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Abstract 

This paper investigates generalized 𝑈|ℎ-Trirecurrent space within the framework of Finsler geometry, 

where the curvature tensor satisfies specific birecurrent properties. We derive the condition for a space to 

be classified as a generalized 𝑈|ℎ-Trirecurrent space and introduce related curvature tensors and covariant 

derivatives. The study includes essential identities satisfied by these tensors and their implications in the 
context of Finsler spaces with Cartan's second kind covariant derivatives. We also examine necessary and 
sufficient conditions for certain tensors to be classified as generalized trirecurrent tensors. Several 
theorems are established, providing detailed relationships between the generalized curvature tensors, 
torsion, and the covariant derivatives of third order. This paper aims to extend the understanding of 
curvature structures in Finsler spaces and their geometrical significance. 
 

Keywords: Generalized 𝑈|ℎ, Tirecurrent space, curvature tensors, cartan's connection, covariant 

derivative 
 

1. Introduction 
Finsler geometry, as a generalization of Riemannian geometry, provides a powerful framework 
to study spaces where the notion of distance varies in different directions. One of the key 
features in Finsler spaces is the curvature tensor, which encapsulates the geometric properties 
of the space. 
Notable works include those by Al-Qashbari et al. [4-8], who explore various extensions and 

generalizations of recurrent Finsler spaces, such as generalized 𝑈|ℎ-birecurrent space and 𝛽𝐾-

recurrent space. Other significant contributions come from Hadi [14], who studied generalized 
birecurrent Finsler spaces. Bacso & Matsumoto [9] introduced foundational knowledge on the 
broader Finsler geometry and curvature tensors, enriching the theoretical framework used in 
modern studies. These works, along with the contributions from Qasem & Saleem [19], Pandey 
et al. [18], and others. Form a comprehensive basis for the current study, advancing both the 
theory and applications of Finsler spaces in differential geometry. The generalized 
birecurrence and trirecurrence properties for various curvature tensors have been discussed by 
[2, 3, 11, 13, 17]. Recently, Saleem and Abdallah [22] introduced the generalized 𝑈|𝑙-recurrent Finsler 

space. 
 

Let us consider a set of quantities 𝑔𝑖𝑗  (𝑥, 𝑦) defined by [12, 20] 

  

(1.1) 𝑔𝑖𝑗(𝑥, 𝑦) =
1

2
𝜕̇𝑖𝜕̇𝑗𝐹2(𝑥, 𝑦) 

 

Where 𝑔𝑖𝑗 is positively homogeneous of degree zero in directional arguments. 

 

(1.2) 𝑦𝑖 = 𝑔𝑖𝑗 𝑦
𝑗. 

 

The quantities 𝑔𝑖𝑗 and 𝑔 𝑗𝑘 are related by 

 

(1.3) 𝑔 𝑖𝑗𝑔 𝑗𝑘 =  𝛿 𝑖
 𝑘  =  {

 1 𝑖𝑓 𝑖 = 𝑘,

 0 𝑖𝑓 𝑖 ≠ 𝑘 .
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The vectors 𝑦𝑖 and 𝑦𝑘, related with 𝑔𝑖𝑘 and 𝑔𝑗𝑘 by 

 

(1.4) a) 𝛿𝑘
𝑖  𝑦𝑖 = 𝑦𝑘, b) 𝛿𝑘

𝑖 𝑦𝑘 = 𝑦𝑖, c) 𝛿𝑗
𝑖 𝑔𝑖𝑘 = 𝑔𝑗𝑘, d) 𝜕𝑗̇ 𝑦𝑖 = 𝛿 𝑗

 𝑖, e) 𝛿𝑗
𝑖𝑔𝑗𝑘 = 𝑔𝑖𝑘, f) 𝛿𝑗

𝑖 𝛿𝑘
𝑗

= 𝛿𝑘
𝑖  and g) 𝛿𝑖

𝑖 = 𝑛 . 

 

The ℎ-covariant derivative of the metric tensor 𝑔𝑖𝑗 , the associate metric tensor 𝑔𝑖𝑗, the vectors  𝑦 𝑖 and 𝑦𝑖 and the function 𝐹 

vanish identically, i. e. given by 

 

(1.5) a) 𝑔 𝑖𝑗|𝑘 = 0, b) 𝑔 |𝑘
 𝑖𝑗

=  0, c) 𝑦 |𝑘
 𝑖 = 0, d) 𝑦 𝑖 |𝑘 = 0 and e) 𝐹|𝑘 = 0 . 

 

The vectors 𝑦𝑖 and 𝑦𝑗 satisfies the following relations 

 

(1.6) a) 𝑦𝑖 𝑦
𝑗 = 𝐹2 and b) 𝜕𝑗̇ 𝑦𝑖 = 𝑔𝑗𝑖 .  

 

For an arbitrary vector field 𝑋𝑖, the ℎ-covariant derivative differentiation with respect to 𝑥𝑘, defined above, commutes with the 

partial differentiation with respect to 𝑦𝑗 according to [10] 

 

(1.7) a) 𝜕̇𝑗(𝑋 |𝑘
 𝑖 )  − (𝜕̇𝑗𝑋  𝑖)

|𝑘
= 𝑋𝑟(𝜕̇𝑗Γ 𝑟𝑘

∗ 𝑖 ) − (𝜕̇𝑟𝑋  𝑖) 𝑃 𝑗𝑘
 𝑟 , where b) 𝑃 𝑗𝑘

 𝑟 = (𝜕̇𝑗Γ ℎ𝑘
∗𝑟 ) 𝑦ℎ = Γ 𝑗ℎ𝑘

∗𝑟  𝑦 ℎ. 

 

The tensor 𝑈𝑗𝑘ℎ
𝑖  that denoted the tensor ∏𝑗𝑘ℎ

𝑖  defined by [15, 16] 

 

(1.8) 𝑈𝑗𝑘ℎ
𝑖 = 𝐺𝑗𝑘ℎ

𝑖 +
1

(𝑛+1)
(𝛿𝑗

𝑖𝐺𝑘ℎ𝑟
𝑟 + 𝑦𝑖𝐺𝑗𝑘ℎ𝑟

𝑟 ) . 

 

Also, the tensor 𝑈𝑗𝑘ℎ
𝑖  is called ℎ(𝑣) −curvature tensor and it is homogeneous of degree -1 in 𝑦𝑖 and symmetric in its last two 

indices, i.e. 

 

(1.9) 𝑈𝑗𝑘ℎ
𝑖 = 𝑈𝑗ℎ𝑘

𝑖   

 

Furthermore, this tensor satisfies the following properties:  

 

(1.10) 𝑈𝑗𝑘ℎ
ℎ = 𝑈𝑗ℎ𝑘

ℎ ,  

 

(1.11) 𝑈𝑗𝑘ℎ
𝑖 = 𝑈𝑗ℎ𝑘

𝑖 ,  

 

(1.12) 𝑈𝑗𝑘ℎ
𝑖  𝑦ℎ = 𝑈𝑗ℎ𝑘

𝑖  𝑦ℎ = 𝑈𝑗𝑘
𝑖   

 

(1.13) 𝑈𝑗𝑘ℎ
𝑖  𝑦𝑗 = 0 .  

 

The 𝑈-Ricci tensor 𝑈𝑗𝑘 of the projective connection coefficients satisfies the following  

 

(1.14) 𝑈𝑖𝑘ℎ
𝑖 = 𝑈𝑘ℎ,  

 

(1.15) 𝑈𝑗𝑘ℎ
ℎ = 𝑈𝑗𝑘,  

 

(1.16) 𝑈𝑘ℎ =
2

(𝑛+1)
𝐺𝑘ℎ,  

 

Where the tensor 𝐺𝑗𝑘 is components of the call G-Ricci tensor. The 𝑈-torsion tensor 𝑈𝑗𝑘
𝑖  satisfies  

 

(1.17) 𝑈𝑗𝑘
𝑖 = 𝑈𝑘𝑗

𝑖 , 

 

(1.18) 𝑈𝑗𝑘
𝑖 = 𝑈𝑗𝑘ℎ

𝑖  𝑦ℎ,  

 

(1.19) 𝑈𝑗𝑘
𝑖 =

1

(𝑛+1)
 𝑦𝑗𝐺𝑘ℎ,  

 

(1.20) 𝑈𝑗𝑘
𝑖  𝑦𝑘 = 0  

 

(1.21) 𝑈𝑗𝑟
𝑟 = 𝐶𝑗𝑟

𝑟 ,  

 

(1.22) 𝑈𝑗𝑘𝑟
𝑟 = 𝐶𝑗𝑘𝑟

𝑟   
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The 𝑈ℎ-recurrent space, 𝑈ℎ-birecurrent space and generalized 𝑈|𝑙-trirecurrent space are characterized by [23, 24, 21]. 

