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Abstract

This paper investigates generalized U),-Trirecurrent space within the framework of Finsler geometry,
where the curvature tensor satisfies specific birecurrent properties. We derive the condition for a space to
be classified as a generalized U, -Trirecurrent space and introduce related curvature tensors and covariant
derivatives. The study includes essential identities satisfied by these tensors and their implications in the
context of Finsler spaces with Cartan's second kind covariant derivatives. We also examine necessary and
sufficient conditions for certain tensors to be classified as generalized trirecurrent tensors. Several
theorems are established, providing detailed relationships between the generalized curvature tensors,
torsion, and the covariant derivatives of third order. This paper aims to extend the understanding of
curvature structures in Finsler spaces and their geometrical significance.

Keywords: Generalized U}, Tirecurrent space, curvature tensors, cartan's connection, covariant
derivative

1. Introduction

Finsler geometry, as a generalization of Riemannian geometry, provides a powerful framework
to study spaces where the notion of distance varies in different directions. One of the key
features in Finsler spaces is the curvature tensor, which encapsulates the geometric properties
of the space.

Notable works include those by Al-Qashbari et al. -, who explore various extensions and
generalizations of recurrent Finsler spaces, such as generalized Uy,,-birecurrent space and K-
recurrent space. Other significant contributions come from Hadi 4, who studied generalized
birecurrent Finsler spaces. Bacso & Matsumoto ! introduced foundational knowledge on the
broader Finsler geometry and curvature tensors, enriching the theoretical framework used in
modern studies. These works, along with the contributions from Qasem & Saleem 19, Pandey
et al. %8 and others. Form a comprehensive basis for the current study, advancing both the
theory and applications of Finsler spaces in differential geometry. The generalized
birecurrence and trirecurrence properties for various curvature tensors have been discussed by
[2.3.11,13.17] Recently, Saleem and Abdallah %] introduced the generalized U;-recurrent Finsler

space.

Let us consider a set of quantities g;; (x, y) defined by (-2

(L) gy (63) = 30,25, )

Where g;; is positively homogeneous of degree zero in directional arguments.
(12)y; = gi; ¥’

The quantities g;; and g Jk are related by

lifi=k,

gk = sk =
(13)gyg”" = o {Oifi;tk.
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The vectors y; and y,, related with g;, and g by
(1.4) @) 8L y; = ¥k, b) 8Ey* = ¥, ¢) 8 g = gju, d) 9, ¥ = 61, €) 1 g7* = g'*,f) 6} 6] = 8L and g) 6} =n..

The h-covariant derivative of the metric tensor g;;, the associate metric tensor gY, the vectors y ! and y; and the function F
vanish identically, i. e. given by

(15)a) gij =0b)gjp = 0,0) ¥ =0,d) y; =0ande) F; = 0.
The vectors y; and y/ satisfies the following relations
(16) a)y;y/ =F2andb)d,y; =g;;.

For an arbitrary vector field X¢, the h-covariant derivative differentiation with respect to x*, defined above, commutes with the
partial differentiation with respect to y/ according to [1%

(1.7)a) 9;(X i) — (9;X7),, = X"(9;T7) — (9:X ) Pfy., where b) Pfi = (T3 ) y" =T y ™.

The tensor U}y, that denoted the tensor [T}, defined by [*5 1€

. ; 1 . .
(1-8) Ujlkh = Gjlkh + _(6]'1Glzhr + ylGﬁchr) '

(n+1)

Also, the tensor Uj"kh is called h(v) —curvature tensor and it is homogeneous of degree -1 in y* and symmetric in its last two
indices, i.e.

(1.9) Ufin = Ujne

Furthermore, this tensor satisfies the following properties:

(1.10) Uﬁch = Uj’;lk'

(1.11) Uy, = Ui,

(1.12) Ujikh yh= Ujihk yh= jik

(113) Up ¥y’ = 0.

