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Abstract

This article is discussion of the development of the Hardy Inequality. We detail the inequality in both the
discrete and continuous cases, as well as notable work, by Hardy and other mathematicians at the time
that contributed to its development. Also, necessary and sufficient conditions are given for a weighted
Norm inequality for the sum of two dimensional Hardy-type integral operators with not necessarily non-
negative coefficients. Furthermore we give necessary and sufficient conditions for certain multi-
dimensional over spherical cones. The inequalities involve adjoint Hardy operator. A mixed norm
inequality has also been characterized.

Keywords: Hardy’s inequality, monotonicity, convergence; hardy operator, adjoint hardy operator,
higher dimensional inequalities

Introduction

The Hardy Inequality is a fundamental result in the field of analysis, particularly in the study
of functional spaces and partial differential equations. Its prehistory traces back to the early
20™ century when mathematicians began to explore inequalities that relate the various norms
of functions [,

The Hardy inequality, named after the British mathematician G.H. Hardy, is a pivotal result in
real analysis that establishes a relationship between (L") norms of a function and its integral
properties. This inequality serves cornerstone in various mathematical disciplines, including
functional analysis, PDEs and number theory. To fully appreciate its implications and
applications, it is essential to delve into its historical motivation and intellectual climate from
which it emerged.

Key developments leading to the Hardy inequality included

i) Fundamental work: The groundwork was laid by mathematicians like Holder and
Minkowski, who established fundamental inequalities in analysis.

ii) Development of Functional Spaces: The rise of functional analysis introduced the study
of various function spaces (like LP spaces), emphasizing the importance of norms and
integrability.

iii) Hardy’s Contribution: G.H. Hardy formally introduced the inequality in his work during
1920s specifically addressing the behaviour of functions and their integrability properties
over given domains 4,

The Hardy inequality provides estimate for integrals and sums involving positive functions
and plays a crucial role in various areas of mathematics such as probability theory, harmonic
analysis and partial differential equations prehistoric discussions related to the inequalities
often revolved around the convergence of series, bounds of integrals and ratio of functions.
Hardy's work was inspired by earlier results and methods from mathematical analysis,
particularly those developed by mathematicians like Holder and Minkowski, who laid
groundwork for understanding inequalities involving integrals and norms.

The development of popular Hardy inequality in both discrete and continuous forms during
1906 to 1928 has its own history which is known as prehistory of Hardy inequality (4. Hardy-
type inequalities have attracted a lot of interest during all the years from the dramatic
prehistory to a still very active research.

This paper is devoted to this inequality in two dimensions. Hardy-type inequalities for various
integral operators in two dimensions have been studied in this article 2.
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Several introductory remarks are in order
i) Standards forms of Hardy's inequalities (1) and (2) [3, see page-1] that can be found in many textbooks on analysis and were
highlighted first in the famous book Inequalities by Hardy, Littlewood, and Polya I,

ii) The constant (ﬁ)pin both (1) and (2) is sharp constant it cannot be replaced with a smaller number such that (1) and (2)

remain true for all revelant sequences and functions respectively. [3, see page 1]
iii) Inequalities (1) and (2) [3, see page 1] together with the statement (ii) imply the important information that the discrete Hardy
operator 'h’ and continous Hardy operator 'H’, defined by,

h({a,}) = {% ZE: L} and Hi(x) = i fg‘ f(t)dt, maps the spacesl, intol, and Ly into Ly, respectively (p > 1), and each has
norm p’ (ﬁ). Here as usual the spaces I, and Lyare the Lebesgue spaces consisting of all sequences a = {a,} of real numbers
and all (egivalence classes modulo equality almost everywhere ) measurable functions ‘f’ on (0, o), respectively, such that

1

lally, = (551 [anP)P < o0,

1
I, = (Jy IfGOIPAx)P < co.

We mention that the spaces 1, and L, were introduced and investigated in 1910 by F. Riesz B, The results obtained from Hardy
inequality links the behaviour of functions at small values and emphasizes the importance of understanding how functions behave
in different limits. Over time, Hardy's inequalities has been organized and adapted, leading to modern interpretations applications
in various branches of mathematics. The prehistory of this inequality demonstrates the evolution of mathematical thought
regarding inequalities the importance of analysis informing rigorous mathematical frameworks.