 

 𝑈𝑖𝑘ℎ|𝑙
𝑖 = ʎ𝑙 𝑈𝑖𝑘ℎ 

𝑖 , 𝑈𝑖𝑘ℎ
𝑖 ≠ 0, 

 

𝑈𝑖𝑘ℎ|𝑙|𝑚
𝑖 = 𝑎𝑙𝑚 𝑈𝑖𝑘ℎ 

𝑖 , 

 

𝑈𝑖𝑘ℎ|𝑙|𝑚|𝑛
𝑖 = 𝑏𝑙𝑚𝑛 𝑈𝑖𝑘ℎ 

𝑖 ,  

 

Respectively. 

Also, the generalized 𝑈|𝑙-recurrent Finsler space introduced by [22] which curvature tensor 𝑈𝑗𝑘ℎ
𝑖  satisfies the following condition 

(1.23) 𝑈
𝑗𝑘ℎ׀𝑙
𝑖 = ʎ𝑙𝑈𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘), 

 

Where ʎ𝑙 and 𝜇𝑙  are non-zero covariant tensors fields of the first order. |𝑙 is called ℎ −covariant derivative with respect to 𝑥𝑙 .  
Contracting the indices i and h in (1.23), using (1.15), (1.4g) and (1.4c), we get (1.24)  𝑈𝑗ℎ|𝑙 = ʎ𝑙𝑈𝑗ℎ + 𝜇𝑙(𝑛 − 1)𝑔𝑗ℎ . 

By taking the ℎ −covariant derivative of equation (1.23) with respect to 𝑥𝑚, in the sense of Cartan, and applying equation (1.5a), 

we obtain: 

 

(1.25) 𝑈
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 = 𝜆𝑙׀𝑚𝑈𝑗𝑘ℎ

𝑖 + 𝜆𝑙𝑈𝑗𝑘ℎ׀𝑚
𝑖 + 𝜇𝑙׀𝑚(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) . 

 

Using (1.23) in the above equation we get 

 

𝑈
𝑗𝑘ℎ׀𝑙׀m
𝑖 = 𝜆𝑙׀𝑚𝑈𝑗𝑘ℎ

𝑖 + 𝜆𝑙 (𝜆𝑚𝑈𝑗𝑘ℎ
𝑖 + 𝜇𝑚(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘)) + 𝜇𝑙׀𝑚(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) . 

 

This simplifies to  

 

(1.26) 𝑈
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 = 𝑤𝑙𝑚𝑈𝑗𝑘ℎ

𝑖 + 𝑣𝑙𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘), 𝑈𝑗𝑘ℎ
𝑖 ≠ 0,  

 

Where 𝑤𝑙𝑚 = 𝜆𝑙׀𝑚 + 𝜆𝑙𝜆𝑚 and 𝑣𝑙𝑚 = 𝜆𝑙𝜇𝑚 + 𝜇𝑙׀𝑚 are non-zero covariant curvature tensors fields of second order.  

 

This paper is focused on exploring generalized trirecurrent spaces, which are defined by specific conditions involving the 

curvature tensor and Cartan's second kind covariant derivative. The study aims to derive necessary and sufficient conditions for 

spaces to exhibit these properties and establish fundamental identities that hold within such spaces. We begin by introducing the 

generalization of the ℎ(𝑣) −curvature tensor, its covariant derivatives, and the associated relations.  
 

2. On Generalized 𝑼|𝒉 -Trirecurrent Space 

This paper explores the properties and characteristics of generalized 𝑈|ℎ-Trirecurrent spaces, focusing on their structural and 

geometric aspects. The study delves into the role of curvature tensors and their interactions within these spaces, aiming to uncover 

new relationships and classifications that contribute to the broader field of Finsler geometry. By extending the theory of recurrent 

spaces, this work provides valuable insights into the behavior and classification of generalized 𝑈|ℎ-Trirecurrent space, enhancing 

the understanding of advanced differential geometry. 

 Let us consider a Finsler space 𝐹𝑛 which the ℎ(𝑣) −curvature tensor field 𝑈𝑗𝑘ℎ
𝑖  satisfies the general birecurrence property with 

respect to Cartan’s connection parameter Г𝑘ℎ
∗𝑖 , i.e., characterized by the following condition (1.26).  

By taking the ℎ −covariant derivative of equation (1.26) with respect to 𝑥𝑛 in the sense of Cartan, and applying equation (1.5a), 

we obtain 

 

(2.1) 𝑈
𝑗𝑘ℎ׀𝑙׀𝑚|𝑛
𝑖 = 𝑤𝑙𝑚|𝑛𝑈𝑗𝑘ℎ

𝑖 + 𝑤𝑙𝑚𝑈𝑗𝑘ℎ|𝑛
𝑖 + 𝑣𝑙𝑚|𝑛(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘), 

 

Substitution of equation (1.23) in (2.1), we get 

 

(2.2) 𝑈
𝑗𝑘ℎ׀𝑙׀𝑚|𝑛
𝑖 = 𝑎𝑙𝑚𝑛𝑈𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘), 𝑈𝑗𝑘ℎ
𝑖 ≠ 0 .  

 

Where 𝑎𝑙𝑚𝑛 = 𝑤𝑙𝑚|𝑛 + 𝑤𝑙𝑚𝜆𝑛 and 𝑏𝑙𝑚𝑛 = 𝑤𝑙𝑚 𝜇𝑛 + 𝑣𝑙𝑚|𝑛 are non-zero covariant tensors fields of the third order.  

 

Definition 2.1. A Finsler space 𝐹𝑛 which ℎ(𝑣) −curvature tensor 𝑈𝑗𝑘ℎ
𝑖  satisfies the condition (2.2), where 𝑎𝑙𝑚𝑛 and 𝑏𝑙𝑚𝑛  are non-

zero covariant vector field of third order, is called a generalized 𝑈|ℎ-trirecurrent space and the tensor will be called generalized h-

trirecurrent tensor, we shall denoted them briefly by 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛 and 𝐺ℎ-𝑇𝑅, respectively. 

 

Remark 2.1. Let us call the differential operator ǀ𝑙ǀ𝑚|𝑛 is the 𝐺ℎ −covariant derivative (Cartan’s second kind covariant 

differential operator).  

Theorem 2.1. The generalized 𝑈|ℎ -birecurrent space is 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, provided the property of generalized 𝑈|ℎ-birecurrent space 
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yield. 

 

By transvecting condition (2.2) with 𝑔𝑖𝑠, and applying equations (1.4c) and (1.5a), we obtain: 

 

(2.3) (𝑈𝑗𝑘ℎ 
𝑖 𝑔𝑖𝑠)|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛𝑈𝑗𝑘ℎ

𝑖 𝑔𝑖𝑠 + 𝑏𝑙𝑚𝑛(𝑔𝑘𝑠𝑔𝑗ℎ − 𝑔ℎ𝑠𝑔𝑗𝑘),  

 

Suppose that 𝑈𝑗𝑘ℎ 
𝑖 𝑔𝑖𝑠 = 𝑈𝑗𝑘ℎ𝑠, we get 

 

(2.4) 𝑈𝑗𝑠𝑘ℎ׀𝑙׀𝑚 = 𝑤𝑙𝑚𝑈𝑗𝑠𝑘ℎ + 𝑣𝑙𝑚(𝑔𝑘𝑠𝑔𝑗ℎ − 𝑔ℎ𝑠𝑔𝑗𝑘), 𝑈𝑗𝑠𝑘ℎ ≠ 0.  

 

Conversely, transvecting the condition (2.4) by 𝑔𝑖𝑠 and suppose that 𝑈𝑗𝑘ℎ𝑠 𝑔𝑖𝑠 = 𝑈𝑗𝑘ℎ 
𝑖 , by using (1.3) and (1.5a) and yields the 

condition (2.2), we get 

 

Theorem 2.2. The 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, may characterized by the condition (2.4). 

 

Remark 2.2. Let us call the tensor 𝑈𝑗𝑘ℎ𝑠 the associate curvature tensor of the ℎ(𝑣) −curvature tensor 𝑈𝑗𝑘ℎ 
𝑖 . 

