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Numerical solution of non-linear non-local problems
for elliptic equations

Dilshod Barakaev

Abstract

A non-local problem for an elliptic equation in a rectangular domain was investigated. A rectangular
grid for the corresponding difference problem was constructed and the error of the approximate
solutions of non-local problems was estimated. Various application problems (heat conductivity [* 2 3],
fluid mechanics [, the theory of elasticity and shells ¥, etc.) are reduced to non-local boundary value
problems. Non-local boundary conditions are especially difficult for justification of classical finite
difference schemes due to the complexity of the structure of the matrices obtained from systems of
equations. This difficulty manifests itself especially in the justification of numerical methods in the
case of non-linear equations. In this paper we consider the non-local boundary value problem for a
quasi-linear equation. We found the numerical solutions of stated problem using the finite difference
method, and estimated the error of the approximate solutions of non-local problems.

Keywords: Non-local, estimated error, difference problem, difference operator, non-linear.

Introduction

Leto={0<x<a,0<y<b}. Denote by ={0<x<a,y=b},T?={x=0,0<y<b},

F3={0gxga,y=0}, F4={X:a’o<y<b}'F' ={x=|,0<y<b,0<|<b},F=LAJFi’

i=1
o=T'Yr: a=qur.

Suppose that f (X, v,Z, p, q) is a given continuous function determined V(X, y) e Q and

' f ' exists and satisfies

for all z, p, g. We’ll assume that the partial derivatives of f,", f ', f,

f'>0, (1)

z

|0, f,'1<M <o, %)

Let Llul=Au-— f (X, y,u,ux,uy). Assume that @, are the given continuous functions of
their domain definitions.
We need to find a function u(x, y) continuous in Q, twice continuously differentiable in €2,

satisfying the equation
L[u]=0 A3)
And the boundary conditions

u |G:(P’ (4)

Iful=u(l,y)-a(y)u(ay)=w(y), 0<y<b, )

~1~



a(y)=1,0<y<b, 6)

0
<[ 244 py) %oy | =1y} 3)<0. g
Let hl:Ni , :Ni.We construct a grid area with lines X=X;, y=Y,;,1=0,N;, j=0,N,and let X, <l <X, ;.
2

We introduce the denotation

Q, ={x.y,):i=1N, -1 j=1N, -1},
F,f:{(xi,b): i :1_N1} 7 :{(O,yj): j:1,N2—1} ,

P ={%.0):i=LN,}, ¥ = {ay,): j =1

I I
Z
N
|
-
——

4
=Lury, r,=yr;, Q, =Q, Ur,.

i=1

We approximate the operators L and | difference operators Ly, In defined as follows:

Lofugl= Aylug] - f (Xi’ Y Ui Dhlx“ [u;1, thya [uij])’ (8)
_ | - k Xk+1_|
Ih[uN1j]:Tuk+lj+ h U —aUy 9)
Where
Ugj — 2U5 + Ui
[uu] U +uyy’ uix: H h]_2
2u +U; U — Uy
U— |J+l 2 . D 0[uij]zu (10)
h2 hy x 2hl
u. , —U:
D 0[uij]zu_
hy y 2h2

We formulate a difference problem corresponding to the stated problem to find a function U that is defined in ﬁh such that

LU;]1=0inQ,, (11)
LUy 1=y, in T}, (12)
U; =9; in o, (13)
oy 12 Yi~Yoi  giYoja—Uq o Yo —Uqy _, inT?, (14)
I Ug;]1= h +B; b, +B; h, +3Uy; =7, h
Where

. _BitIB; | - _ BByl
Bj :%201 Bj :JTJSO
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We’ll assume that the domain €2, is connected and the satisfies inequality

Mh < 26, (15)
Where
h=max {hi, h2}, 0 <6 <1 — a some fixed number.

Results
Consider the linear difference operator

AU, Tin Q,
Ah[Uij]= Ih[UNlj]in Fr:l (16)
U, Tin 7

Where
AylU;] =Ah[uij]+aith ;J([Uij]—l—nith ;[Uij]_uijuiji 1€ |, I €M, (17)
Hij > 0. (18)

Due to the standard scheme the following lemma is proved.