The U-Ricci tensor Uy, of the projective connection coefficients satisfies the following
(1.14) Uiikh = Ugn,

(1.15) Ui, = U,

2
(116) Ukh = _Gkh’

(n+1)

Where the tensor G, is components of the call G-Ricci tensor. The U-torsion tensor U, satisfies
(1.17) Ujy, = U,

(1.18) Ujy, = Ujyp ¥,

(1.19) jik = ﬁ ijkhr

(1.20) U}, y* =0

(121) Uf = ¢,

(1.22) Ujyy = Gy

~g~
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The U™-recurrent space, U"-birecurrent space and generalized U;-trirecurrent space are characterized by [2%24 21,
_— . .
Uikt = & Uien» Uigen, # 0,
; 3 .
Uiknjijm = @m Uikn »

i _ i
Uiknjimin = bumn Uikn »

Respectively.
Also, the generalized Uy;-recurrent Finsler space introduced by (221 which curvature tensor jikh satisfies the following condition

(1.23) Ujy = £ + 11 (8kgjn = Sh90),

Where £, and y; are non-zero covariant tensors fields of the first order. | is called h —covariant derivative with respect to x'.
Contracting the indices i and h in (1.23), using (1.15), (1.4g) and (1.4c), we get (1.24) Ujp;, = &Ujp + w(n — 1 gjp .

By taking the h —covariant derivative of equation (1.23) with respect to x™, in the sense of Cartan, and applying equation (1.5a),
we obtain:

(1.25) Ujikm“m = Ly Uen + AlU].ikhlm + Uy (BEgin — L)1) -

Using (1.23) in the above equation we get

Uinm = AmUfien + 24 (AmU}kh + i (8kgjn = 5951) ) + M (8k9jn — Sk -
This simplifies to
(1.26) Ujikh,“m = WimUjxn + vim (6kgjn — 8L9jk), Ufen # 0,

Where wy,,, = 4;,,, + LA, and vy, = A, + py,,, are non-zero covariant curvature tensors fields of second order.

lm

This paper is focused on exploring generalized trirecurrent spaces, which are defined by specific conditions involving the
curvature tensor and Cartan's second kind covariant derivative. The study aims to derive necessary and sufficient conditions for
spaces to exhibit these properties and establish fundamental identities that hold within such spaces. We begin by introducing the
generalization of the h(v) —curvature tensor, its covariant derivatives, and the associated relations.

2. On Generalized U, -Trirecurrent Space

This paper explores the properties and characteristics of generalized U,-Trirecurrent spaces, focusing on their structural and
geometric aspects. The study delves into the role of curvature tensors and their interactions within these spaces, aiming to uncover
new relationships and classifications that contribute to the broader field of Finsler geometry. By extending the theory of recurrent
spaces, this work provides valuable insights into the behavior and classification of generalized Uj,-Trirecurrent space, enhancing
the understanding of advanced differential geometry.

Let us consider a Finsler space F, which the h(v) —curvature tensor field U}kh satisfies the general birecurrence property with
respect to Cartan’s connection parameter '}, i.e., characterized by the following condition (1.26).

By taking the h —covariant derivative of equation (1.26) with respect to x™ in the sense of Cartan, and applying equation (1.5a),
we obtain

(2.1) Ujikh,u,nm = Wlm|ntikh + WlmUjikh|n + Vinin (85950 — 19 j1c)s

Substitution of equation (1.23) in (2.1), we get

(2.2) Ujikh,u,nm = alanjikh + bnn (8691 — Bk jic)s Ujikh #0.

Where a;mn = Wimjn + Windyn and by, = Wi tn + Vimjn are non-zero covariant tensors fields of the third order.

Definition 2.1. A Finsler space F, which h(v) —curvature tensor U}kh satisfies the condition (2.2), where a;,,,, and b;,,,, are non-
zero covariant vector field of third order, is called a generalized U, -trirecurrent space and the tensor will be called generalized h-
trirecurrent tensor, we shall denoted them briefly by GU,,-TRE, and Gh-TR, respectively.

Remark 2.1. Let us call the differential operator Illm|n is the Gh —covariant derivative (Cartan’s second kind covariant
differential operator).
Theorem 2.1. The generalized U, -birecurrent space is GU,,-TRE,, provided the property of generalized U),-birecurrent space

~g3~
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yield.
By transvecting condition (2.2) with g;,, and applying equations (1.4c) and (1.5a), we obtain:
(2.3) (Ujikh gis)lllmln = alanjikhgis + blmn(gksgjh - ghsgjk)!

Suppose that U}y, gis = Ujkns, We get

(2.4) Ujskhlllm = Wi Ujsin + Vlm(gksgjn - ghsgjk)’ Ujsien # 0.

Conversely, transvecting the condition (2.4) by g% and suppose that Ujkns gt = jikh, by using (1.3) and (1.5a) and yields the
condition (2.2), we get

Theorem 2.2. The GU\,,-TRE,, may characterized by the condition (2.4).

