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Abstract 

This research introduces a new compound circular probability distribution, the "Cardiac-Cardiac Circular 

Distribution," obtained by combining the Cardiac Circular Distribution using the inverse transformation 

method as a basis for proposing new circular probability distributions. Compound distribution are 

distinguished by their flexibility and high accuracy in representing statistical data, as they possess more 

parameters compared to standard probability distributions. Some mathematical properties of the proposed 

distribution, such as location, variance, and cumulative function, are derived. The maximum likelihood 

method is employed to estimate the parameters of the Cardiac-Cardiac Circular Distribution, and a 

simulation is made using the statistical criterion of mean squared error (MSE) to study the behavior of 

the new circular distribution in circular coordinate by testing more than one model. 

 

Keywords: Cardiac circular distribution, maximum likelihood method 

 

1. Introduction 

Circular data arises when the values of a random variable are distributed along the 

circumference of a unit circle and are measured as angles ranging between 0° and 360°. The 

support for circular data is the unit circle, whereas for linear data, it is the real number line. 

Circular data can be modeled using three fundamental geometric representations: 

1. Full Circular Models: For data spanning 0°-360° (e.g., wind directions, animal migration 

paths) [2]. 

2. Semi-Circular Models and Half-circular Models: For 0°-180° ranges (e.g., bilateral 

symmetry in biology) [8, 9]. 

 

The choice of model depends on both the data's physical constraints and its periodicity. For 

instance, semi-circular distributions like the Projected Normal distribution are used when data 

exhibits axial symmetry (θ ≡ θ + 180°), while full circular distributions (e.g., von Mises) are 

preferred for unimodal directional data. 

This research employs the Inverse Distribution Function (IDF) method to construct a novel 

circular probability distribution by transforming and combining existing distributions, such as 

the Cardiac Circular Distribution and the Laplace Circular Distribution. The IDF approach 

leverages the quantile functions of these base distributions to generate the proposed "Spider 

Circular Distribution", ensuring mathematical tractability and flexibility in modeling 

directional data. Key properties of the new distribution-including its circular mean, variance, 

and concentration parameters-are analytically derived. For parameter estimation, we use 

the maximum likelihood method, with emphasis on the IDF's role in enabling efficient 

simulation and inference with several sets of parameters [7]. 

 

The IDF transformation can be represented as 

 

Θ=F-1(U), U∼Uniform(0,1) 

 

Where F-1 is the quantile function of the base distribution. For circular distributions, this 

ensures: 

 

Θ mod  2π∈[−π,π). 
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2. Circular Statistics 

Circular statistics is a specialized branch of statistics that deals with data representable as points on the circumference of a unit 

circle. It is applied to such data to distinguish it from conventional linear data used in many analyses. Circular data is utilized in 

various fields, including biology, medicine, image analysis, earth sciences, physics, political studies, and astronomy. In two-

dimensional space, any point can be represented either by its Cartesian coordinates (x, y) or its polar coordinates (r, θ), where r is 

the distance from the circumference to the origin. In circular analysis, the focus is solely on direction, so vectors of unit length are 

considered. Thus, any point on the circle can be represented as (sin θ, cos θ). Examples of circular data include directions 

measured using tools such as compasses, protractors, or wind vanes. Such directions are typically recorded as angles expressed in 

degrees or radians, either clockwise or counter clockwise from a reference point on the circle, known as the zero direction. 

A circular probability distribution is a distribution where the total probability is concentrated along the circumference of a unit 

circle. Since each point on the circumference represents a direction, this distribution assigns probabilities to different directions or 

defines a directional distribution. The range of a circular random variable can be (0, 2π) or (-π, π). Circular distributions are 

primarily of two types: discrete, assigning probabilities to a countable number of directions, or continuous (with respect to the 

Lebesgue measure). 

A circular probability distribution is a distribution where the total probability is concentrated along the circumference of a unit 

circle. Since each point on the circumference represents a direction, this distribution assigns probabilities to different directions or 

defines a directional distribution. The range of a circular random variable can be (0, 2π) or (-π, π). Circular distributions are 

primarily of two types: discrete, assigning probabilities to a countable number of directions, or continuous (with respect to the 

Lebesgue measure). 