Lemma 1. Let V #const be a function defined in ﬁh , and satisfying An[V] >0 (An[V] <0). Then V it may take the greatest

positive (least negative) value only at the nodal points of the on.
Let U be an approximate solution of the problem (11)-(14).

Theorem 1. Let the current solution u of (3)-(7) has limited third derivatives in Q and second derivatives are continuous in

Q. Then the error &ij = Ujj — Ujj of the approximate solution satisfies the equation
&ij = O(h).

Proof. On the basis of Taylor’s formula, we have
AL[Sij] = O(h) inQ,
I[ey ,1=0(h?)in T

19
g; =0, in o, (9)
1[e,;1=0(h) in T,
We represent the solution of (19) as
1 2
& =&; +&;. (20)
Where
Ajlei1=0(h) in Q,
gl =0 in T/
Nyij . h (21)
& =0, in o,
1U[ep, 1=0(h) in T2
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A'h[gﬁ] =0 inQ,
1%, 1=, [¢, JO(h? )in T
g =0, inoc,
1M[e2 1=0 in T2,

First, we estimate the system (21). Consider the function

alx.y)= e ~e)

Where

_ 2
v, =%arcth(39 > 0 j  K=ngve, Ko = min{l, %(1—9)}-

It is easy to verify, that

A;][gij] <-1inQ,
1909, 1< -1inT?.

On the basis of (21), (23) and Lemma 1 we get that the function

Gi}L =c-h- oh + Silj is positive on Q (for the selected finite constant C ).

From this inequality it follows that

max | e [< C,h, C, =const>0.
o) ij 1 1
h
Denote by W = max | sﬁ‘lj | and let the @;; — be the solution of
Th

A®,1=0 in Q,

— - 4
oy ;=W InI,

£

=0 in o,

|Y[@;]1=0 in T2

>

Lemma 1 implies that

e [<®; in O,

@; <tW, 0<1,<1lin Q
On the other hand

12, 1=, [€4 ,1+O(h?) in T}

Hence, respectively to (25), (26) we have

www.mathematicaljournal.com

(22)

(23)

(24)

(25)

(26)


file://server/test/mathematicaljournal.com/issue/1%20Vol/1%20issue/www.mathematicaljournal.com

Journal of Mathematical Problems, Equations and Statistics www.mathematicaljournal.com

X — | I —x X — |
|8§+1j |+ |8ij |+ : |81k+1j |+ |8%<+1j |"‘Czh2

h, h, h,

| —x
2 k
a‘j|8N1jl<

h,

Or
a;w<tw+Ch+Ch,
Where
T=max{t,,,, T}
Hence we have

C.h

w< <C,h, @7)

C,=— :
m_miocj —1)

J

Then from (25)-(27) we have

max |ei [<Csh, Co = maxt,C,. (28)

Based on (20), (24) and (28) we have

max | g; [< Cgh, (29)
Qy

Where
Cs=C, +C,.

Theorem 1 is proved.
Below we show that by imposing additional conditions on the function B(y), (y) the order of accuracy with in h, can be
improved.

As can be seen from the above, it is sufficient to increase the order of approximation of the operator |r(]l) .
Assume, that hy=wh? (0 <w < 1) and B(Y), 8(y) satisfy one of the following conditions

IB(y)l<w, (30)
IB(y)=w, 8(y)<0, (31)
1B(y)l<-w, §(y)=0. (32)

Consider the operators

U, -U, Uy U,
1[U,,1= “m “+Bj°€hml+§um, (33)
2
U, —U,. U.  —-U..
Igh)[uoj']E 2 o +Bj i o +8jU0j' (34)

h, h,
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U, -U,. U, -U..
141U, 1= “hl = 8 Uy (35)
2
Let
0%y | [0’uy M. (p21)
p ! p - ! -7
“)x ‘(O,j) ‘ay ‘(o,j)

Taking into account (3), (7), (33) and applying the Taylor formula is easy to see that

ug,; - (1), , | <c¥hz, (36)
Where

h\Ug: s —2Uy: +Up;
( 0j+1 2h201 0i 1)—% f {0, YiiUojs Dh1x[u0j]' thy[uoi]}’
>

@, ~10
Iy Uy :|1hu0j +

h h, 12

Indeed from (33) we have:

D [u]- Y b oYY 0 g 2W W B RM o WM ]
hyx LY hyy L™ i ] 4

o’u

2 3
RO RO h o’u or)
oni’) " oy

0°u
18y, = (1%),) + ut ~lon+RY RS 6 ox°

2 ox*

h2[ o%u
)™ 12Ly

From (3) we have:

2
OU‘ _ U01+1_2u01+u0j

2000.j) = 2
ox h,

_hy|ou
6|0y’

hZ | o°u
+_ [
12| 0y®

Taking into account this |l(ﬁ)uij , We get:

- + f(oyyjauoijmx[qu]’Dh ;[Uoj])_

o

2’u :
7| o )}’ 0.y, pj’qj)g

( ’n(jS)) ay

(i) "

o%u
o) * ﬁ

(0,11(;4))} £ 0.5;.005. P

hy (U — 2Ug; +Up; , _
|1(ﬁ)uoj :(|(1)u)(0 - ( 0j+1 2h2 ) %f (o,yj,uoj,Dhlx[uoj],Dh §[u0j]j+ Rj(l),
2 2
Where
- 2 ou h? | o°u o’u hh, | o°u o’u
yy_"1 ¥4 A _od
RJ B (&0, )+12{0y3 (O,n”) Oy 3| (o0 )}B {0)} (0.1) 0y3 (Oynﬂ“))}jL
hf o hhZ ., o’u o’u
o 10 i)+ RO itno P ) S+ G |

~6~
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Hence we find that

I_lﬁ)uOj = (I Wy )(o,j) + E(l), consequently ‘I_l(hl)uoj — (I Wy )(O,j)‘ < ‘ﬁj(l)‘
And this implies (36).
Now we prove that
g, — (1%, | <Ch2, 37)
Where
_ B.h,—h, 8,
Iz(ﬁ)uoj' = Iéh)UOj # Dy [Uo; ] +B_J(th hl)thy[UOj] + ( h1)JoJ
i i

Y]
_—J(thz - hl)_ﬁ f (0’ YjrUojs Do, thy[“m])’

2B, 2

2 ’
C® = max Pyt w +(Bj —w)(l—w)+ M M + 19, +F, I j_W)JrWZM M@,
j 6 4[3j 12 4Bj 4

Dhlhzxy[uoj] =Dy {thy[uo,']}-

Suppose that B(y)=0. Then from (7) we have:

u0u) 1 o%y) 8(y), 0.y)- 8(y)+B; ou(0,y) , ¥(y)

. (38)
o' Bly) oxoy  Bly) Bly) o B(Y)
Obviously
h1 o’u
FTS (Iu) (0.4) 202‘01 2510 2‘01+R(2
Where
2 33 2 33
@ _hou h, o'u
R =5 o 0.0 PG o o)
From (3) we get:
ou o%u ¢ ou ou
W‘(O,j)_ oy 2‘01 + 110,54, a‘(oyi)’a‘(&i) :
Then
1 o’u h ou;  ou
18y, :(|(1)u)(0’j)+§(ﬁjh2—hl)dy—z‘(ovj)+ ) f(o Vi Yooy 6y‘ J+ R
Taking into account (38)

1 1 o 5 8; + B ou Y
150, :(l(l)u)(o,j)Jr_(Bihz_hi{__—‘(o,n__]_u '_Q_‘(MPL_J +

2 B; oxoy
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0 0? 1 0°
+%f(0 Yirlojs ()u‘(on u‘(oj)}REZ)Z('(l)“)(o,n‘z—j(ﬁihz‘hl)x—u‘(ovn‘