Remark 2.2. Let us call the tensor U, the associate curvature tensor of the h(v) —curvature tensor U}kh .
Let us consider an GU,-TRE, characterized by the condition (2.2). Transvecting the condition (2.2) by y", using (1.5¢), (1.2),
(1.4b) and (1.12), we get

(25) Ujyiimin = Umn Ufie + bimn (8% ¥ = ¥ gj) -

Contracting the indices i and k in (2.5) and using (1.2), (1.4g) and (1.21), we get
G].Tﬂ“mln = Qunp Gfy + (0 — Dby yj -

Suppose that, G, = G;, we get

(2.6) Gjjymin = @umn Gj + (M = 1) by yj -

By contracting indices i and k in equation (2.2) and applying equation (1.4g), (1.10) and (1.14), we obtain
@.7) Uinjymin = GimnUjn + (0 = Dby Gjn -

By transvecting condition (2.7) with g, and applying equation (1.5b), we obtain
(2.8) (Ujnjymy) 9™ = atmn(Ujn g™) + (= 1) byn gjn g™ .

Suppose that Uy, gt = Uji and using (1.3), we get

(2.9) Uljjjmin = Qumn Uf + (0 = 1) by, 65 .

Contracting the indices i and k in (2.5) and using (1.4b), we get

(2.10) Ujrr|z|m|n = Aynn Ujy + (0 = Dby yj -

Suppose that Uy, = U;, we get

(2.10) Ujjipmn = amnU; + (0= 1) by ;-

Thus, we get
Theorem 2.3. In GU,-TRE,, the Gh —covariant derivative of third order for the h(v) —torsion tensor jik, vector curvature G;,

Ricci tensor Ujy, division tensor U}' and vector U; are given by (2.5), (2.6), (2.7), (2.9) and (2.11), respectively.

3. Some Relationship in GU\j, - TRF,,
This section investigates certain relationships within the context of GU,,-TRE,, focusing on the structural and geometrical

properties of these spaces. The study aims to explore the connections between various curvature tensors and their implications for
the classification and behavior of Finsler spaces.
We know that, the Douglas tensor satisfies the following identity [18 2. 23]

) RS .
(3-1) Djxn = Ujiep, — 5(5}Ukh — 8;Up) -

~g4~
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By taking the h —covariant derivative of equation (3.1) with respect to x! in the sense of Cartan, we obtain:

(3.2) Djikhll = Ujikhll _%(6}Ukh|l — 8 Ujny1) -

By applying equations (1.23) and (1.24) to equation (3.2), we obtain:

(3.3) Djikh|l = AlUjikh + /“‘l((sligjh - 5iilgjk) - i [5}(/11Ukh + M —=1) u grn) — Sli(/llujh +(n-1Dy gjh)]

By taking the h —covariant derivative of equation (3.3), with respect to x™ and x™, successively, in the sense of Cartan, we obtain

Djikhlllm = Al|m(Ujikh )+ 4 (Ujikhlm ) + (8% gjn - 8% gji )—% { 8/ Ay (Ugen)
+ L Uienim) + (0= Dtypm. Gien]- Sk [Aym Ujn) + 2 Unpm) + (0= iyym gjnl} -

Again, using (1.23) and (1.24), in the above equation, we get
. . . . 1 . .
(34) Djinjijm = WimUjin + vlm(dllcgjh - 6;lgjk) - ;{5} [Wlm Upn + (n - 1)V1m gkh] — O [WlmUjh + (n - 1)Uzm gjh]

Where Wim = A + /1[ /‘{m and Vim = /1[ Um + H“m

lm

Taking h —covariant derivative for (3.4) in the sense of Cartan with respect to x™, we get
(3.5) Dfinjumin = Wimpn(Ufkn) + Wim (Uknin) + Vimin (649jn — 61.91)

_i{ 5}[ Wimin (Ukr) + Wlm(Ukhln) + (n - 1)Vlm|n gkh]

= 8 Wanin (Un) + Wim (Ujnin) + (0= 1)vimpn gjn]} -

Again, by using (1.23) and (1.24) in (3.5), we get

(3.6) Djinjipmin = GmnUficn + bumn (8290 — 6£9jx)

_i{é‘ji [almn Upn + (n - 1) bimn gkh] -8k [alanjh + (n - 1)blmn gjh]}:

Where ajmn = Wi + Windyn and by, = Wiy ty + Vi are non-zero covariant tensors fields of the third order.
) . . 1/ .
In view of (2.2) and (2.7), we get (3.7) Djunjyjmm = Ujinjtpmm =5 (5}Ukh||z|m|n - 51§Ujh||z|m|n>

Thus, we get .