Let us consider an 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛 characterized by the condition (2.2). Transvecting the condition (2.2) by 𝑦ℎ, using (1.5c), (1.2), 

(1.4b) and (1.12), we get  

 

(2.5)  𝑈
𝑗𝑘׀𝑙׀𝑚|𝑛
𝑖 = 𝑎𝑙𝑚𝑛 𝑈𝑗𝑘

𝑖 + 𝑏𝑙𝑚𝑛(𝛿𝑘
𝑖  𝑦𝑗 − 𝑦𝑖𝑔𝑗𝑘) . 

 

Contracting the indices 𝑖 and 𝑘 in (2.5) and using (1.2), (1.4g) and (1.21), we get  

 

𝐺
𝑗𝑟׀𝑙׀𝑚|𝑛
𝑟 = 𝑎𝑙𝑚𝑛 𝐺𝑗𝑟

𝑟 + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑦𝑗 . 

 

Suppose that,  𝐺𝑗𝑟
𝑟 = 𝐺𝑗 , we get 

 

(2.6) 𝐺𝑗|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛 𝐺𝑗 + (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝑦𝑗 . 

 

By contracting indices 𝑖 and 𝑘 in equation (2.2) and applying equation (1.4g), (1.10) and (1.14), we obtain 

 

(2.7) 𝑈𝑗ℎ|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛𝑈𝑗ℎ + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑔𝑗ℎ . 

 

By transvecting condition (2.7) with 𝑔𝑖ℎ, and applying equation (1.5b), we obtain 

 

(2.8) (𝑈𝑗ℎ|𝑙|𝑚|) 𝑔𝑖ℎ = 𝑎𝑙𝑚𝑛(𝑈𝑗ℎ 𝑔𝑖ℎ) + (𝑛 − 1) 𝑏𝑙𝑚𝑛  𝑔𝑗ℎ 𝑔
𝑖ℎ . 

 

Suppose that 𝑈𝑗ℎ 𝑔𝑖ℎ = 𝑈𝑗
𝑖 and using (1.3), we get 

 

(2.9) 𝑈𝑗|𝑙|𝑚|𝑛
𝑖 = 𝑎𝑙𝑚𝑛 𝑈𝑗

𝑖 + (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝛿𝑗
𝑖 . 

 

Contracting the indices 𝑖 and 𝑘 in (2.5) and using (1.4b), we get  

 

(2.10) 𝑈
𝑗𝑟׀𝑙׀𝑚|𝑛
𝑟 = 𝑎𝑙𝑚𝑛 𝑈𝑗𝑟

𝑟 + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑦𝑗 . 

 

Suppose that  𝑈𝑗𝑟
𝑟 = 𝑈𝑗, we get 

 

(2.11) 𝑈𝑗|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛𝑈𝑗 + (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝑦𝑗  . 

 

Thus, we get 

Theorem 2.3. In 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, the 𝐺ℎ −covariant derivative of third order for the ℎ(𝑣) −torsion tensor 𝑈𝑗𝑘
𝑖 , vector curvature 𝐺𝑗 , 

Ricci tensor 𝑈𝑗ℎ, division tensor 𝑈𝑗
𝑖 and vector 𝑈𝑗 are given by (2.5), (2.6), (2.7), (2.9) and (2.11), respectively. 

 

3. Some Relationship in 𝑮𝑼|𝒉 - 𝑻𝑹𝑭𝒏 

This section investigates certain relationships within the context of 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛 , focusing on the structural and geometrical 

properties of these spaces. The study aims to explore the connections between various curvature tensors and their implications for 

the classification and behavior of Finsler spaces.  

We know that, the Douglas tensor satisfies the following identity [18, 21, 23] 

(3.1)  𝐷𝑗𝑘ℎ
𝑖 = 𝑈𝑗𝑘ℎ

𝑖 −
1

2
(𝛿𝑗

𝑖𝑈𝑘ℎ − 𝛿𝑘
𝑖 𝑈𝑗ℎ) . 
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By taking the ℎ −covariant derivative of equation (3.1) with respect to 𝑥𝑙 in the sense of Cartan, we obtain: 

 

(3.2)  𝐷𝑗𝑘ℎ|𝑙
𝑖 = 𝑈𝑗𝑘ℎ|𝑙

𝑖 −
1

2
(𝛿𝑗

𝑖𝑈𝑘ℎ|𝑙 − 𝛿𝑘
𝑖 𝑈𝑗ℎ|𝑙) . 

 

By applying equations (1.23) and (1.24) to equation (3.2), we obtain: 

 

(3.3)  𝐷𝑗𝑘ℎ|𝑙
𝑖 = ʎ𝑙𝑈𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) −
1

2
[𝛿𝑗

𝑖(𝜆𝑙𝑈𝑘ℎ + (𝑛 − 1) 𝜇𝑙 𝑔𝑘ℎ) − 𝛿𝑘
𝑖 (𝜆𝑙𝑈𝑗ℎ + (𝑛 − 1) 𝜇𝑙 𝑔𝑗ℎ)] 

 

By taking the ℎ −covariant derivative of equation (3.3), with respect to 𝑥𝑚 and 𝑥𝑛, successively, in the sense of Cartan, we obtain 

 

  𝐷𝑗𝑘ℎ|𝑙|𝑚
𝑖 = ʎ𝑙|𝑚(𝑈𝑗𝑘ℎ

𝑖  ) + ʎ𝑙 (𝑈𝑗𝑘ℎ|𝑚
𝑖  ) + 𝜇𝑙|𝑚(𝛿𝑘

𝑖  𝑔𝑗ℎ – 𝛿ℎ
𝑖  𝑔𝑗𝑘 )–

1

2
 { 𝛿𝑗

𝑖[ 𝜆𝑙|𝑚(𝑈𝑘ℎ)  

 + 𝜆𝑙(𝑈𝑘ℎ|𝑚) + (𝑛 – 1)𝜇𝑙|𝑚  𝑔𝑘ℎ]– 𝛿𝑘
𝑖 [𝜆𝑙|𝑚(𝑈𝑗ℎ) + 𝜆𝑙(𝑈𝑗ℎ|𝑚) + (𝑛 – 1)𝜇𝑙|𝑚 𝑔𝑗ℎ]} . 

 

Again, using (1.23) and (1.24), in the above equation, we get 

 

(3.4)  𝐷𝑗𝑘ℎ|𝑙|𝑚
𝑖 = 𝑤𝑙𝑚𝑈𝑗𝑘ℎ

𝑖 + 𝑣𝑙𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) −
1

2
{𝛿𝑗

𝑖 [ 𝑤𝑙𝑚 𝑈𝑘ℎ + (𝑛 – 1)𝑣𝑙𝑚 𝑔𝑘ℎ]  − 𝛿𝑘
𝑖  [𝑤𝑙𝑚𝑈𝑗ℎ + (n – 1)𝑣𝑙𝑚 𝑔𝑗ℎ]  

 

Where 𝑤𝑙𝑚 = 𝜆𝑙׀𝑚 + 𝜆𝑙 𝜆𝑚 and 𝑣𝑙𝑚 = 𝜆𝑙 𝜇𝑚 + 𝜇𝑙׀𝑚 

 

Taking ℎ −covariant derivative for (3.4) in the sense of Cartan with respect to 𝑥𝑛, we get 

 

(3.5)  𝐷𝑗𝑘ℎ|𝑙|𝑚|𝑛
𝑖 = 𝑤𝑙𝑚|𝑛(𝑈𝑗𝑘ℎ

𝑖 ) + 𝑤𝑙𝑚(𝑈𝑗𝑘ℎ|𝑛
𝑖 ) + 𝑣𝑙𝑚|𝑛(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘)  

 

 −
1

2
{ 𝛿𝑗

𝑖[ 𝑤𝑙𝑚|𝑛 (𝑈𝑘ℎ) + 𝑤𝑙𝑚(𝑈𝑘ℎ|𝑛) + (𝑛 – 1)𝑣𝑙𝑚|𝑛 𝑔𝑘ℎ] 

 

 − 𝛿𝑘
𝑖 [ 𝑤𝑙𝑚|𝑛(𝑈𝑗ℎ) + 𝑤𝑙𝑚(𝑈𝑗ℎ|𝑛) + (𝑛 – 1)𝑣𝑙𝑚|𝑛 𝑔𝑗ℎ]} . 