Y% B 0x0y
S, +B. ou F
| J h _ - . + h —
o, Bt =S~ B~y (B )+
h, ou ou B;h,—h
+?f O.Yj,Ujlg‘(o,j)'a‘(o,j) +R,(2)=(|(1)U)(o,j)_ 122Bj Diynyy [Uoj 1=
S +p" o
——4—1B.h,—h D, [u,.]-==B.h, — +——(B:h, +
Bj (BJ 2 hl) hzy[ 0]] ZBJ (BJ 2 hl 0j ZB (B hl)
S SYRTAN: N % NN 7% | 18
Where
ﬂazR@ Bh_m{ > — ltz} 8+B(Bh_m)ggw<w+
01 72
4B, 0x°0y o0xoy 4B, ay” 10
h ., o’u L hiby o’u o’u
+7fp(0, YiUgj pquj')y () F ” 2 f (0 YiUojr P, 0 ﬁ (O,n‘jz))+$(o,n53>) .
Then
i, =0/ <R
This implies (37).
Finally we prove that
‘I_S(;)uoj - (I3u)(0]j)‘ <C@hZ, (39)

Where

C(3)=(|W2+B|+|W+B|(W+1)+EMJM3+(IW+BI|8+B'|+WZMJMZ'
6 2B 12 48] 4

thz_hl
2B,

[0

3h Yo EIShUOj -

5
Dhlhzxy[uoj]_B_J(thZ + hl)thy[qu] (B h, + h1)'101 +

j 2B,
+__(th2 - hl)+% f(O, YiUoj Dhlx[uoj]i thy[uoj'])’ Dhlhzxy[uoj] =Dy« {thy[uoj']}-

Indeed

hl+h2B () u h, ou ou 3
I?Eﬁ)UOj:(I(l)u)(O,j) 2 ()y 2 [(0,§) 2f 0, Y Uoj ox ‘(01) ()y‘(o'j) +RJ(')’
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(3) h1 a?: h2 63
Ri"= 6 ox° I By 6 oy l0n)’
Taking into account (38)

2 ’
19y _(|(1)u)(0'j)+hl+h231 ou  h+hp; 8 o h+hB; 5 +f ou

i = 2B, oy 2 B, 2 B, o'
+hpB. v
_Mh_ﬁf O’yj'uoj’a_u‘(Oj)’a_u‘(o') +RJ(3)'
2 B, 2 ox" oy
- B:h,+h S5 +p
Is(;)uoj'EI?E?“O;‘*’#Dhlhzxy[uo,']*‘( JZB )(B h, +hl)Dh y[uOJ]+ [3 (B h, ‘”H)Joj
i j
Y i
—Tg(ﬁjhz+m)—%f(o,y,-,uo,-,Dm[uo,-],thy[uo,-])+R,@,
]
Where
R® = R0 h+hB;| o h (hi"'th XS +B )h
Y 7t ——h, o)~
2B, ox oy dxdy 2B; ()y n
h ., o°u hh’ o’u o’u
‘pr(o’yv“owpvqi)y (€.0) ™ g £0.y,.00,.p,.0, o 0a) T 53 o) |-

Consequently,

L (1% )(o,j)‘ <[R¥.

Which was required to prove.
We now state the difference problem corresponding to the problem (3)-(7).

It is required to find a discrete function Ui(jk) (k = 1,2,3) determined in Q, satisfying the properties (11) - (13), and one of
the following conditions

U, =y, (j=LN,-1 k=123) (40)

Respectively, when one of the conditions (30), (31) and (32) is satisfied. The solution of the difference scheme (11) - (13), with
one of the conditions (40) will be taken as an approximate solution of the problem (3) - (7) at the points ﬁh . Consider the
following linear difference operators:

L,[U;],
A(r:()[uij]: Ih[UNlj]1
WU, 1, (k=123)

Where

L[Uu] Ah[Uu]_'_&uD 0[U|J]+n|1 O[Uu] “‘Ij
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_ h(Ugia +2U,; +Us, )
U, 1= U )+ =2t = —% &oiDnUo 1+ 10D olUo;1 =10 U, |.
7} 2

thz_h1 8j _
2Bj Dhlhzxy[UOj]+B_j(th2 hl) hzy[U0]]+ ( hl)JOJ

U0, 1= 191U, 1+

_%[{éothlx[Uoj]"'nojthy[Uoj] —HoUy; |,

P "hz_thhlhzxy[uo,-] ~1(8;h, +m)Dh2y[qu]+ 3, (B h,+h g, +

LU, 1=13U,,1-
] ] ZBJ BJ

h
+E[E:a0jDhlx[UOj]+n0th2y[U0j]_u0jUOj :
We assume that if (30) is satisfied, then

Mh, < 2(1—sup | B(x)]), (41)
and if the (31), (32) are satisfied, then

Mh, <1, (42)
Where

M M+sup(|?[|3| |B+6|j

+ (Sup | B |)_l , inf | B | +(SUp | B |)_l

<
I

Lemma 2. Let V= const be a function defined in €, , that satisfies the inequality A(;)[\/ij] >0 (A(::)[Vij] < 0) k=123.