Theorem 3.1. In GU|,-TRE,, the Gh —covariant derivative of third order for Douglas tensor Dj;, is given by (3.7).
By taking the h —covariant derivative of equation (1.16) with respect to x! in the sense of Cartan, we obtain

(3.8) Uknp = :

mGkhu,
Which can be expressed as (3.9) (n + 1) Uyp;; — 2Ggp = 0
By substituting (1.24) into (3.9), we obtain

(3.10) (n + D[4, Uy, + (n — Dy gien] — (4G + (0 — Dy gien]l = 0

By applying the differential (3.10) twice and taking the covariant derivative in the sense of Cartan with respect to x™ and x™
successively, we obtain

(3.11) (n + DlaymnUkn + (0 — Dbimn giknl — 2[AimnGrn + (M = Dby gien] = 0,

Where ajmn, = Wimjn + Windyn and bypmy = Wi iy + Vimn are non-zero covariant tensors field of the third order.
In view of (2.7), we get

(3.12) Unjiymin =

e D) Cknltimin -

Thus, we get
Corollary 3.1. In GU;,-TRE,, the identity(3.12) holds.

~gg~
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Taking h —covariant derivative for (1.12) in the sense of Cartan with respect to x!, x™ and x", successively and using (1.5c), we
get (3.13) (Ufin ¥ jijmpm = ( Ujlkh|l|m|n) y",

Where the h —covariant derivative of y" identically vanish. By using (2.2) in (3.13), we get

( Ujikh y" )|z|m|n = Qumn Ujikhyh + blmn(6ligjh - 5;;91'1«) y",

By using (1.2) and (1.4b) in above equation, we get

(3.14) (Ufen Y™ jmin = @mn Ujie + bumn (6535 — ¥'9jic) -

In view of (2.5), we get

(3.15) (Ufin Y™ iimin = Uiiymyn -

Therefore,

Corollary 3.2. In GU,-TRE,, the identity (3.15) is valid.

4. The Necessary and Sufficient Condition  sin GU,-TRF,

This section focuses on the identification and characterization of the necessary and sufficient conditions within the framework of
GU,,-TRE, . We find the necessary and sufficient condition for some tensors to be generalized trirecurrent tensors in GU),-TRE, .
By partially differentiating (2.11) with respect to y" and applying (1.6b), we obtain

(4.0) 0n(Ujymim) = (9;Qumn )U; + @i (95, U;) + (n=1)(0;bygmn )yj + (0 = Dby G -

By applying the commutation formula given in (1.7) to (U;;,,,) in (4.1), we obtain
(4.2) (ahujmm )m - U”“m(ah[ﬂ) - Ujlrlm(ahrfrrl) - Uj|l|r(ahr;r€n) - (aTUjIllm) Py

= (0jamn )Uj + @mn (0, U; ) + (n = 1)(0bymn ) y; + (0 = Dby gjn -

Again, by applying the commutation formula given in (1.7) to (U, ) in (4.2), we obtain

ji

@3)|Bat),,, = Ura(GnTjm) = Uy (TR = Ol )P

- Uﬂ“m(ah[‘%) - Uj|r|m(a.hrzﬂ£ ) - Ujlllr(ah[‘:;n)

In

_[ (aruju )lm - U5|l(ar J*rsn) - Uj|s(arrzfrsn - (65Uj|1) Prsm ] Pgn

= (ajalmn )Uj + Amn (ahuj) +(n— 1)(afblm7’l) yit+ (n = Dbimn Gjn -

Again, the application of the commutation formula exhibited by (1.7) for (U;) in (4.3), we get
(4.5) {[ 0nU))yy = Ur(9nTj7) = (9-Up) Phi Ly = Uy T =V (00T

- [(arU] )|l - Us(arF;lS - (as U]) rSl ] Pifm }In_ Urlllm(ahl—‘}yf;)_ Uj|r|m (6th,§)

_'Uj|1|r(ahl—‘:r€n) - {[(aruj)u - Us(arr;ls - (asUj) Prsl ]lm - Us|l(ar F;rsn - Ujls(arrzkfn - [(asuj )|l - Up(asr;flz’ -
(apU!') PsIl)]PrSm}Pgn . .
= (ajalmn)Uj + almn(ahUj) + (- 1)(ajblmn) Vi +(n— 1)blmn djn -

Suppose that 9, U; = Uy, We get
(4.6) Ujnjymn {[ — Ur(ahrfzr) —Ujr Py i — Uru(ahrfrrn) —ij(ahrfrrn