 

Again, by using (1.23) and (1.24) in (3.5), we get 

 

(3.6)  𝐷𝑗𝑘ℎ|𝑙|𝑚|𝑛
𝑖 = 𝑎𝑙𝑚𝑛𝑈𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘)  

 

 −
1

2
{𝛿𝑗

𝑖[𝑎𝑙𝑚𝑛 𝑈𝑘ℎ + (𝑛 – 1) 𝑏𝑙𝑚𝑛 𝑔𝑘ℎ] − 𝛿𝑘
𝑖 [𝑎𝑙𝑚𝑛𝑈𝑗ℎ + (𝑛 – 1)𝑏𝑙𝑚𝑛 𝑔𝑗ℎ]}, 

 

Where 𝑎𝑙𝑚𝑛 = 𝑤𝑙𝑚|𝑛 + 𝑤𝑙𝑚𝜆𝑛 and 𝑏𝑙𝑚𝑛 = 𝑤𝑙𝑚 𝜇𝑛 + 𝑣𝑙𝑚|𝑛 are non-zero covariant tensors fields of the third order.  

 

In view of (2.2) and (2.7), we get (3.7)  𝐷𝑗𝑘ℎ|𝑙|𝑚|𝑛
𝑖 = 𝑈𝑗𝑘ℎ|𝑙|𝑚|𝑛

𝑖 −
1

2
(𝛿𝑗

𝑖𝑈𝑘ℎ||𝑙|𝑚|𝑛 − 𝛿𝑘
𝑖 𝑈𝑗ℎ||𝑙|𝑚|𝑛) 

 

Thus, we get 

Theorem 3.1. In 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, the 𝐺ℎ −covariant derivative of third order for Douglas tensor 𝐷𝑗𝑘ℎ
𝑖  is given by (3.7). 

By taking the ℎ −covariant derivative of equation (1.16) with respect to 𝑥𝑙 in the sense of Cartan, we obtain 

(3.8) 𝑈𝑘ℎ|𝑙 =
2

(𝑛+1)
𝐺𝑘ℎ|𝑙, 

 

Which can be expressed as (3.9) (𝑛 + 1)𝑈𝑘ℎ||𝑙 − 2𝐺𝑘ℎ|𝑙 = 0 

 

By substituting (1.24) into (3.9), we obtain  

 

(3.10) (𝑛 + 1)[𝜆𝑙𝑈𝑘ℎ + (𝑛 − 1)𝜇𝑙 𝑔𝑘ℎ] − [𝜆𝑙𝐺𝑘ℎ + (𝑛 − 1)𝜇𝑙 𝑔𝑘ℎ] = 0 

 

By applying the differential (3.10) twice and taking the covariant derivative in the sense of Cartan with respect to 𝑥𝑚 and 𝑥𝑛 

successively, we obtain 

 

(3.11) (𝑛 + 1)[𝑎𝑙𝑚𝑛𝑈𝑘ℎ + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑔𝑘ℎ] − 2[𝑎𝑙𝑚𝑛𝐺𝑘ℎ + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑔𝑘ℎ] = 0, 

 

Where 𝑎𝑙𝑚𝑛 = 𝑤𝑙𝑚|𝑛 + 𝑤𝑙𝑚𝜆𝑛 and 𝑏𝑙𝑚𝑛 = 𝑤𝑙𝑚 𝜇𝑛 + 𝑣𝑙𝑚|𝑛 are non-zero covariant tensors field of the third order.  

In view of (2.7), we get  

(3.12) 𝑈𝑘ℎ|𝑙|𝑚|𝑛 =
2

(𝑛+1)
𝐺𝑘ℎ|𝑙|𝑚|𝑛 . 

 

Thus, we get 

Corollary 3.1. In 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, the identity(3.12) holds. 
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Taking ℎ −covariant derivative for (1.12) in the sense of Cartan with respect to 𝑥𝑙, 𝑥𝑚 and 𝑥𝑛, successively and using (1.5c), we 

get (3.13) ( 𝑈𝑗𝑘ℎ
𝑖  𝑦ℎ )|𝑙|𝑚|𝑛 = ( 𝑈𝑗𝑘ℎ|𝑙|𝑚|𝑛

𝑖 ) 𝑦ℎ, 

 

Where the ℎ −covariant derivative of 𝑦ℎ identically vanish. By using (2.2) in (3.13), we get  

 

( 𝑈𝑗𝑘ℎ
𝑖  𝑦ℎ )|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛 𝑈𝑗𝑘ℎ

𝑖 𝑦ℎ + 𝑏𝑙𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) 𝑦ℎ, 

 

By using (1.2) and (1.4b) in above equation, we get 

 

(3.14) ( 𝑈𝑗𝑘ℎ
𝑖  𝑦ℎ )|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛 𝑈𝑗𝑘

𝑖 + 𝑏𝑙𝑚𝑛(𝛿𝑘
𝑖 𝑦𝑗 − 𝑦𝑖𝑔𝑗𝑘) . 

 

In view of (2.5), we get 

 

(3.15) ( 𝑈𝑗𝑘ℎ
𝑖  𝑦ℎ )|𝑙|𝑚|𝑛 = 𝑈𝑗𝑘|𝑙|𝑚|𝑛

𝑖  . 

 

Therefore,  

 

Corollary 3.2. In 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, the identity (3.15) is valid. 

 

4. The Necessary and Sufficient Condition s in 𝑮𝑼|𝒉-𝑻𝑹𝑭𝒏 

This section focuses on the identification and characterization of the necessary and sufficient conditions within the framework of 

𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛 . We find the necessary and sufficient condition for some tensors to be generalized trirecurrent tensors in 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛 . 

 

By partially differentiating (2.11) with respect to 𝑦ℎ and applying (1.6b), we obtain 

 

(4.1) 𝜕̇ℎ(𝑈𝑗׀𝑙׀𝑚׀𝑛) = (𝜕̇𝑗𝑎𝑙𝑚𝑛 )𝑈𝑗 + 𝑎𝑙𝑚𝑛 (𝜕̇ℎ 𝑈𝑗) + (𝑛– 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛 )𝑦𝑗 + (𝑛 − 1)𝑏𝑙𝑚𝑛  𝑔𝑗ℎ . 

 

By applying the commutation formula given in (1.7) to (𝑈𝑗׀𝑙׀𝑚) in (4.1), we obtain  

 

(4.2) (𝜕̇ℎ𝑈𝑗׀𝑙׀𝑚 )׀𝑛
− 𝑈𝑟׀𝑙׀𝑚(𝜕̇ℎГ𝑗𝑛

∗𝑟) – 𝑈𝑗׀𝑟׀𝑚(𝜕̇ℎГ𝑙𝑛
∗𝑟) – 𝑈𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛

∗𝑟 ) – (𝜕𝑟̇𝑈𝑗׀𝑙׀𝑚 ) 𝑃ℎ𝑛
𝑟   

 

 = (𝜕̇𝑗𝑎𝑙𝑚𝑛 )𝑈𝑗  + 𝑎𝑙𝑚𝑛 ( 𝜕̇ℎ 𝑈𝑗 )  + (𝑛 − 1)( 𝜕̇𝑗𝑏𝑙𝑚𝑛 ) 𝑦𝑗 + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑔𝑗ℎ .  

 

Again, by applying the commutation formula given in (1.7) to (Uj׀l) in (4.2), we obtain 

 

(4.3) [(𝜕̇ℎ𝑈𝑗׀𝑙 )׀𝑚
− 𝑈𝑟׀𝑙(𝜕̇ℎГ𝑗𝑚

∗𝑟 ) − 𝑈𝑗׀𝑟(𝜕̇ℎГ𝑙𝑚
∗𝑟 ) − (𝜕𝑟

̇ 𝑈𝑗׀𝑙 )𝑃ℎ𝑚
𝑟 ]

𝑛׀

 

− 𝑈𝑟׀𝑙׀𝑚(𝜕̇ℎГ𝑗𝑛
∗𝑟) − 𝑈𝑗׀𝑟׀𝑚(𝜕̇ℎГ𝑙𝑛

∗𝑟 ) − 𝑈𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛 
∗𝑟 ) 

 

−[ (𝜕𝑟
̇ 𝑈𝑗׀𝑙 )׀𝑚 − 𝑈𝑠׀𝑙(𝜕𝑟  ̇ Г𝑗𝑚

∗𝑠 ) − 𝑈𝑗׀𝑠(𝜕𝑟
̇ Г𝑙𝑚

∗𝑠 ) − (𝜕𝑠
̇ 𝑈𝑗׀𝑙 ) 𝑃𝑟𝑚

𝑠  ] 𝑃ℎ𝑛
𝑟  

 

= (𝜕̇𝑗𝑎𝑙𝑚𝑛 )𝑈𝑗  + 𝑎𝑙𝑚𝑛 (𝜕̇ℎ𝑈𝑗) + (𝑛 − 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛) 𝑦𝑗 + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑔𝑗ℎ .  