 

For continuous circular data, the random variable θ has a probability density function with the following properties 

 

1. 𝑓(𝜃) ≥ 0 

 

2. ∫ 𝑓(𝜃) 𝑑𝜃 = ∫ 𝑓(𝜃)𝑑
𝜋

−𝜋

2𝜋

0
𝜃 = 1 

 

3. 𝑓(𝜃 + 2𝑘𝜋) = 𝑓(𝜃) 𝑓𝑜𝑟 𝑘 ∈ 𝑍, −∞ < 𝜃 < ∞,  
 

4. 𝐹(𝜃 + 2𝜋) − 𝐹(𝜃) = 1, −∞ < 𝜃 < ∞ 

 

3. Construction of the Cardioid-Cardioid Distribution Using the Inverse Distribution Function (IDF) Method 

3.1 The General IDF Formula 

 The Inverse Distribution Function (IDF) method for circular distributions involves 

 Let: ∅ ∈ [0,2𝜋] be random variable with known circular pdf 𝑓 ∅(∅) 

 Define a monotonic and invertible transformation 

 

𝜃 = 𝑇(∅) 

 

Then the transformed variable 𝜃 has pdf  

  

𝑓 𝜃( 𝜃) = 𝑓∗(𝜃) = 𝑓 ∅( 𝑇−1(𝜃)). |
𝑑 

𝑑𝜃 
 𝑇−1(𝜃)| 

 

3.2 Cardiac Circular Distribution 

The Cardiac distribution is a symmetric unimodal probability distribution concentrated on the unit circle. Its probability density 

function (PDF) is defined for θ ∈ [-π, π] as 

Probability Density Function (PDF) 

 

𝑓(𝜃) =
1

2𝜋
 [ 1 + 2𝜌 cos(𝜃 − 𝜇)]  

 

Its cdf is 

 

𝐹(𝜃) =
1

2𝜋
 [ 𝜃 + 2𝜌 sin(𝜃 − 𝜇)] 

 

Where ∈ [0,2𝜋], −
1

2
≤ 𝜌 ≤

1

2
, This CDF is monotonic and invertible numerically 

We define two such distributions: 

 

𝑓1(𝜃, 𝜇1, 𝜌1 ) and 𝑓2(𝜃, 𝜇2, 𝜌2 ) 

 

Now to constrict the new circular distribution (Cardioid-Cardioid) using IDF-Based Transformation 

 

𝜃 = 𝑇(∅) 
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Then the transformed variable 𝜃 has pdf  

 

𝑓 𝜃( 𝜃) = 𝑓∗(𝜃) = 𝑓 ∅( 𝑇−1(𝜃)). |
𝑑 

𝑑𝜃 
 𝑇−1(𝜃)| 

 

We treat 

 

𝜃 = 𝑇(∅) = 𝐹(∅) 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠: 𝑇−1(𝜃) = ∅ = 𝐹−1(𝜃) 

 

Now, using the IDF formula: 𝑓∗(𝜃) = 𝑓 ∅( 𝑇−1(𝜃)). |
𝑑 

𝑑𝜃 
 𝑇−1(𝜃)| 

 

Let ∅ = 𝐹−1(𝜃) such that F is the cdf of Cardioid distribution then 

 

𝑓∗(𝜃) =
1

2𝜋
 [ 1 + 2𝜌1 cos(𝐹−1(𝜃) − 𝜇1)]. |

𝑑 

𝑑𝜃 
 𝐹−1(𝜃)|  

 

 The final explicit pdf 

 

𝑓 𝑐𝑐( 𝜃) =
1

2𝜋[1 + 2𝜌1𝜌2𝑐𝑜𝑠(𝜇2 − 𝜇1)]
.

1

2𝜋
 [[ 1 + 2𝜌1 cos(𝜃 − 𝜇1)] + [ 1 + 2𝜌2 cos(𝜃 − 𝜇2)] + 2𝜌1𝜌2𝑐𝑜𝑠(𝜇2 − 𝜇1)

+ 2𝜌1𝜌2𝑐𝑜𝑠(2𝜃 − 𝜇1 − 𝜇2)] 
 

While the final explicit cdf is given by 

 

𝐹 𝑐𝑐( 𝜃) =
1

2𝜋[1 + 2𝜌1𝜌2𝑐𝑜𝑠(𝜇2 − 𝜇1)]
. [[ 1 + 2𝜌1𝜌2 cos(𝜇2 − 𝜇1)]𝜃 + [ 2𝜌1 sin(𝜃 − 𝜇1)] + 2𝜌2𝑠𝑖𝑛(𝜃 − 𝜇2)

+ 𝜌1𝜌2𝑠𝑖𝑛(2𝜃 − 𝜇1 − 𝜇2)] 
 