_[Ujrll - Us(arr;ls - Ujs 7§l] P;;m}m_UTIllm(ahF;r:)_ Ujlrlm(ahrirrz)_ Uj|l|r(ahF:rfn)

- {[Ujru - Us(ar ]*ls - Ujs Prsl ]lm - Us|l[(arrj>frsn _Uj|s(arr?rsn) - Ujs|l - Up(asr;lp
~96~
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- Ujp Pszl)]PrSm} Pi:n = (6jalmn )Uj + Qunn (U]h) +(n— 1)(6jblmn)y}' +(n—-1) bimn Yjn-
In view of (2.7), we get

(4.7) Ujh|l|m|n = Qimn Ujh —(n—1) by gjn

If and only if

(4.8) {[ = Ur(0nT57) = Upr Pt Jim = UrtOnTj) = Uy (OnTim) = [Ujry = Us (9, T})

- Ujs rsl ] Pifm }m_ Ur|l|m (ahr‘]*;; )_ Ujlrlm(ahrfrrz)_ Uj|z|r(ahF:r1;n)

~{[Ujrp = Us(0r T35) = Uss Py Lim = U (0r T = Uy 0y Ti) = [Ujsp = Up (95 T

- Ujp PSIZ]PrSm} Ppy — (6jalmn)Uj —(n— 1)(6jblmn) Vi = 0

Thus, we get
Theorem 4.1. In GU|,-TRE,, U-Ricci tensor Uy, is Gh- TR 1f and only if (4.8) holds.

Differentiating (2.6) partially with respect to y" and using (1.6b), we get

(4.9) 0n(Gjmin) = (001mn) G + A (01.G;) + (n=1)(0;bymn)y; + (0 = 1) bpymn G -
Using the commutation formula exhibited by (1.7) for (Gj,;,,,) in (4.9), we get

(4.10) 0nGjim)in = Grim (9nT7n) = Gjirim OnTir) = Gjyr (OnT3iin) = (01 Gjyn) Phin

= 0jaimn) Gj + Qumn (00 G;) + (= 1) (0jbymn ) ¥; + (0 — Dby Gjin-

Again, using commutation formula exhibited by (1.7) for @) in (4.10), we get

(4.11) {(athu)lm - Gru(ah[‘ﬁ;) - ij(ahrfrrn - (arGju)Pifm}m - Grmm(ahrfrrz

- Gjlrlm(.ahrm) - Gjlllr(ahrmn)_ {(arGj|l)|m - Gs|l(arr;'ﬁrsn) - Gj|s(arrtfn - (astu) PrSm}Pitn = (ajalmn)Gj + almn(ath) +
(n— 1)(ajblmn) yj+ (n—1) by djn -

Again, the application of the commutation formula exhibited by (1.7) for (G;) in (4.11), we get (4.12)
{1(9n6G;) , = Gr(OnT}T) = (9-G}) Piit Ly = Gryy(OnTjm) =Gy (OnTi,

= [0:6)y = Gs(OT)= (35G;) P3] P 3, ~ Grum OnTjn) = Gprim (BnTi)

= Gy (OnTiin) = {10y Gy = G5 (O, T3) = (05G)) Py Ty — Gy (0rTj3n)

= Gjis(9:Tim) = [(0s G;)yy = Gp(OsT3) = (0pG)) P ] P YPim

= (3jalmn )Gj + apnn (5th) +(n- 1)(5jb,mn) yi+ (M —1) bymn gjn

Suppose that 9,G; = Gjp,, we get

(4.13) Ginjijmin = Qumn Gin + (1 = 1) by Gjn -

If and only if

(4.14) {[— G, 0T} = (Gj) Phy 1o — Gy @nTjm) = G (0nTim) — [ (Gjp), — G5 (0, T3¢

~g7~
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—Gs (0, T5) = (Gjs) Py 1y = Gy (0. Tin) = G15(0,Ti) = [ (Gjs)yy — G (05T

~(Gjp) PR Pin) Pin = Bjumn) G = (1 = 1) (dybumn ) = O

Thus, we get
Theorem 4.2. In GU|,-TRE,, then the components of the G-Ricci tensor Gjy is Gh- TR If and only if (4.14) holds.