 

Again, the application of the commutation formula exhibited by (1.7) for (𝑈𝑗) in (4.3), we get  

(4.5) {[ (𝜕̇ℎ𝑈𝑗 )׀𝑙 − 𝑈𝑟(𝜕̇ℎГ𝑗𝑙
∗𝑟) − (𝜕𝑟

̇ 𝑈𝑗 ) 𝑃ℎ𝑙 
𝑟 𝑚׀[ − 𝑈𝑟׀𝑙(𝜕̇ℎГ𝑗𝑚

∗𝑟  −𝑈𝑗׀𝑟(𝜕̇ℎГ𝑙𝑚
∗𝑟 ) 

  
− [(𝜕𝑟

̇ 𝑈𝑗 )׀𝑙 − 𝑈𝑠(𝜕𝑟
̇ Г𝑗𝑙 

∗𝑠) − (𝜕𝑠 ̇ 𝑈𝑗 ) 𝑃𝑟𝑙
𝑠  ] 𝑃ℎ𝑚 

𝑟 }
𝑛׀

− 𝑈𝑟׀𝑙׀𝑚(𝜕̇ℎГ𝑗𝑛 
∗𝑟 )– 𝑈𝑗|𝑟|𝑚 (𝜕̇ℎГ𝑙𝑛

∗𝑟)  

 

−𝑈𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛
∗𝑟 ) − {[(𝜕𝑟

̇ 𝑈𝑗)׀𝑙 − 𝑈𝑠(𝜕𝑟
̇ Г𝑗𝑙

∗𝑠) − (𝜕𝑠
̇ 𝑈𝑗 ) 𝑃𝑟𝑙 

𝑠 𝑚׀[ − 𝑈𝑠׀𝑙(𝜕𝑟  ̇ Г𝑗𝑚
∗𝑠 )  − 𝑈𝑗|𝑠(𝜕𝑟

̇ Г𝑙𝑚
∗𝑠 ) − [(𝜕𝑠

̇ 𝑈𝑗 )׀𝑙 − 𝑈𝑝(𝜕𝑠
̇ Г𝑗𝑙

∗𝑝
) −

(𝜕𝑝
̇ 𝑈𝑗) 𝑃𝑠𝑙 

𝑝
] 𝑃𝑟𝑚 

𝑠 } 𝑃ℎ𝑛 
𝑟   

 = (𝜕̇𝑗𝑎𝑙𝑚𝑛)𝑈𝑗 + 𝑎𝑙𝑚𝑛(𝜕̇ℎ𝑈𝑗) + (n − 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛 ) 𝑦𝑗 + (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑔𝑗ℎ .  

 

Suppose that 𝜕̇ℎ𝑈𝑗 = 𝑈𝑗ℎ, we get 

 

(4.6) 𝑈𝑗ℎ|𝑙|𝑚|𝑛 {[ − 𝑈𝑟(𝜕̇ℎГ𝑗𝑙
∗𝑟) − 𝑈𝑗𝑟 𝑃ℎ𝑙 

𝑟 𝑚׀[ − 𝑈𝑟׀𝑙(𝜕̇ℎГ𝑗𝑚
∗𝑟 ) −𝑈𝑗׀𝑟(𝜕̇ℎГ𝑙𝑚

∗𝑟 ) 

 
 

−[𝑈𝑗𝑟|𝑙 − 𝑈𝑠(𝜕𝑟
̇ Г𝑗𝑙 

∗𝑠) − 𝑈𝑗𝑠 𝑃𝑟𝑙
𝑠 ] 𝑃ℎ𝑚

𝑟 }
𝑛׀

−𝑈𝑟׀𝑙׀𝑚(𝜕̇ℎГ𝑗𝑛
∗𝑟)– 𝑈𝑗|𝑟|𝑚(𝜕̇ℎГ𝑙𝑛

∗𝑟)– 𝑈𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛
∗𝑟 )  

 

 − {[𝑈𝑗𝑟|𝑙 − 𝑈𝑠(𝜕𝑟
̇ Г𝑗𝑙

∗𝑠) − 𝑈𝑗𝑠 𝑃𝑟𝑙 
𝑠 ]

𝑚׀
− 𝑈𝑠׀𝑙[(𝜕𝑟̇Г𝑗𝑚

∗𝑠  −𝑈𝑗|𝑠(𝜕𝑟
̇ Г𝑙𝑚

∗𝑠 ) − 𝑈𝑗𝑠|𝑙 − 𝑈𝑝(𝜕𝑠
̇ Г𝑗𝑙

∗𝑝
) 

https://www.mathematicaljournal.com/


 

~97~ 

Journal of Mathematical Problems, Equations and Statistics www.mathematicaljournal.com 
 

 

 − 𝑈𝑗𝑝 𝑃𝑠𝑙 
𝑝

]𝑃𝑟𝑚 
𝑠 } 𝑃ℎ𝑛 

𝑟 = (𝜕̇𝑗𝑎𝑙𝑚𝑛 )𝑈𝑗 + 𝑎𝑙𝑚𝑛 (𝑈𝑗ℎ ) + (𝑛 − 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛)𝑦𝑗 + (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝑔𝑗ℎ.  

 

In view of (2.7), we get 

 

(4.7) 𝑈𝑗ℎ|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛 𝑈𝑗ℎ − (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝑔𝑗ℎ  

 

If and only if 

 

(4.8) {[ − 𝑈𝑟(𝜕̇ℎГ𝑗𝑙
∗𝑟) − 𝑈𝑗𝑟𝑃ℎ𝑙 

𝑟 𝑚׀[ − 𝑈𝑟׀𝑙(𝜕̇ℎГ𝑗𝑚
∗𝑟 ) −𝑈𝑗׀𝑟(𝜕̇ℎГ𝑙𝑚

∗𝑟 ) − [ 𝑈𝑗𝑟|𝑙 − 𝑈𝑠(𝜕𝑟
̇ Г𝑗𝑙 

∗𝑠) 

 

 
 

− 𝑈𝑗𝑠 𝑃𝑟𝑙
𝑠  ] 𝑃ℎ𝑚 

𝑟 }
𝑛׀

− 𝑈𝑟׀𝑙׀𝑚 (𝜕̇ℎГ𝑗𝑛 
∗𝑟 )– 𝑈𝑗|𝑟|𝑚(𝜕̇ℎГ𝑙𝑛

∗𝑟)– 𝑈𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛
∗𝑟 )  

 

 −{[ 𝑈𝑗𝑟|𝑙 − 𝑈𝑠(𝜕𝑟 ̇ Г𝑗𝑙
∗𝑠) − 𝑈𝑗𝑠 𝑃𝑟𝑙 

𝑠 𝑚׀[ − 𝑈𝑠׀𝑙(𝜕𝑟
̇ Г𝑗𝑚

∗𝑠  − 𝑈𝑗|𝑠(𝜕𝑟  ̇ Г𝑙𝑚
∗𝑠 ) − [𝑈𝑗𝑠|𝑙 − 𝑈𝑝(𝜕𝑠 ̇ Г𝑗𝑙

∗𝑝
) 

 

 − 𝑈𝑗𝑝 𝑃𝑠𝑙 
𝑝

]𝑃𝑟𝑚 
𝑠 } 𝑃ℎ𝑛 

𝑟 − (𝜕̇𝑗𝑎𝑙𝑚𝑛 )𝑈𝑗 − (𝑛 − 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛) 𝑦𝑗 = 0  

 

Thus, we get 
Theorem 4.1. In 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, 𝑈-Ricci tensor 𝑈𝑗𝑘 is 𝐺ℎ- 𝑇𝑅 If and only if (4.8) holds. 

 

Differentiating (2.6) partially with respect to 𝑦ℎ and using (1.6b), we get  

 

(4.9) 𝜕̇ℎ(𝐺𝑗׀𝑙׀𝑚׀𝑛) = (𝜕̇𝑗𝑎𝑙𝑚𝑛)𝐺𝑗 + 𝑎𝑙𝑚𝑛 (𝜕̇ℎ𝐺𝑗) + (𝑛– 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛)𝑦𝑗 + (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝑔𝑗ℎ .  