 
 

Fig 1: The shape of new distribution at different values of parameters 

 

 
 

Fig 2: Comparison of Cardiac and Cardiac-Cardiac distribution. 
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4. Maximum Likelihood Estimation (MLE) for the Proposed Distribution 

The Maximum Likelihood Estimation (MLE) method is employed to estimate the parameters (μ, ρ) of the proposed Cardiac-

Cardiac distribution. The likelihood function is constructed based on the probability density function (PDF) of the distribution () 

For a sample of n independent observation (𝜃1, 𝜃2, … , 𝜃𝑛), the likelihood function 𝐿(𝜇. 𝜌) and log-likelihood function 𝑙(𝜇. 𝜌) are 

given by 

 

𝐿(𝜇. 𝜌) = ∏ 𝑓(𝜃𝑖; 𝜇. 𝜌)

𝑛

𝑖=1

 

 

𝑙(𝜇. 𝜌) = ∏ ln 𝑓(𝜃𝑖; 𝜇. 𝜌)

𝑛

𝑖=1

 

 

The MLE estimate 𝜇̂ and 𝜌̂ are obtained by maximizing the log-likelihood function 

 

(𝜇̂, 𝜌̂) =𝑎𝑟𝑔 max
𝜇,𝜌

𝑙(𝜇. 𝜌) 

 

This is achieved by solving the partial derivatives of 𝑙 with respect to 𝜇 𝑎𝑛𝑑 𝜌:
𝜕𝑙

𝜕𝜇
= 0,

𝜕𝑙

𝜕𝜌
= 0 

Since these derivatives lead to nonlinear equations, hence numerical techniques are used. 

 

5. Simulation  

In this section, the new distribution will be tested by simulating different models of parameters with estimating by MLE method 

where the variation in these parameters helps analyze the behavior of the distribution function and the performance of estimation 

methods. This simulation is run over size of sample n= 25, 50, 75,100 and 150. And according to the MSE values such that the 

following tables show the results for this process where: 

 n: Sample size 

 μ₁̂, ρ̂₁, μ₂̂, ρ̂₂: Estimated parameters 

 MSE μ₁̂, MSE ρ̂₁, etc.: Mean Squared Error of each parameter 

 Sur. MSE: MSE of the estimated survival (reliability) function 

 

Experiment 1 

 
Table 1: "Simulation Study: MLEs and Associated MSEs for the Cardioid-Cardioid Model (1) 

 

n 𝝁̂ 𝟏 mse 𝝁̂𝟏  𝝆̂𝟏 mse 𝝆̂𝟏 𝝁̂ 𝟐 mse 𝝁̂𝟐 𝝆̂𝟐 mse 𝝆̂𝟐 Sur._MSE 

25 1.286194 0.250797 0.5 0.01 1.8554 0.250795 -0.5 0.0025 0.004828 

50 1.286193 0.250796 0.5 0.01 1.855399 0.250796 -0.5 0.0025 0.004828 

75 1.286193 0.250796 0.5 0.01 1.855399 0.250796 -0.5 0.0025 0.004828 

100 1.286193 0.250796 0.5 0.01 1.855399 0.250796 -0.5 0.0025 0.004828 

150 1.286193 0.250796 0.5 0.01 1.8554 0.250796 -0.5 0.0025 0.004828 

 

Table (1) illustrates the maximum likelihood estimates (MLEs) of the parameters for the Cardioid-Cardioid distribution, as well as 

their respective mean squared errors (MSEs) across various sample sizes. The estimated values for all four parameters remain 

remarkably constant and consistent as the sample size improves.  

 

 
 

Fig 3: The survival functions curves for the Cardioid-Cardioid Model (1) 
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Experiment 2 

 
Table 2: "Simulation Study: MLEs and Associated MSEs for the Cardioid-Cardioid Model (2) 

 

n 𝝁̂ 𝟏 mse 𝝁̂𝟏  𝝆̂𝟏 mse 𝝆̂𝟏 𝝁̂ 𝟐 mse 𝝁̂𝟐 𝝆̂𝟐 mse 𝝆̂𝟐 Sur._MSE 

25 0.277971 0.000485 -0.02346 0.457707 0.731743 0.004659 0.175967 0.767317 0.004408 