Then V may take the greatest positive (least negative) value only at the points op.

Proof. It’s obvious that

I_l(hl)[Uij] = Ai(})Uij + Aélj)UoH + Aglj)uom - Aélj)UOJ ’
LU= ARU, + AU+ ASU G - AU,
LU, 1= AT, + AU+ AU = AU,
Where

h 1 o S h (1)_1[_ﬂ j
A()J_hz h, 51+2+2“j’ A”_hl 2%,-,

h h hy hy
&k Zh{ Py j = ﬁ(h_+'3+2”j

i, — 5, ) j i
Axgzj) :Bj[%+hij_61 _BZJB_h hill + hp. (thZ_hl)__(thZ_hl)_&__hll_ﬂuji
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@_Bi BN & o B B Bh-h 8 oy hng
A= hy 2th2hl 2" 2B, h,hy A h, ZthZhl " hZBj (thz hl) 2h, ,
o L1 B o Bh-h 3 9] & _bhm b
A)J h1 h 6] ZBthhl + ZB ( J 2+hl) BJ ( +hl)+ 2 2h2 + 2 Hj
Ai(?)zi h1 EJ Aé, _ &_thz_h1+ 8]‘ (th2+|,11) hlnj (3) thz_hl

h ZB,hhl ) bo2phh

All these coefficients are positive and satisfy the following conditions:

A - A~ A - A =5, + 2, 20,

hz 2B j h2h1 th j

o
A - A A A =5,y )20,
i

S
A - A A A =8, )+ 20,
]

Taking into account these properties of the coefficients, applying Lemma 1 we obtain Lemma 2.
Corollary. Lemma 2 implies that the solution of (11)-(13) (40) is unique.

Theorem 2. Let u the exact solution of the problem (3)-(7) limited the fourth derivatives and continued in the third
derivative Q . Then the error &ij = Uij — Uij, where Uj; - the approximate solution of (11)-(13), (40), the estimate =0 (hy).

Proof. With the help of Taylor’s formula for the error &;= uj; — Uj; we have:
Llel=0(h?) inQ,
I[ex,1=0(h?) in I}

i (43)
g; =0, in o,
i@ _ 2\ in 2 L
(s [soj]_O h“)in Iy, k=123.
As in the proof of Theorem 1, we represent the solution of the system (43) of the form g;; = silj + 85 ,
Where
Llell=0o(h?) in @,
H 4
Ih[lej]zo in T, ”
Silj =0, in o,
19[e5,1=0(h?) in T2, k=123.
LleZ]=0 in Q,
1Ie%, 1=, [e, 1+ 0(h?) in I (45)
g =0, in o,
LW[ed;1=0, in T2, k =1,2,3.

.,.11.,.
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An estimate of max | 8%] I< C7h2 for the solutions system of (44) is obtained on the basis of Lemma 2, due to scheme of proof
Qy

evoa _ aVoX
of Theorem 1 by the majorant function g(x, y) = T and the parameters k and vo are selected as follows:

sup|B| if [Bl<1 '
| suplB| if [Bl<1
K =pgvy, 1o =min{a’, MB’}, a’=11— "=

WoVes Mo {o B} o % if |BI>1 p {1—6 if |[B>1

5_§2 _ [1-su if 1
VO:ZE/I arcth 25 -5 | 5 pIBI | IBl<
5 2 0 if |B[>1.

An estimate of max | aﬁ I< Cgh2 for the solutions of the system (45) is obtained by the same way as the estimate of the
Q

solution of system (22) in the proof of Theorem 1.
Theorem 2 is proved.
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