 

Using the commutation formula exhibited by (1.7) for (𝐺𝑗׀𝑙׀𝑚) in (4.9), we get  

 

(4.10) (𝜕̇ℎ𝐺𝑗׀𝑙׀𝑚)׀𝑛 − 𝐺𝑟׀𝑙׀𝑚(𝜕̇ℎГ𝑗𝑛
∗𝑟) − 𝐺𝑗׀𝑟׀𝑚(𝜕̇ℎГ𝑙𝑛

∗𝑟) − 𝐺𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛
∗𝑟 ) − (𝜕𝑟̇𝐺𝑗׀𝑙׀𝑚)𝑃ℎ𝑛

𝑟   

 

= (𝜕̇𝑗𝑎𝑙𝑚𝑛 ) 𝐺𝑗  + 𝑎𝑙𝑚𝑛 ( 𝜕̇ℎ 𝐺𝑗  )  + (n − 1) ( 𝜕̇𝑗𝑏𝑙𝑚𝑛 ) 𝑦𝑗  +  (𝑛 − 1)𝑏𝑙𝑚𝑛 𝑔𝑗ℎ.  

 

Again, using commutation formula exhibited by (1.7) for (𝐺𝑗׀𝑙) in (4.10), we get 

 

(4.11) {(𝜕̇ℎ𝐺𝑗׀𝑙)׀𝑚
− 𝐺𝑟׀𝑙(𝜕̇ℎГ𝑗𝑚

∗𝑟 ) − 𝐺𝑗׀𝑟(𝜕̇ℎГ𝑙𝑚
∗𝑟 ) − (𝜕𝑟

̇ 𝐺𝑗׀𝑙)𝑃ℎ𝑚
𝑟 – 𝑛׀{ 𝐺𝑟׀𝑙׀𝑚(𝜕̇ℎГ𝑗𝑛

∗𝑟) 

 

  − 𝐺𝑗׀𝑟׀𝑚(𝜕̇ℎГ𝑙𝑛
∗𝑟) − 𝐺𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛

∗𝑟 )– {(𝜕𝑟
̇ 𝐺𝑗׀𝑙)׀𝑚 − 𝐺𝑠׀𝑙(𝜕𝑟

̇ Г𝑗𝑚
∗𝑠 ) – 𝐺𝑗׀𝑠(𝜕𝑟

̇ Г𝑙𝑚
∗𝑠 )  − (𝜕𝑠

̇ 𝐺𝑗׀𝑙) 𝑃𝑟𝑚
𝑠 }𝑃ℎ𝑛

𝑟 = (𝜕̇𝑗𝑎𝑙𝑚𝑛)𝐺𝑗 + 𝑎𝑙𝑚𝑛(𝜕̇ℎ𝐺𝑗) +

 (𝑛 − 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛) 𝑦𝑗 + (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝑔𝑗ℎ . 

 

Again, the application of the commutation formula exhibited by (1.7) for (𝐺𝑗) in (4.11), we get (4.12)  

 

{[(𝜕̇ℎ𝐺𝑗 )׀𝑙 − 𝐺𝑟(𝜕̇ℎГ𝑗𝑙
∗𝑟) − (𝜕𝑟

̇ 𝐺𝑗 ) 𝑃ℎ𝑙 
𝑟 𝑚׀[ − 𝐺𝑟׀𝑙(𝜕̇ℎГ𝑗𝑚

∗𝑟 ) −𝐺𝑗׀𝑟(𝜕̇ℎГ𝑙𝑚
∗𝑟 ) 

 

 − [(𝜕𝑟
̇ 𝐺𝑗 )׀𝑙 − 𝐺𝑠( 𝜕𝑟

̇ Г𝑗𝑙 
∗𝑠)

 
− (𝜕𝑠

̇ 𝐺𝑗 ) 𝑃𝑟𝑙
𝑠 ] 𝑃ℎ𝑚 

𝑟 }
𝑛׀

− 𝐺𝑟׀𝑙׀𝑚 (𝜕̇ℎГ𝑗𝑛 
∗𝑟 ) − 𝐺𝑗|𝑟|𝑚 (𝜕̇ℎГ𝑙𝑛

∗𝑟) 

 

 − 𝐺𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛
∗𝑟 ) − {[(𝜕𝑟  ̇ 𝐺𝑗)׀𝑙 − 𝐺𝑠(𝜕𝑟

̇ Г𝑗𝑙
∗𝑠) − (𝜕𝑠

̇ 𝐺𝑗) 𝑃𝑟𝑙 
𝑠 𝑚׀[ − 𝐺𝑠׀𝑙(𝜕𝑟

̇ Г𝑗𝑚
∗𝑠 ) 

 

 − 𝐺𝑗|𝑠(𝜕𝑟
̇ Г𝑙𝑚

∗𝑠 ) − [(𝜕𝑠 ̇ 𝐺𝑗 )׀𝑙 − 𝐺𝑝(𝜕𝑠
̇ Г𝑗𝑙

∗𝑝
) − (𝜕𝑝

̇ 𝐺𝑗) 𝑃𝑠𝑙 
𝑝

] 𝑃𝑟𝑚 
𝑠 }𝑃ℎ𝑛 

𝑟   

 

 = (𝜕̇𝑗𝑎𝑙𝑚𝑛 )𝐺𝑗 + 𝑎𝑙𝑚𝑛 (𝜕̇ℎ𝐺𝑗) + (𝑛 − 1)(𝜕̇𝑗𝑏𝑙𝑚𝑛) 𝑦𝑗 + (𝑛 − 1) 𝑏𝑙𝑚𝑛 𝑔𝑗ℎ  

 

Suppose that 𝜕̇ℎ𝐺𝑗 = 𝐺𝑗ℎ, we get 

 

(4.13) 𝐺𝑗ℎ|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛 𝐺𝑗ℎ + (1 − 𝑛) 𝑏𝑙𝑚𝑛 𝑔𝑗ℎ . 

 

If and only if 

 

(4.14) {[− 𝐺𝑟(𝜕̇ℎГ𝑗𝑙
∗𝑟) − (𝐺𝑗𝑟) 𝑃ℎ𝑙 

𝑟 𝑚׀[ − 𝐺𝑟׀𝑙(𝜕̇ℎГ𝑗𝑚
∗𝑟 )  − 𝐺𝑗׀𝑟(𝜕̇ℎГ𝑙𝑚

∗𝑟 ) − [ (𝐺𝑗𝑟)׀𝑙 − 𝐺𝑠(𝜕𝑟
̇ Г𝑗𝑙 

∗𝑠) 
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 −(𝐺𝑗𝑠) 𝑃𝑟𝑙
𝑠  ]𝑃ℎ𝑚 

𝑟 }
𝑛׀

 − 𝐺𝑟׀𝑙׀𝑚 (𝜕̇ℎГ𝑗𝑛 
∗𝑟 ) − 𝐺𝑗׀𝑟׀𝑚(𝜕̇ℎГ𝑙𝑛

∗𝑟) − 𝐺𝑗׀𝑙׀𝑟(𝜕̇ℎГ𝑚𝑛
∗𝑟 ) − {[(𝐺𝑟𝑗)׀𝑙  

 

 −𝐺𝑠 (𝜕𝑟
̇ Г𝑗𝑙

∗𝑠) − (𝐺𝑗𝑠) 𝑃𝑟𝑙 
𝑠 ]׀𝑚 − 𝐺𝑠׀𝑙 (𝜕𝑟

̇ Г𝑗𝑚
∗𝑠 )− 𝐺𝑗׀𝑠(𝜕𝑟

̇ Г𝑙𝑚
∗𝑠 ) − [ (𝐺𝑗𝑠)׀𝑙 – 𝐺𝑝(𝜕𝑠

̇ Г𝑗𝑙
∗𝑝

) 

 

 −(𝐺𝑗𝑝)𝑃𝑠𝑙 
𝑝

] 𝑃𝑟𝑚
𝑠 } 𝑃ℎ𝑛 

𝑟 – (𝜕̇𝑗𝑎𝑙𝑚𝑛) 𝐺𝑗  – (1 − 𝑛) (𝜕̇𝑗𝑏𝑙𝑚𝑛 𝑦𝑘) = 0  

 

Thus, we get 
Theorem 4.2. In 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, then the components of the 𝐺-Ricci tensor 𝐺𝑗𝐻 is 𝐺ℎ- 𝑇𝑅 If and only if (4.14) holds. 

