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Abstract
The present problem is investigated in context of finite deformation theory. In this paper, the author
studied the effect of polarization on twisting of a rigid cylinder in an infinite elastic medium.
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1. Introduction

A dielectric material is a substance that is a poor conductor of electricity, but an efficient
supporter of electrostatic fields. If the flow of current between opposite electric charge poles is
kept to a minimum while the electrostatic lines of flux are not impeded or interrupted, an
electrostatic field can store energy. Due to this property dielectric materials are vital
component of capacitors, electronic devices which can store charge. Eringen ™ gave modified
form of Toupin's theory 1 of elastic dielectric and obtained specific forms of the basic field
equations, the boundary conditions and the constitutive equations that must satisfies the stress,
electrical and polarization fields by using a variational principle in electro elastostatics.
Recently authors 1912 and Singh [%1 have investigated some basic problems of practical
interest for circular cylinders composed of isotropic hyperelastic incompressible materials by
using this theory. The problem of circular shearing (azimuthal shear) of a compressible
hyperelastic cylinder has been studied by Ertepinar [, Haughton [, Jiang and Ogden [,
Polgnone and Horgan 4, Simmonds ans Warne [1°1, Tao et al. [8, Wneman and Waldron 141,
Shear problems in circular cylinders for incompressible materials with limiting chain
extensibility have been investigated by Horgan and Saccomandi ["-8l. The present research is
related to examine the effect of polarization to the problem of azimuthal shear of a hollow
circular dielectric cylindrical tube. The inner surface of the tube is bonded to a rigid cylinder
and uniformly distributed azimuthal shear traction is applied to the outer surface of the tube
with zero radial traction maintained at the same surface. The formulation of the problem is
based on the theory of finite elastic deformations formulated by Eringen [?, Green and Zerna
4l Green and Adkin 1, ogden 41,

2. Fundamental equations
The basic equations of an incompressible, homogeneous, isotropic, hyperelastic dielectric can
be classified in the following three groups:

(a). Field equations

@1ty +pof =0,

22) L E -9, =0,

2.3) gV2p—divP =—q;, in V,,

where tlk is the Cauchy stress tensor, o is the volume density, f, is the body force per unit

mass, | E, is the local electrostatic field, & is the material constant, ¢ is the electrostatics

potential, P is the polarization vector, Q¢ is the volume free charge, V is the volume that

the dielectric occupies. Semicolon and comma indicate the covariant and partial derivatives
respectively.

~135~


www.mathematicaljournal.com

Journal of Mathematical Problems, Equations and Statistics www.mathematicaljournal.com
(b). Boundary conditions

@4 [ty =0,
(2.5) Hgoqﬁ’k - 5"an +w; =0, on S,

where N, is the exterior normal to S, Sy is the surface enclosing the dielectric volume, @; is the free surface charge, the

double bracket stands for discontinuity across the surface. The Cauchy stress tensor t,k is defined as
k k k

27) \tE =gy (05p, —12¢™ ¢ SF

@7 mty =&(2 ¢, ¢ bmor ),

where \, t|k is the Maxwell stress tensor.

(c). Constitutive equations

(2.8) Lt| ——pé‘l +2[tc k(3_2+|18_2)_ k oz +7leP p % ox
ol,  “al, 'al, al,
1. k 10 ox
2 kPR T4 (e )(Le)PTR, 22,
ol al s
(29) |_Ek — 2[—1C|k a_2+ k 82 k 8Z]P|
al, 5| 8I

where P is the arbitrary hydrostatic pressure, 5|k is a Kronecker delta, £ = X(1,,1,,1,,15,15) and |I'S are the invariants

based on Finger's strain measure ¢ and polarization P . These are given by

@10) 1 =1,= 8 et 11 =1, =51 o))

m?

1

i =1,= 65,kn“q”’ e, ep el

l,="¢P'P, I,="c '¢"P'R, I, =P

The deformation tensors C,k and ’lc,k are given by

-1k KMk m
G :ngG X X

(211) ¢ =g""Gy X1 X .

3. Formulation of the problem
For the incompressible tube, with inner surface bonded to a rigid cylinder and a uniformly distributed azimuthal shear traction
applied to the outer surface, the deformation is that of pure azimuthal shear (no radial deformation) described by

BHr=R, 8=0+9(R), z=2,
where the material and spatial cylindrical polar coordinates are denoted by (R,®,Z) and (r,6,z) respectively, with

a<R<b.
Using (2.11), we can find the deformation tensors as
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1+R?g'> —Rg’ 0 1 Rg’ O
(3.2 fcu|=| -Rg’ 1 0} H_lckIH: Rg' 1+R%*g"® 0|
0 0 1 0 0 1

With the help of (2.10) and (3.2), we calculate the principal invariants
@3) 1, =1,=3+R?g"?, 1,=1, 1,=P? I;=(1+R?g’*)P? I,=P2

4. Electrostatic and Maxwell fields
To determine the electrostatic field, we solve (2.3) with the boundary conditions (2.4) and (2.5). We assume that electric field and

polarization field have single component i.e., E = [E(R),0,0],P = [P(R),0,0].
As a final result (see Eringen [2]), we find

¢=a, for 0<R<a

R
(4.0) £6¢ = —aw log R+ [ P(R)AR+ 5, for a<R<b
&0 = —aw; log R, for R>Dh.

