
~ 1 ~ 

Journal of Mathematical Problems, Equations and Statistics 2021; 2(1): 01-12 

 
E-ISSN: 2709-9407 
P-ISSN: 2709-9393 
JMPES 2021; 2(1): 01-12 
© 2021 JMPES 
www.mathematicaljournal.com 
Received: 02-01-2021 
Accepted: 03-03-2021 
 
Dilshod Barakaev  
Department of Higher 
Mathematics, Bukhara 
Technological Institute of 
Engineering, Bukhara, 
Uzbekistan 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Correspondence 
Dilshod Barakaev  
Department of Higher 
Mathematics, Bukhara 
Technological Institute of 
Engineering, Bukhara, 
Uzbekistan 

 
Numerical solution of non-linear non-local problems 

for elliptic equations 
 

Dilshod Barakaev 
 
Abstract 
A non-local problem for an elliptic equation in a rectangular domain was investigated. A rectangular 
grid for the corresponding difference problem was constructed and the error of the approximate 
solutions of non-local problems was estimated. Various application problems (heat conductivity [1, 2, 3], 
fluid mechanics [4], the theory of elasticity and shells [5], etc.) are reduced to non-local boundary value 
problems. Non-local boundary conditions are especially difficult for justification of classical finite 
difference schemes due to the complexity of the structure of the matrices obtained from systems of 
equations. This difficulty manifests itself especially in the justification of numerical methods in the 
case of non-linear equations. In this paper we consider the non-local boundary value problem for a 
quasi-linear equation. We found the numerical solutions of stated problem using the finite difference 
method, and estimated the error of the approximate solutions of non-local problems. 
 
Keywords: Non-local, estimated error, difference problem, difference operator, non-linear. 
 
Introduction 
 
Let { }byax <<<<=Ω 0,0 . Denote by { } { }byxbyax <<==Γ=≤≤=Γ 0,0,,0 21 , 
 

{ } { }byaxyax <<==Γ=≤≤=Γ 0,,0,0 43 , { } U
4

1

,0,0,
=

Γ=Γ<<<<==Γ
i

il blbylx ,  

 
U 31 ΓΓ=σ , ΓΩ=Ω U . 

 
Suppose that ( )qpzyxf ,,,,  is a given continuous function determined ( ) Ω∈∀ yx,  and 

for all z, p, q. We’ll assume that the partial derivatives of ',',' qpz fff  exists and satisfies 
 

0'≥zf ,          (1) 
 

∞<≤ Mff qp |'|,|'| .        (2) 
 
Let ( )yx uuuyxfuuL ,,,,][ −∆≡ . Assume that ψϕ,  are the given continuous functions of 
their domain definitions. 
We need to find a function u(x, y) continuous in Ω , twice continuously differentiable in Ω , 
satisfying the equation 
 

0][ =uL           (3)  
 
And the boundary conditions 
 

ϕ=σ|u ,         (4) 
 

( ) ( ) ( ) ( ) byyyauyyluul <<ψ=α−= 0,,,][ ,     (5)
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( ) byy <<≥α 0,1 ,           (6) 
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We introduce the denotation 
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2
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We approximate the operators L and l difference operators Lh, lh defined as follows: 
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We formulate a difference problem corresponding to the stated problem to find a function U that is defined in hΩ  such that 
 

0][ =ijh UL  in hΩ ,           (11) 
 

jjNh Ul ψ=][
1

 in 4
hΓ ,           (12) 

 

ijijU ϕ=  in hσ ,            (13) 
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We’ll assume that the domain hΩ  is connected and the satisfies inequality 
 
Mh < 2θ,             (15) 
 
Where 
 
h=max {h1, h2}, 0 < θ < 1 – a some fixed number. 
 
Results 
Consider the linear difference operator 
 

( )








Γ

Γ
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2

0
1

4
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Where 
 

MUUDUDUU ijiijijij
yh

ijij
xh

ijijhijh ≤ηξµ−η+ξ+∆=Λ′ |||,|,][][][][ 0

2

0

1

,    (17) 

 
µij ≥ 0.              (18) 
 
Due to the standard scheme the following lemma is proved. 
 
Lemma 1. Let V ≠const be a function defined in hΩ , and satisfying Λh[V] ≥ 0 (Λh[V] ≤ 0). Then V it may take the greatest 
positive (least negative) value only at the nodal points of the σh. 
Let U be an approximate solution of the problem (11)-(14). 
 
Theorem 1. Let the current solution u of (3)-(7) has limited third derivatives in Ω and second derivatives are continuous in 
Ω . Then the error εij = uij − Uij of the approximate solution satisfies the equation 
εij = O(h). 
 
Proof. On the basis of Taylor’s formula, we have 
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We represent the solution of (19) as 
 

21
ijijij ε+ε=ε ,            (20) 

 
Where 
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First, we estimate the system (21). Consider the function 
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It is easy to verify, that 
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On the basis of (21), (23) and Lemma 1 we get that the function 
 

1
ijijij ghcG ε±⋅⋅=±  is positive on Ω  (for the selected finite constant C ). 

 
From this inequality it follows that 
 

0,||max 11
1 >=≤ε
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14 jN
h

w ε=
Γ

 and let the ijω – be the solution of 

 

( ) .in0][

,in0

,in

,in0][

2
0

1

4
1

hjh

hij

hjN

hijh

l

w

Γ=ω

σ=ω

Γ=ω

Ω=ωΛ′

 

 
Lemma 1 implies that 
 

ijij ω≤ε || 2  in hΩ ,           (25) 
 

10, <τ<τ≤ω iiij w  in hΩ           (26) 
 
On the other hand 
 

( )212 ][][
11

hOll jNhjNh +ε−=ε  in 4
hΓ . 