 

Differential (2.5) partially with respect to 𝑦ℎ, we get 

 

(4.15) 𝜕̇ℎ (𝑈
𝑗𝑘׀𝑙׀𝑚|𝑛
𝑖 ) = 𝜕̇ℎ(𝑎𝑙𝑚𝑛)  𝑈𝑗ℎ

𝑖 + 𝑎𝑙𝑚𝑛(𝜕̇ℎ𝑈𝑗𝑘
𝑖 )  

 

+𝜕̇ℎ(𝑏𝑙𝑚𝑛)(𝛿𝑘
𝑖  𝑦𝑗  – 𝑦𝑖𝑔𝑗𝑘) + 𝑏𝑙𝑚𝑛(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿𝑘
𝑖 𝑔𝑗𝑘)  

 

Using the commutation formula exhibited by (1.7) for 𝑈
𝑗𝑘׀𝑙׀𝑚
𝑖  in (4.15), we get 

 

(4.16) (𝜕̇ℎ𝑈
𝑗𝑘׀𝑙׀𝑚
𝑖 )

|𝑛
+ 𝑈

𝑗𝑘׀𝑙׀𝑚
𝑟 (𝜕̇ℎ𝛤𝑟𝑛

∗𝑖) − 𝑈
𝑟𝑘׀𝑙׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑗𝑛

∗𝑟) − 𝑈
𝑗𝑟׀𝑙׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑘𝑛

∗𝑟) −𝑈
𝑗𝑘׀𝑟׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑙𝑛

∗𝑟) 

 

 − 𝑈
𝑗𝑘׀𝑙׀𝑟
𝑖 (𝜕̇ℎ𝛤𝑚𝑛

∗𝑟 ) − 𝜕̇𝑟 (𝑈
𝑗𝑘׀𝑙׀𝑚
𝑖 ) 𝑃ℎ𝑛

𝑟 = 𝜕̇ℎ(𝑎𝑙𝑚𝑛)  𝑈𝑗ℎ
𝑖 + 𝑎𝑙𝑚𝑛(𝜕̇ℎ𝑈𝑗𝑘

𝑖 ) 

 

 + 𝜕̇ℎ(𝑏𝑙𝑚𝑛)(𝛿𝑘
𝑖  𝑦𝑗  – 𝑦𝑖 𝑔𝑗𝑘) + 𝑏𝑙𝑚𝑛(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿𝑘
𝑖 𝑔𝑗𝑘)  

 

Again, using the commutation formula exhibited by (1.7) for 𝑈
𝑗𝑘׀𝑙
𝑖  in (4.16), we get 

 

(4.17) [(𝜕̇ℎ𝑈
𝑗𝑘׀𝑙
𝑖 )|𝑚 + 𝑈

𝑗𝑘׀𝑙
𝑟 (𝜕̇ℎ𝛤𝑟𝑚

∗𝑖 ) − 𝑈
𝑟𝑘׀𝑙
𝑖 (𝜕̇ℎ𝛤𝑗𝑚

∗𝑟) − 𝑈
𝑗𝑟׀𝑙
𝑖 (𝜕̇ℎ𝛤𝑘𝑚

∗𝑟 ) − 𝑈
𝑗𝑘׀𝑟
𝑖 (𝜕̇ℎ𝛤𝑙𝑚

∗𝑟)  

 

 − 𝜕̇𝑟(𝑈
𝑗𝑘׀𝑙
𝑖 )𝑃ℎ𝑚

𝑟  ]|𝑛 + 𝑈
𝑗𝑘׀𝑙׀𝑚
𝑟 (𝜕̇ℎ𝛤𝑟𝑛

∗𝑖) − 𝑈
𝑟𝑘׀𝑙׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑗𝑛

∗𝑟) − 𝑈
𝑗𝑟׀𝑙׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑘𝑛

∗𝑟) 

 

 − 𝑈
𝑗𝑘׀𝑟׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑙𝑛

∗𝑟) − 𝑈
𝑗𝑘׀𝑙׀𝑟
𝑖 (𝜕̇ℎ𝛤𝑚𝑛

∗𝑟 ) − [(𝜕̇𝑟𝑈
𝑗𝑘׀𝑙
𝑖 )|𝑚 + 𝑈

𝑗𝑘׀𝑙
𝑠 (𝜕̇𝑟𝛤𝑠𝑚

∗𝑖 ) − 𝑈
𝑠𝑘׀𝑙
𝑖 (𝜕̇𝑟𝛤𝑗𝑚

∗𝑠) 

 

 − 𝑈
𝑗𝑠׀𝑙
𝑖 (𝜕̇𝑟𝛤𝑘𝑚

∗𝑠 )  − 𝑈
𝑗𝑘׀𝑠
𝑖 (𝜕̇𝑟𝛤𝑙𝑚

∗𝑠) − 𝜕̇𝑠(𝑈
𝑗𝑘׀𝑙
𝑖 )𝑃𝑟𝑚

𝑠 ]𝑃ℎ𝑚
𝑟 = 𝜕̇ℎ(𝑎𝑙𝑚𝑛)𝑈𝑗ℎ

𝑖 + 𝑎𝑙𝑚𝑛(𝜕̇ℎ𝑈𝑗𝑘
𝑖 ) 

 

 + 𝜕̇ℎ(𝑏𝑙𝑚𝑛)(𝛿𝑘
𝑖  𝑦𝑗  – 𝑦𝑖𝑔𝑗𝑘) + 𝑏𝑙𝑚𝑛(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿𝑘
𝑖 𝑔𝑗𝑘 )  

 

Again, using the commutation formula exhibited by (1.7) for 𝑈𝑗𝑘
𝑖  in (4.17), we get 

 

(4.18) (𝜕̇ℎ𝑈𝑗𝑘
𝑖 )|𝑙|𝑚|𝑛  + {[𝑈𝑗𝑘

𝑟  (𝜕̇ℎ𝛤𝑟𝑙
∗𝑖) − 𝑈𝑟𝑘

𝑖 (𝜕̇ℎ𝛤𝑗𝑙
∗𝑟) − 𝑈𝑗𝑟

𝑖 (𝜕̇ℎ𝛤𝑘𝑙
∗𝑟)−(𝜕̇𝑟𝑈𝑗𝑘

𝑖 ) 𝑃ℎ𝑙
𝑟  ]|𝑚 

 

 + 𝑈
𝑗𝑘׀𝑙
𝑟 (𝜕̇ℎ𝛤𝑟𝑚

∗𝑖 ) − 𝑈
𝑟𝑘׀𝑙
𝑖 (𝜕̇ℎ𝛤𝑗𝑚

∗𝑟) − 𝑈
𝑗𝑟׀𝑙
𝑖  (𝜕̇ℎ𝛤𝑘𝑚

∗𝑟 ) − 𝑈
𝑗𝑘׀𝑟
𝑖  (𝜕̇ℎ𝛤𝑙𝑚

∗𝑟) 

 

 − [(𝜕̇𝑟𝑈𝑗𝑘
𝑖 )|𝑙 + 𝑈𝑗𝑘

𝑠 (𝜕̇𝑠𝛤𝑟𝑙
∗𝑖) − 𝑈𝑠𝑘

𝑖 (𝜕̇𝑟𝛤𝑗𝑙
∗𝑠) − 𝑈𝑗𝑠

𝑖  (𝜕̇ℎ𝛤𝑘𝑙
∗𝑠)−𝑈𝑗𝑘𝑠

𝑖  𝑃𝑟𝑙
𝑠  ]𝑃ℎ𝑚

𝑟  }|𝑛 

 

 + 𝑈
𝑗𝑘׀𝑙׀𝑚
𝑟 (𝜕̇ℎ𝛤𝑟𝑛

∗𝑖) − 𝑈
𝑟𝑘׀𝑙׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑗𝑛

∗𝑟) − 𝑈
𝑗𝑟׀𝑙׀𝑚
𝑟 (𝜕̇ℎ𝛤𝑘𝑛

∗𝑟) − 𝑈
𝑗𝑘׀𝑟׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑙𝑛

∗𝑟)  

 