The main aim of this article "A Review on Development of The Hardy Inequality" is to explore the historical development and
foundational aspects of the Hardy inequality, a significant result in mathematical analysis. This article describes the contribution
of various mathematician's leading up to this in equality, providing context and background to its formulation. He emphasizes the
intellectual journey that led to the inequalities discovery, highlighting its implications in real analysis and its applications in
various mathematical fields. The article serves both a historical account and as an exposition of the mathematical concepts
involved.

Necessary and sufficient conditions are given for a weighted norm inequality for the sum of two dimensional Hardy-type integral
operators with not necessarily non-negative coefficients. In this paper we also give the necessary and sufficient conditions for
certain multidimensional Hardy inequalities over spherical cones. The inequalities involve adjoint Hardy operator. A Mixed norm
inequality has also been characterized. Thus the Hardy inequality represents a significant intersection of analysis, functional
spaces and applications across mathematics.

Historical Motivations

Researchers are highly motivated to develop Hardy's inequality because of its crucial role in providing sharp estimates in various

areas of analysis and its potential to solve challenging problems and advance theoretical understanding in various mathematical

fields, leading to stronger results and new research avenues. Some important factors of historical motivations are given below:

i) Early Inequalities: The root of the Hardy inequality can be traced back to classical inequalities studied in the 19" and early
20" centuries. Mathematicians like Holder's and Minkowski laid the foundational framework with their work on normed
spaces and inequalities, emphasizing the importance of understanding how different norms interplay.

ii) Functional Analysis Development: The development of functional analysis during the early 1900s played a crucial role in
shaping the environment where the Hardy inequality could flourish spaces examination of convergence properties led
mathematicians to investigate inequalities that hold between different types of function spaces.

iili) G.H. Hardy's Contributions: In the 1920s, G.H. Hardy was among those who pushed forward the study of such inequalities.
His work, Motivated by a blend of pure mathematics and practical applications, introduced the Hardy inequality as a tool to
analyze particular types of functions, particularly in the context of series and integrals &1,

iv) Application and Generalizations: Following Hardy’s work, the inequality was shown to here numerous applications in
different areas, including number theory, Quantum Mechanics and PDEs.It becomes a tool for studying convergence
properties of sequences and functions.

v) David Hilbert Contributions: In this section we briefly discuss about an inequality discovered by David Hilbert in the early
1900s (see his paper [ from 1906) called the HILBERT INEQUALITY. This inequality is closely related to the discrete
Hardy in equality (1) (see page-1 of [3]).

2. Preliminaries

Holder's, Minkowski's and Hilbert's inequalities are considered preliminary to Hardy's inequality because they provide essential
tools and techniques used in its proof and generalizations. Hardy's inequality often involves integral manipulations and
estimations of norms, which are precisely the areas where these preliminary inequalities excel. The proofs of Hardy-type
inequalities frequently rely on applications of Holder's inequality to bound certain terms and Minkowski's inequality to handle
norms. Hilbert's inequality, with its focus on double integrals, can be particularly useful in proving more complex variants of
Hardy's inequality. In essence, these inequalities provide the foundational building blocks and analytical machinery necessary to
establish and extend Hardy's inequality. In the following section we state different important inequalities frequently used in
analysis and their verification with their suitable example.
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2.1. Holder's Inequality B
2.1.1. Statement: Holder's Inequality states that ““for functionsf € LP(x)and g € L9(x) on a measure space (X, Y, w) with
conjugate exponents p’ and q’,

(2+2=1),1ifglly < 1] lgll, "
This means:

S JEC0gGIIdRE) < (S IFGOIPdR() 7P ([, 8GO 9du(x) 7o,

2.1.2. Example: For the function f(x) = x and g(x) = x2 on [0,1] with p = 2, q = 2 demonstrates the Holder's inequality.
Solution: Let's consider the case where x = [0,1] with Lebesgue measure,p = 2 and q = 2 (the Cauchy-Schwarz inequality is a
special case of Holder's Inequality).

Let f(x) = xand g(x) = x?