 
Hence, respectively to (25), (26) we have 
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hChCwwj 21 ++τ≤α , 
 
Where 
 

},max{ 1 kk ττ=τ + . 
 
Hence we have 
 

hChCw
ij

4
3 ≤
κ−α

≤ ,           (27) 

 
Where 
 

( )τ−α
=

jj

CC
min

3
4 . 

 
Then from (25)-(27) we have 
 

455
2 max,||max CChC iiij

h

τ=≤ε
Ω

.         (28) 

 
Based on (20), (24) and (28) we have 
 

hCij
h

6||max ≤ε
Ω

,           (29) 

 
Where 
 

516 CCC += . 
 
Theorem 1 is proved. 
Below we show that by imposing additional conditions on the function β(y), δ(y) the order of accuracy with in h2 can be 
improved. 
 
As can be seen from the above, it is sufficient to increase the order of approximation of the operator ( )1

hl . 
Assume, that h1= wh2 (0 < w ≤ 1) and β(y), δ(y) satisfy one of the following conditions 
 
( ) wy <β || ,            (30) 

 
( ) ( ) 0,|| ≤δ′≥β ywy ,           (31) 

 
( ) ( ) 0,|| ≥δ′−≤β ywy .           (32) 

 
Consider the operators 
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1010
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( ) ( )

( ) ( )1,,
,0

0

,0

0 ≥≤ pM
дy

uд
дx

uд p
j

j
p

j
p

j
p

j
p

. 

 
Taking into account (3), (7), (33) and applying the Taylor formula is easy to see that 
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2
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Indeed from (33) we have: 
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From (3) we have: 
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Hence we find that 
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Now we prove that 
 

( ) ( )( )( )
( ) 2

2
2

,0
1

0
1

2 hCulul jjh ≤− ,          (37) 

 
Where 
 

( ) ( ) ( ) ( ) −−β
β
δ

+−β
β
δ

+
β
−β

+≡ jj
j

j
jyhj

j

j
jxyhh

j

j
jhjh uhhuDhhuD

hh
ulul 0120120

12
0

1
20

1
2 2

'
][][

2 221
 

 

( ) ( )][],[,,,0
22 000
1

12 21 jyhjxhjjj
j

j uDuDuyfhhh −−β
β
γ′

− , 

 

( ) ( )( ) ( ) ( ) ( )
























+

β
−ββ′+δ

+











+

β
−−β

+
+β

= 2
2

31
2

2

44
||

124
1

6
max j

j

jjj
i

j

jj

j
MMww

MMhwww
C , 

 
{ }][][ 00 2121 jyhxhjxyhh uDDuD = . 

 
Suppose that β(y)≠0. Then from (7) we have: 
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Indeed 
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Taking into account            (38) 
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Where 
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Consequently, 
 

( ) ( )( )( )
( )3

,0
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3
0
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u
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Which was required to prove. 
We now state the difference problem corresponding to the problem (3)-(7). 
It is required to find a discrete function ( ) ( )3,2,1=kU k

ij  determined in hΩ  satisfying the properties (11) - (13), and one of 
the following conditions 
 
( ) ( )3,2,1,1,1 20
1 =−=γ= kNjUl jjkh          (40) 

 
Respectively, when one of the conditions (30), (31) and (32) is satisfied. The solution of the difference scheme (11) - (13), with 
one of the conditions (40) will be taken as an approximate solution of the problem (3) - (7) at the points hΩ . Consider the 
following linear difference operators: 
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We assume that if (30) is satisfied, then 
 

( )( )||sup122 xMh β−< ,          (41) 
and if the (31), (32) are satisfied, then 
 

12 <hM ,            (42) 
 
Where 
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Lemma 2. Let V≠ const be a function defined in hΩ , that satisfies the inequality ( ) ( )( ) 3,2,10][0][ =≤Λ≥Λ kVV ij

k
hij

k
h . 

Then V may take the greatest positive (least negative) value only at the points σh. 
 
Proof. It’s obvious that 
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All these coefficients are positive and satisfy the following conditions: 
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Taking into account these properties of the coefficients, applying Lemma 1 we obtain Lemma 2. 
 
Corollary. Lemma 2 implies that the solution of (11)-(13) (40) is unique. 
 
Theorem 2. Let u the exact solution of the problem (3)-(7) limited the fourth derivatives and continued in the third 
derivativeΩ . Then the error εij = uij − Uij, where Uij - the approximate solution of (11)-(13), (40), the estimate ε=O (h2). 
 
Proof. With the help of Taylor’s formula for the error εij= uij − Uij we have: 
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As in the proof of Theorem 1, we represent the solution of the system (43) of the form 21

ijijij ε+ε=ε , 
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An estimate of 2

7
1 ||max hch

h

≤ε
Ω

 for the solutions system of (44) is obtained on the basis of Lemma 2, due to scheme of proof 

of Theorem 1 by the majorant function ( )
k

eeyxg
xa 00

,
νν −

=  and the parameters k and ν0 are selected as follows: 
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
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,

2
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M

 

 
An estimate of 2

8
2 ||max hch

h

≤ε
Ω

 for the solutions of the system (45) is obtained by the same way as the estimate of the 

solution of system (22) in the proof of Theorem 1. 
 
Theorem 2 is proved. 
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