 − 𝑈
𝑗𝑘׀𝑙׀𝑟
𝑖 (𝜕̇ℎ𝛤𝑚𝑛

∗𝑟 ) − [(𝜕̇𝑟𝑈𝑗𝑘
𝑖 )|𝑙 + 𝑈𝑗𝑘

𝑠 (𝜕̇𝑟𝛤𝑠𝑙
∗𝑖) − 𝑈𝑠𝑘

𝑖  (𝜕̇𝑟𝛤𝑗𝑙
∗𝑠) − 𝑈𝑗𝑠

𝑖 (𝜕̇𝑟𝛤𝑘𝑙
∗𝑠) − 𝑈𝑗𝑘𝑠

𝑖 𝑃𝑟𝑙
𝑠  ]|𝑚 

 

 − 𝑈
𝑗𝑘׀𝑙
𝑠 (𝜕̇𝑟𝛤𝑠𝑚

∗𝑖 ) + 𝑈
𝑠𝑘׀𝑙
𝑖 (𝜕̇𝑟𝛤𝑗𝑚

∗𝑠) + 𝑈
𝑗𝑠׀𝑙
𝑖 (𝜕̇𝑟𝛤𝑘𝑚

∗𝑠 ) + 𝑈
𝑗𝑘׀𝑠
𝑖 (𝜕̇𝑟𝛤𝑙𝑚

∗𝑠) + {[−(𝜕̇𝑠𝑈𝑗𝑘
𝑖 )|𝑙 

 

 − 𝑈𝑗𝑘
𝑝

(𝜕̇ℎ𝛤𝑝𝑙
∗𝑖) + 𝑈𝑝𝑘

𝑖 (𝜕̇ℎ𝛤𝑗𝑚
∗𝑝

) + 𝑈𝑗𝑝
𝑖 (𝜕̇ℎ𝛤𝑘𝑙

∗𝑝
) + (𝜕̇𝑝𝑈𝑗𝑘

𝑖 ) 𝑃𝑠𝑙
𝑝

]𝑃𝑟𝑚
𝑠 } = 𝜕̇ℎ(𝑎𝑙𝑚𝑛)𝑈𝑗ℎ

𝑖  

 

 + 𝑎𝑙𝑚𝑛(𝜕̇ℎ𝑈𝑗𝑘
𝑖 ) + 𝜕̇ℎ(𝑏𝑙𝑚𝑛)(𝛿𝑘

𝑖  𝑦𝑗– 𝑦𝑖𝑔𝑗𝑘) + 𝑏𝑙𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿𝑘

𝑖 𝑔𝑗𝑘 ) . 

This shows that 

 

(4.19) (𝜕̇ℎ𝑈𝑗𝑘
𝑖 )|𝑙|𝑚|𝑛 = 𝑎𝑙𝑚𝑛(𝜕̇ℎ𝑈𝑗𝑘

𝑖 ) + 𝑏𝑙𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿𝑘

𝑖 𝑔𝑗𝑘 )  
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If and only if 

 

(4.20) {[𝑈𝑗𝑘
𝑟 (𝜕̇ℎ𝛤𝑟𝑙

∗𝑖) − 𝑈𝑟𝑘
𝑖 (𝜕̇ℎ𝛤𝑗𝑙

∗𝑟) − 𝑈𝑗𝑟
𝑖 (𝜕̇ℎ𝛤𝑘𝑙

∗𝑟)− (𝑈𝑗𝑘𝑟
𝑖 )𝑃ℎ𝑙

𝑟  ]|𝑚 + 𝑈
𝑗𝑘׀𝑙
𝑟 (𝜕̇ℎ𝛤𝑟𝑚

∗𝑖 ) 

 

 − 𝑈
𝑟𝑘׀𝑙
𝑖 (𝜕̇ℎ𝛤𝑗𝑚

∗𝑟)  − 𝑈
𝑗𝑟׀𝑙
𝑖 (𝜕̇ℎ𝛤𝑘𝑚

∗𝑟 ) − 𝑈
𝑗𝑘׀𝑟
𝑖 (𝜕̇ℎ𝛤𝑙𝑚

∗𝑟) − [𝑈𝑗𝑘𝑟|𝑙
𝑖 + 𝑈𝑗𝑘

𝑠  (𝜕̇𝑠𝛤𝑟𝑙
∗𝑖) − 𝑈𝑠𝑘

𝑖 (𝜕̇𝑟𝛤𝑗𝑙
∗𝑠) 

 

 − 𝑈𝑗𝑠
𝑖 (𝜕̇ℎ𝛤𝑘𝑙

∗𝑠) −𝑈𝑗𝑘𝑠
𝑖  𝑃𝑟𝑙

𝑠  ]𝑃ℎ𝑚
𝑟  }|𝑛 + 𝑈

𝑗𝑘׀𝑙׀𝑚
𝑟 (𝜕̇ℎ𝛤𝑟𝑛

∗𝑖) − 𝑈
𝑟𝑘׀𝑙׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑗𝑛

∗𝑟) − 𝑈
𝑗𝑟׀𝑙׀𝑚
𝑟 (𝜕̇ℎ𝛤𝑘𝑛

∗𝑟) 

 

 − 𝑈
𝑗𝑘׀𝑟׀𝑚
𝑖 (𝜕̇ℎ𝛤𝑙𝑛

∗𝑟)  − 𝑈
𝑗𝑘׀𝑙׀𝑟
𝑖 (𝜕̇ℎ𝛤𝑚𝑛

∗𝑟 ) − [𝑈𝑗𝑘𝑟|𝑙
𝑖 + 𝑈𝑗𝑘

𝑠 (𝜕̇𝑟𝛤𝑠𝑙
∗𝑖) − 𝑈𝑠𝑘

𝑖 (𝜕̇𝑟𝛤𝑗𝑙
∗𝑠) 

 

 − 𝑈𝑗𝑠
𝑖 (𝜕̇𝑟𝛤𝑘𝑙

∗𝑠)− 𝑈𝑗𝑘𝑠
𝑖 𝑃𝑟𝑙

𝑠  ]|𝑚 − 𝑈
𝑗𝑘׀𝑙
𝑠 (𝜕̇𝑟𝛤𝑠𝑚

∗𝑖 ) + 𝑈
𝑠𝑘׀𝑙
𝑖 (𝜕̇𝑟𝛤𝑗𝑚

∗𝑠) + 𝑈
𝑗𝑠׀𝑙
𝑖 (𝜕̇𝑟𝛤𝑘𝑚

∗𝑠 ) 

 

 + 𝑈
𝑗𝑘׀𝑠
𝑖 (𝜕̇𝑟𝛤𝑙𝑚

∗𝑠) + {[− 𝑈𝑗𝑘𝑠|𝑙
𝑖 − 𝑈𝑗𝑘

𝑝
 (𝜕̇ℎ𝛤𝑝𝑙

∗𝑖) + 𝑈𝑝𝑘
𝑖  (𝜕̇ℎ𝛤𝑗𝑚

∗𝑝
) + 𝑈𝑗𝑝

𝑖  (𝜕̇ℎ𝛤𝑘𝑙
∗𝑝

) 

 

 + 𝑈𝑗𝑘𝑝
𝑖  𝑃𝑠𝑙

𝑝
]𝑃𝑟𝑚

𝑠 } − 𝜕̇ℎ(𝑎𝑙𝑚𝑛)  𝑈𝑗ℎ
𝑖 − 𝜕̇ℎ(𝑏𝑙𝑚𝑛)(𝛿𝑘

𝑖  𝑦𝑗– 𝑦𝑖𝑔𝑗𝑘) = 0 . 

 

Thus, we get 

Theorem 4.3. In 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛, then the tensor (𝜕̇ℎ𝑈𝑗𝑘
𝑖 ) is generalized trirecurrent If and only if (4.20) holds. 

 

5. Conclusion 

The introduction of generalized 𝑈 −trirecurrent Finsler space has significantly enriched the field of Finsler geometry. We study 

the Douglas tensor  𝐷𝑗𝑘ℎ
𝑖  and some tensors in 𝐺𝑈|ℎ-𝑇𝑅𝐹𝑛 by using the 𝐺ℎ −covariant derivative of third order and we studied the 

relationship between them. Further, we obtained the condition for (𝜕̇ℎ𝑈𝑗𝑘
𝑖 ) to be trirecurrent. The results presented in this paper 

open up new avenues for further research. 

 

6. Recommendations for Future Research 

 Investigate the relationship between generalized 𝑈 −trirecurrent Finsler spaces and other geometric structures, such as 

conformal Finsler geometry. 

 Develop numerical methods for studying the properties of generalized 𝑈 −trirecurrent Finsler space. 
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