2
Step (i) Calculate ||fl[:[|fll, = (Jy x dx)/2 =+

.. 1 4
Step (i) Calculate ||g|,:llgll. = (fy x d)'/2 ==

2
Step (iii) Calculate ||fg||:l|fgll, = (Jy [x*x | dx)"/z ==

Step (iv) Verify the inequality: ||fg||, = %, [1fl]211gl], = 0.258

Hence, Holder's inequality holds in this example.
2.2. Minkowski's Inequality !
2.2.1. Statement: The Minkowski inequality for Lyspaces (p = 1) states:
1
1+ gllp < 1l +1gll, Where [I£]], = (f If0OIPd(x)) 7P for 1 < p < coand [[fl]s, = ess supyex|f()] for p =

", where ess sup means essential supremum.

2.2.2. Examples

(1) Real number (p = 2)

Solution: Let us consider the

Simplest case: The space of all real numbers

R with the Euclidean norm (p = 2). This is equivalent to the triangle inequality.

Let, f = 3and g = 4. Then, ||f+g||2 = |3+4|=7
[Ifll, = I3] = 3and||g|l, = [4] = 4
The inequality holds, 7 < 3 + 4.

(2) Function on an Interval (p = 1)
Solution: Consider the L* space of function on the interval [0,1] with Lebesgue measure. Let f(x) = x,g(x) = 1 —x.

Then, [[fl]; = J, xdx = %

llglly = f;(1 —x)dx =

2
f+glly = [, (x+1—x)dx=1
The inequality holds: 1 < % + %

2.3 Hilbert Inequality [
2.3.1. Statement: The Hilbert inequality states that ““for any two sequences of complex numbers {a,}and {b,}such
that Y, |a,|? < w0 and Y |b,|? < o (meaning they are in the Hilbert space 1), the following inequality holds:

a 1 1
12208 | < (3 fagl?) P (T bal2) 72",
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2.3.2. Example: Let us consider two simple sequences

a, = ~forn=123,...N,b, = ~forn=123,... .
n

n

For these sequences, Y. |a,|? and Y. |b,|%are both convergent (though not to a finite value asN approaches infinity). The Hilbert
inequality gives us an upper bound for:

1 1
1T < (TE) 2x @) 2 = ez

2
The sum Z(i)is a well-known convergent series (the Basel problem, which sums to %).

Therefore, the Hilbert inequality provides an upper bound related to %

Note that this example is simplified, a rigorous application would involve careful consideration of the limits as N approaches
infinity. The inequality holds for infinite sequence as well, provided the sums converge.

2.4 Hardy Inequality B!
2.4.1  Statement: “Hardy's inequality, for non-negative function f on (0, ) and p > 1, is defined by the relation:

I (3) * 1y fodePdx < (ﬁ)p Iy feoPdx .

2.4.2. Example: Let us consider a simple example withp = 2and f(x) = e(™ for x € (0, o), Then f(x) is non-negative and
integrable.
We need to evaluate both sides of Hardy's inequality:

P .» o
R.H.S.:(ﬁ) [y foPdx = )% ;7 e Pdx =2

LHS= [} (3) * [y e tdt]?dx.

The inner integral is 1 — e™. The outer integral is more challenging to evaluate analytically. However, numerical methods can be
used to approximate the value of the L.H.S. The result will be less than or equal to R.H.S. confirming Hardy's Inequality.

3. Main Results
The main results of Development of Hardy’s Inequality are break down into four sections (Intermediate results, proof of Hardy
Inequality, The Operator T, The Operator Hg).

3.1. Intermediate Results

This section deals about the necessary and sufficient condition for the convergence of integral.In the course of proving the final
form of each of the discrete and continuous cases of the Hardy

Inequality, Hardy and his contemporaries proved various related results. In 1915 Hardy developed an article[7]. The main result of
this article are presented here:

Theorem 3.1.1. [7]: Leta > 0, f(x) be non-negative and integrable on (a, =), and denote F(x) :fax f(t)dt. The convergence of the
any of the integrals [ @ dx, fa°°(¥)2 dx, [ [” % dxdy implies that of the others.

Theorem 3.1.2. [7]: The convergence of a f:’ f(x)? dx for f non-negative implies that of f:’(¥)2 dx.