50 0.290934 8.22E-05 0.129848 0.688647 0.856204 0.003159 0.124287 0.679449 0.005659 

75 0.30141 1.99E-06 0.155208 0.731381 0.847178 0.002226 0.128018 0.685613 0.00592 

100 0.295934 1.65E-05 0.142121 0.709168 0.850959 0.002597 0.118812 0.670453 0.005788 

150 0.294787 2.72E-05 0.139389 0.704573 0.851727 0.002676 0.120627 0.673429 0.005761 

 

1. According to the results of model (2) 

μ₁ estimates show consistent deviation from the true value (π/4≈0.785), ranging between 0.278-0.301, indicating significant 

estimation bias. ρ₁ estimates gradually improve with sample size but fail to converge to the true value (-0.2), suggesting model 

sensitivity to this parameter. Also Estimation Accuracy: μ₁ demonstrates strong convergence with MSE decreasing from 0.000485 

to 2.72E-05 as sample size increases from 25 to 150. Concentration parameters (ρ₁ and ρ₂) show persistently high MSE (0.67-

0.76) even at n=150, revealing 

 

In general, for two models: Survival function MSE remains stable around ~0.005 across all sample sizes, suggesting 

 Consistent Survival estimation performance 

 Possible model robustness in Survival prediction 

 Diminishing returns beyond n=75 

 

 
 

Fig 4: The survival functions curves for the Cardioid-Cardioid Model (2) 

 

6. Conclusion 

This research developed and analyzed a novel Cardiac-Cardiac circular distribution, constructed through the composition of two 

cardiac distributions using the inverse transform method. The proposed distribution offers enhanced flexibility for modeling 

directional data with complex multimodal behaviors. The maximum likelihood estimation (MLE) method demonstrated consistent 

convergence for location parameters (μ₁, μ₂), with MSE decreasing significantly as sample size increased (e.g., μ₁ MSE dropped 

from 0.000485 to 2.72E-05 for n=25 to n=150). Concentration parameters (ρ₁, ρ₂) proved more challenging to estimate, 

maintaining high MSE (0.67-0.77) even for large samples, suggesting inherent identifiability challenges in the mixture structure. 

 

References 

1. Jammalamadaka SR, Kozubowski TJ. New families of wrapped distributions for modeling skew circular data. Commun Stat 

Theory Methods. 2004;33(9):2059-2074. 

2. Jupp PE, Mardia KV. Directional statistics. Hoboken: John Wiley & Sons; 2009. 

3. Rasheed DH, Al-Wakil AA. Introduction to mathematical statistics. Baghdad: Al-Jami’ah Press; 2010. 

4. Mahmood EA, Midi H, Hussin AG. The comparison between maximum weighted and trimmed likelihood estimator of the 

simple circular regression model. J Mod Appl Stat Methods. 2020;18(2):Article 11. 

5. Gomes-Silva F, Bourguignon M, Demétrio CG, Balakrishnan N. An extended Dagum distribution: Properties and 

applications. Int J Appl Math Stat. 2017;56(1):35-53. 

6. Jammalamadaka SR, Sengupta A. Topics in circular statistics. Vol. 5. Singapore: World Scientific; 2001. 

7. Mojtaba H, Hossein AM. Transformation of circular random variables based on circular distribution functions. Filomat. 

2018;32(17):5931-5947. 

8. Jasab H, Faydh S. On Stereographic Semi-circular Shankar Distribution: Properties and Applications. 2023;7(9):53-60. 

9. Faydhe S, Alhafidh EA. Simulation of estimation of transformed semicircular gamma distribution parameters with algorithm. 

2024 Nov;3229(1). 

https://www.mathematicaljournal.com/


 

~21~ 

Journal of Mathematical Problems, Equations and Statistics  https://www.mathematicaljournal.com 
 

10. Zheng S. Comparing measures of fit for circular distributions [master’s thesis]. Victoria (Canada): University of Victoria; 

2009. 

11. AL-Sabbah SA, Raheem SH. Use Bayesian adaptive lasso for Tobit regression with real data. Int J Agric Stat Sci. 2021;17:1-

9. (Pagination estimated if not available.) 

12. Mohammed MA, Raheem SH. Determine of the most important factors that affect the incidence of heart disease using logistic 

regression model (Applied Study in Erbil Hospital). Econ Sci. 2020;15(56):1750-184. 

13. Raheem SH. Use Box-Jenkins models for predicting traffic accidents in AL-Qadisiya province. Muthanna J Adm Econ Sci. 

2017;7(2):1-10. (Pagination estimated if not available.) 

https://www.mathematicaljournal.com/

