑥𝑖−𝑥0)3(𝑥𝑖−𝑥1)2𝑚
𝑖=2 ∑ (𝑦𝑖−𝑎0−𝑎1(𝑥𝑖−𝑥0))(𝑥𝑖−𝑥0)2(𝑥𝑖−𝑥1)𝑚

𝑖=2

]

[
∑ (𝑥𝑖−𝑥0)2(𝑥𝑖−𝑥1)2𝑚

𝑖=2 ∑ (𝑥𝑖−𝑥0)3(𝑥𝑖−𝑥1)2𝑚
𝑖=2

∑ (𝑥𝑖−𝑥0)3(𝑥𝑖−𝑥1)2𝑚
𝑖=2 ∑ (𝑥𝑖−𝑥0)4(𝑥𝑖−𝑥1)2𝑚

𝑖=2

]

           (17) 

 

The following data is given.  

Example 3. Consider the data x=[0 9 1 2 3 4 5 6 7 8 10]; y=[13 13 -5 -26 -58 -90 -100 -120 -94  

-61 129] with reference points of (𝑥0, 𝑦0) = (0,13) and (𝑥1, 𝑦1) = (9,13). For the cubic polynomial passing through this 

reference point, 𝑎0 = 13, 𝑎1 = 0, and hence 

 

𝑝3(𝑥) = 13 + 𝑎2𝑥(𝑥 − 9) + 𝑎3𝑥2(𝑥 − 9)               (18) 

 

From (16) and (17), 𝑎2 = 0.7956 and 𝑎3 = 1.0437. The data and its approximation function are contrasted in Figure 3.  

 

 
 

Fig 3: Comparison of the original data (o) with the cubic regression subject to the constraints (𝑥0, 𝑦0) = (0,13) and (𝑥1, 𝑦1) = (9,13) 
 

From (7), the standard error is 𝑆𝑦/𝑥 = 4.9227.  

Instead of the four coefficients in the calculations of the regular regression, calculating only two coefficients reduced the algebra 

much. This approach may be used if one is confident about the preciseness of the reference points.  

 

5. Concluding Remarks 

A restricted form of regression analysis is presented in this work. Reference data points are employed to reduce the number of 

coefficients to be calculated in the analysis. The theory is given for an arbitrary order of polynomial functions with several 

constrained data points. The general analysis is then applied to linear, quadratic and cubic polynomials. The algorithm can be 

summarized below:  
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 1. Select the degree of the polynomial for a given data set. 

2. Decide for the reference data points to be used as constraints.  

3. Write the polynomial in the special form given in section 2.  

4. Calculate the coefficients associated with the reference data points first. 

5. Apply the regression analysis to calculate the remaining coefficients. 

6. Plot the data and the polynomial in the same figure for visual comparison. 

 

This approach reduces the algebra involved in the regression analysis. One should be cautious in determining the zero error data 

points (reference points) and should not use too many data points not to end up with an imprecise approximation. Determining the 

precise degree of a polynomial to be used was already addressed in a previous work [5].  
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