Corollary 3.1.1. [7]: The convergence of fa°° f(x)? dx for f non-negative implies that of the integrals in Theorem 3.1.1.
Theorem 3.1.3. [7]: The convergence of Y a2 whena, > 0 implies that of Zﬁzo(A—:)z where A, = Yi-qa,.
Theorem 3.1.4. [7] Leta > 0, f (x), g(x) be non-negative and integrable on (a, o), and denote

F () = [ f(Hdt, G(x) = [} g(t)dt. The following hypotheses are equivalent,

DI H95C 4 and f: % dx are convergent,

a X

i [ % dx is convergent,

i) [ %g;y) dxdy is convergent.

Corollary 3.1.2. [7]: The convergence of fa°° f(x)? dxand fa°° g(x)? dx implies that of the integrals in Theorem 3.1.4.

From the motivation of above article [/l, Hardy developed an another article 1.

This article included a proof of the continuous case of the Hardy Inequality for p = 2, with the sharp constant 4, although there
was no mention of it being a sharp constant.
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3.2. Proof of Hardy Inequality
Hardy’s proofs of (1) and (2) (see page 1 of [3] )can be done by using concept of Intermediate results and A note on hardy
inequality I, Related theorem in continuous and discrete case are given below.

Theorem 3.2.1. (See page 6 and 7 of [3]) (Theorem of Hardy Inequality in Continuous case)
Suppose that f(x) = 0,p > 1, that 'f’Lebesgue integrable over any finite interval (0,x) and F(x) = fox f(t)dt; and that f € LP(R™)
Then,

» (F)\P p \P (oo
Jy () ax< () [ fGopdx.
In his 1925 paper, Hardy utilizes the continuous inequality to prove a more general version of discrete inequality.

Theorem 3.2.2. (See page 8-10 of [3]) (Theorem of Hardy Inequality in Discrete case)
Suppose a, > 0and A > 0 for all n > 0 that

A, =Ma; + -+ + Ajay, that An = A, + --++A,,, and that 3 A, al is convergent. Then, Z;f:l)\n(%)p < (ﬁ) Y Ayah.

3.3. The operator T [2]: In this section, Necessary and sufficient condition are given for a weighted norm inequality for the sum
of two dimensional Hardy-type integral operators with not necessarily non- negative coefficients.

Definition 3.3.1(see page 247 and 248 of [2]) (The operator "T*): A common way to define the operator ‘T’ in a Hardy-type
inequality is as follows:

Tf(x) = fax k(x, y)f(y)dy, where f(y) is the function being transformed. k(x,y) is a kernel function, often positive and playing a
crucial role in the inequality. x and y are variables of integration. In weighted Hardy- type inequalities, the kernel function k(x,y)
might incorporate weight function, such as w(x) or w(y), to modify the integral.

Theorem 3.3.1. [2]: Supposel <p <gq <ooand thatu,vbe weight functions onRZ. The inequality (1) ||Tf||qu <
K| Ifl |pv holds for a constant K > 0 if and only if max{A;, A,, A, A4, As, Ag} < oo where

00 oo 1 1 Ly 1 1
A = Suli’yl,y2>o(fy1 fy2 u(xl,xz)|¢1(x1,Xz)|qu1dX2) /ax on foyz|¢1(x1,xz)|p VIR (xq, X5 ) dx; dx;) /o

1 X1 (X P 1
Ay = SUpyl,y2>o(f0y foyz(fo f02|‘|’1(t1,t2)|p VP (b, t)dty ) * u(xe X)) |y (x4, %) 9dx, dx,) fay
! ’ 1
(foh foyz|¢1(t1,t2)|p vITP (b, ty)dt dty) /p

0 (00, (00 (0O , ) 1—pr 1/,
As = SUpY1'YZ>°(fy1 sz (fx1 fxz u(tl't2)|¢1(t1,t2)|th1dt2)p * g (X0,%2) [PV P! (%4, X)Xy dx5) fer/
o 0o 1
(fh fy2 U(XLXZ)|¢1(X1.X2)|qu1dxz) far,

00 o0 Y 1 ’ q 1
Ay = supy, y,50();, [ W2 (t62)| V2P (b, ) dtydes) P+ (7 [ u(ty t2) 10 (b, £2)1 diydty) 7,

As = Sllpyl,y2>o(f0y1 foyz fOXl f(i(z u(ty ty) |, (ty, t2)[9dt, dt,)P’
1 1 ’
[Py (Xl,X2)|p'V1_p’(X1' X)dx;dx;) for / (foh foyz U(Xl,Xz) |1 (x4, Xz)'q dx,; dx,) /q ,

0 (00, 00 (0O ' 1—pr 1
Ag = supy, .50 fyl fy2 (fxl sz W (t1,£2) [PVE7P! (b, t)dity dt)® + u(xy X)) [y (x4, X2) [ 9dx, dx,) fa/
o 00 ! ! 1
(fY1 fy2|¢2(xl.x2)|p VTP (x4, X, )dx, dx,) .