The unknown constants ¢, and £, are immaterial for electric and stress field. Using (3.1),(4.1),,(2.7) , we obtain
a
1_ 2 _ 2

The equation E = —grad¢ gives the Maxwell electric field as follows

aw
43) y E! =€i(Tf—P)2, wE2=0, ,E®=0.
0

5. Local electric and stress fields. By using (3.2), we obtain the local electric field from (2.9) as

LE'= 2[8—2+(1+ Rzg'2)6—2+a—z]P,
al, alg g

6.1 E? = 2[Ry’ + (2Rg'+R*g) 2P,
al, ol

LE®=0.

The local stress tensor from (2.8) for incompressible dielectric is obtained as

[t = —p+2[(a—2+26—2)+a—2+(2+ Rzg'z)é—z P?],
al, o, al, alg

(652) 2 = —p+2[(1+ R2g™2) = 4 2+ R?g')) = L R7g2p2 92,
o, al, ol

ox ox
t2 = —p+2[-—+(2+R%g"?)=—1],
L3 p [8|1 ( g )6|2]
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2[6_2+8_2 R29'2p2 82]
o, al, olg

t3=0, tZ=0.

By using (2.6), (5.1) and (5.2), the components of Cauchy stress tensor can be written in the form

ox ox ox 2 42 1
=p+2[(—+2—)+—+(2+R"g
P [(al al) al, ( ) ]250 R
aw
— _p+2[(1+R%g '2) +(2+R2 '2) R?g2p2 02y, L A%
ols” 2¢y R
oz 1 aw;
53) t3 = —p+2[—+(2+R?%g"? -P)?,
(98 =P+ 2T+ @+RYGD) T (LT P
2[8_Z 8_2+R2 '2p2 ]
o, al,
Ltézo'
12 =0.

The equations of force equilibrium with the vanishing body force are

a1,
54) —+—(t; —t;) =0,
( )aR R(l 5)

1 1
(5.5) %+ 2t—2 =0.
R R

From (5.5), we have

d 2:1
5.6) — (Rt;) = 0.
(5.6) dR( 2)

On integration (5.6), we find that

p_b?
(57) t2 = ?TO’

where T, is the prescribed azimuthal shear stress on the outer boundary. On using (5.3), we obtain a first order differential
equation for g(R) , namely

2
58 2Rg[= + = L R2g2p? 2] sz
al, al, as” R
also
ot s 0,05 0%, ,0%
59——R’————————P 0.
©9) R RIRO (all 8I)(I 8I) 20(R 1=

~138~


file://server/test/mathematicaljournal.com/issue/1%20Vol/1%20issue/www.mathematicaljournal.com

Journal of Mathematical Problems, Equations and Statistics www.mathematicaljournal.com
Obtain g(R) from (5.8), subject to the boundary condition

(5.20) g(a) =0.
Integrating (5.10) from R to b and use of the boundary condition
(5.11) ti(b) = 0.

Yields

612 (R = [ 2570 (0 +20) — (oo +2.25)P? - (L Py

o, al,’ ol al 2¢,

6. Twisting of a rigid cylinder in an infinite elastic medium. Another interesting set of boundary conditions, for a hollow tube
surrounded by a rigid casing, is

(6.1) 9(a) = go, 9(b) =0,
In this case, integration of (8.2) for dielectric material gives
—2
( 7).
R (72 -1)

And the normal stresses are

@amm-

1

2

——2(a1+a2)( 1y (—) E—O(1+K1) (R)’
«ss)tz—z(owaz)(?7 )[(—)]+ ~ (LK) 0f (2)?

—2(a1+a2)( )(—) gio(uKl) o8

These solutions may be simplified on considering the limit as 77 — oo i.e. the boundary-value problem corresponding to the
twisting of a rigid cylinder of radius bonded to an infinite elastic medium. In this case, we have from (9.2)

64) g(R) = 2
R

From (6.3) and (6.4), we get

= 11 1

t = _2(051+a2)92(R)+§_(1+ K,)?of (£)%,
&o R

= 31 1

(6.5) t; = 6(ay +a,)9% (R) +- —(1+Ky)? 0f ()%,

2 &, R
= 31 1

= 2oy + )0” R)+ (14K 0f (2)°.
£o R
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From (6.5), shows the dependence of normal stresses on polarization. In the absence of polarization, we obtain results similar to
the results obtained by Horgan and Saccomandi [ for isotropic hyperelastic materials with limiting chain extensibility also from
(6.5) axial and radial stresses are equal in the absence of radial electric field
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