Differential (2.5) partially with respect to y", we get
(4.15) 9y, (Ujikm,nm) = Op(aymn) Up, + almn(ahUjik)
+05 (bymn) (5llc yj- yigjk) + blmn(6ligjh - 6}igjk)

Using the commutation formula exhibited by (1.7) for U].Lk”Im in (4.15), we get

(4'16) (ahUjlklllm)ln + UjCclllm(ah[;;f) - Urlklllm(ahl};lr) - Ujlrlllm(ahl;x;r) _Ujlklrlm(ah[i;;r)
- Ujikuw(ahrr:zm - 6r (U,-imm) Ppy = ah(almn) Ujih + almn(ahUjik)

+ 0n (bimn) (8% ¥; = ¥* gjic) + bimn (8kgjn — 619 jx)

Again, using the commutation formula exhibited by (1.7) for Ujik|l in (4.16), we get

(4.17) [(ahUjiku)lm + U]:c|z(a.h1}%) - Uriku(ahl;'g) - Ujiru(a.hn% - U;k|r(a.hn:r:)
- ar(Ujikll)P;;m Im + Ujrk|l|m(ahrrm - Urik|um(ah1}:1r) - Ujirmm(ahrk*rf

- Ujiklrlm(ahn:lr) - Ujiknw(ahpfgl) - Karujikn)lm + Ujb;ql(‘éTQ%) - Usiku(arl}:rf

- Ujisu(arpk*rfz) - (J;k|s(ar1}:rf) - 6s(Ujik”)Prsm]Prfm = O (@umn) Ufy + Qi (OnUfx)

+ 3h(bzmn)(5;ic yj- yigjk) + bzmn(5zicgjh - 511;91'1( )
Again, using the commutation formula exhibited by (1.7) for Uj"k in (4.17), we get
(4.18) 0nUjdpmin + Uk (0n551") = Upe(9nT5i") = Ujr-(OnT3) = (0:Uji) Phi Tim

+ Ut (OnFn) = Upat OnTiin) = Ujpy (OnFicm) = U (i)

= [0 Ui + U0, 57) = Use(0,157°) = Ujs (OnTii*)—Ujics Py 1Phom Y

+ U,Q|z|m(5h1?’%f) - U£k|l|m(ah1}1*1r) - Ujrﬂum(ahnc*nr) - l]jiklrlm(ah IZT)

= U OnTmn) = [@r U + U5 (0:T1) = Ul (0,157°) = Ujs(0r T ) = Ufes Pt im
= U0 in) + U (0rTia) + U (0r13c) + U (93 + (1= (0s Uy

- Uﬁ((ahl;;*zi) + U;l;k(ahl}:f) + U}, (0nl;7) + (0, Up) PP} = ah(almn)Ujih

+ almn(ahU}k) + 0n (bmn) (8L ¥j- ¥'9jk) + bimn(8Lgjn — 6Lgjx ) -
This shows that

(4.19) (0w U uimin = Wmn(@nUji) + bimn(8kgjn — 6191 )
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If and only if
(4.20) {[U}(0nF31") = Upse(OnT3i") = U (OnTi )= (Uer )P Jim + Uy (0n )
~ Uyt 0nTim) = U (0nTiim) = Us o (OnT357) = Wiy + Ufie (0s137) — Uk (0:37)
U (0nT®) ~Ufis P 1P 3+ Ui (On558) = Ui On i) = U (On T3y
=~ Urim OnTi) = Ujy, (OnTiin) = Wiy + U (9- L") = U (0, 157%)
UL (0, )= Ues Py lim — U;(”(a'rr;;,ﬁ) + UL, (8,1;5) + .isu(a'rr,;;f1
+ Uss(0rTim) + {[= Ulesty = Ufk (On) + Upc (0nT5n ) + Uy (OnI3F

]lkp sl]PrSm} ah(almn) ah(blmn)(&i yj_ yigjk) =0.

Thus, we get
Theorem 4.3. In GU,,-TRFE,, then the tensor (6,1(]}',() is generalized trirecurrent If and only if (4.20) holds.

5. Conclusion

The introduction of generalized U —trirecurrent Finsler space has significantly enriched the field of Finsler geometry. We study
the Douglas tensor Djikh and some tensors in GU,-TRE, by using the Gh —covariant derivative of third order and we studied the
relationship between them. Further, we obtained the condition for (éhUjk) to be trirecurrent. The results presented in this paper
open up new avenues for further research.

6. Recommendations for Future Research

e Investigate the relationship between generalized U —trirecurrent Finsler spaces and other geometric structures, such as
conformal Finsler geometry.

Develop numerical methods for studying the properties of generalized U —trirecurrent Finsler space.

~
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