Lemma 3.3.1[2]: Suppose 1 < p < g < oo and that u, v be weight functions on RZ. The inequality (2) ||T1f||qu < K||f||pV holds
for a suitable positive constant K if and only if max{A, A,, A3} < oo,

Lemma 3.3.2[2]: Suppose 1 < p < q < o and that u, v be weight functions on R%. The inequality (3) ||T2f||qu < K||f||pv holds
for a constant K > 0 only if max{A,, A, A¢} < co.

3.4. The Operator Hg [10]: In this section we discuss about necessary and sufficient conditions for a certain multi-dimensional
Hardy inequalities over spherical cones. The inequalities involve adjoint hardy operator and weight functions.
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Some basic definition are mentioned below

Definition 3.4.1 (Measurable function) (9

In measure theory, a measurable function is a function between two measurable spaces that preserves the structure of the spaces,
meaning the pre-image of any measurable set is also measurable.

Definition 3.4.2 (Weight function) 2

In the context of Hardy’s inequality, a weight function is a non-negative, measurable function, often denoted as w(x), that
modifies the integral or sum, giving certain elements more "Weight” or influence in the result than others.

Definition 3.4.3 (Hardy operator) 1%
The Hardy operator, often denoted as H, is typically defined as:

HOx) = J; f(©dt,forx > 0.
This operator takes a function f and integrates it from 0 to x, then divides by x.

Definition 3.4.4 (Adjoint Hardy operator) [0
The adjoint of the Hardy operator H, defined as:

H()(x) = =[5 f(t)dt, is given by
(Hxg)x) = ;5 dt.

Theorem 3.4.1M%: Let1 < p < 00,0 < q < o, E, Sy, By be as defined above (see page 225 of [10]) and w, w,, weight functions
on E. Then the inequality,

(J; wo (I (H'®)I(x) dx) 7a < C(f, w(OfP(x) dx) 7» 1)

holds for all f > 0 if and only if,

[ o) (H'g)() dx) /a < ([ w(OfP(x) dx) /P 7
holds for all g > 0 with

wo (%) = fBN wo(xox")x) t1dx’, x, > 0 and (3)
w(xg) = (fg, W (ox)xH1dx') 1P, x > 0. (4)

Theorem 3.4.2 (see page 229 and 230 of [10]) Let w,, w be weight functions on (0, ).
i)Forl < p < g < oo, the inequality

U, ;" 8(©d)dw, (x) dx) e < ¢( Jy WP (x) dx)"/p holds forg > 0 if and only if

B* = supyso(fy Wo(y)dy) /a(f;” Wi P (y)dy) /7" < oo,

Moreover, if C is the best possible constant then

B"<C< (1 +§)1/q(1 +%)1/p/3* (A)
iiyForl < p < q < oo,p > 1, the inequality holds forg > 0 if and only if

A = (f Uy wo@dy) /a(f” wh ' () dy) 7w P (0)d) Vr < oo. B)

Where2 =22,
r q P

Theorem 3.4.3.(see page 230 of [10]): Let the assumptions of the Theorem 3.4.1 be satisfied.

a) Forp < g, theinequality (1) holds if and only if (A) holds with w, and w given, respectively by (3) and (4).

b) Forq < p,the inequality (1) holds if and only if (B) holds with w, and w given, respectively by (3) and (4).
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Conclusion

The conclusion of the prehistory of Hardy inequalities centers on the emergence of Hardy's original inequality and its immediate
aftermath. While earlier results hinted at the inequality's core concept, Hardy's 1920 paper provided the first rigorous formulation
and proof, establishing a foundational result in analysis. The subsequent years saw refinements and extensions including
generalizations to different setting and the development of related inequalities, solidifying Hardy's inequality's place as a
cornerstone of mathematical analysis and its application. The prehistory culminates not in a single event, but in the establishment
of a powerful and influential result that continues to inspire research and find applications across various mathematical fields.
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