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Abstract

In this paper, the mixed norm double sequence spaces pr’ q for 1<p, q< oo are the subject of our
research; we establish conditions for an operator T to be compact, where TA is given by a diagonal

matrix. This will be achieved by applying the Hausdroff measure of non-compactness and the theory of
BK spaces. This problem was treated and solved in, but in a different way, without the application of the
theory of infinite matrices and BK spaces. Here, we will present a new approach to the problem. Some of
our results are known and others are new.
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Introduction

As usual, let @ denote the set of all complex sequences x= (an) Kgo the set of all

o0
m,n=0"

bounded sequences in ®, and E% =lx e zz for 0< p<oo.

| Xpn |p<°°
2<m+n<k

The spaces 26 P9 \were introduced by Kellogg in 1 and further studied by many authors -€;
they are defined for 1<p, g< oo by

2,p.q _

P @)
XeE® ZZ ZZ [ Xmn P | <o

2sm-+n<k|| 2<i+]j<l(m+n)

where 1(0) = {0} and I(m, n) = {i, je N‘Zi_l’ Hemin< 2i+j‘ } for m > 0. They are

Banach spaces equipped with the norms

a/p)¥d
”X”p,q: ZZ ZZ | Xmn P )

2<m+n<k| 2<i+j<l(m+n)

and referred to as mixed norm spaces.
Let us remark that we could generalize our research by replacing dyadic blocks by arbitrary

blocks, I(l,J):
mneNKkG+)<m+n<k(+1 j+1)-1) fori j= 0. 1.2, .. where (k(i ))j_g isa

strictly increasing sequence of integers with k(0) = 0.

similarly as in [ In that case we would have
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If p= oo orq= oo, the corresponding sum should be replaced by the supremum, that is,
forp= oo and1 < g< oo,

q
AL ERFE DN sup X || <o 3)
2<i+j<k( m.nel(, j)
with the norm
1/q
”X”oo,q =| 22 sup x| (4)
2<i+j<k| m,nel(j, j)
forl < p<ooandq= oo,
Up
2P 2 Ix c o lsup S kml| <o (5)
I J{ 2<m+n<l1j j)
with the norm
Up
”X”p,oo = sup 2.2 |an|p (6)
L 2<sm+n<l(, j)
forp=q= oo,
2™ = Ix e olsup sup X |< o )
i, J| 2<sm,n<l1(j j)
with the norm
||X||oo,oo= supl 2>, [xmn| ®)
| 2£m,nsl(i’ )

Note that 2P P = 2/P for1 < p < oo,

For any two subset Eand Fof ®, the set of multipliers from Eto F,is defined as
M(E, F) =

{kz (om0 € ©Px =Cemm' X Jy. =g € F for each x = (X Jy =g i E}.

The following results are of interest for the characterizations of the multipliers M (2fr,s’ 2£u, V).

Theorem
[7, Theorem 1] Let 1< 1, s, u, v< oo, and define p and g by
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1

= — —ifr>u, p=ooifry,
r

- —ifs>v, q= oo ifs<v.
S

o Tk

u
1
\'

Then M(Zfr’s, Zﬂu’v): 2,p.q.
2£r,s, 2£u,v) Zgr,s _)Zgu,v

Further, for A e M( , let us consider operator T : defined by

T3 (9= Ax = (e X o =0 [xe2ems)

Kellogg 1 proved that T, defined in such a way is a bounded linear operator with norm ||Tk|| = ||X||p q’ where r, s, u, v, p and

q satisfy the conditions stated in the previous theorem Bl Actually, T : 2£r,s - Zgu,v is a bounded linear operator if and

onlyif % e 2¢P 4.
In 5561, the authors studied the Hausdorff measure of non-compactness of the operator T depending on different cases and found

the exact measure or gave estimates for it. They did, however, not make use of any relation between matrix transformation
between sequence spaces and bounded linear operators.

Our idea is to give a new approach to the same problem, by using the theory of BK spaces and matrix transformations.

We use the following standard notations.

We write B(X, Y) for the set of all bounded linear operators between the normed spaces X and Y. If X and Y are any subsets of

®, then (X, Y) denotes the set of all infinite matrices A = (am1 n,m’, n')?z that map X into Y, that is, Ae (X, Y) if

,n,m',n=0

and only if the series Am(X) = zz A m'n’ Xm'n’ converges for all m, n = 0, I, ... and all xeX, and Ax =
2<m’+n’<k

(Amn X)ﬁ,n _q €Y forall xe X. We write Am, = (am,n,m’,n’ )(r):’ n'=0 for the sequence in the n-th row of the matrix A.
A BK-space is a Banach sequence space X with continuous coordinates Pm, (n =0, 1, ...) where Pmn(X) = Xmn for each sequence x

= (Xm',n')?;r n'=0 eX. By ¢ we denote the set of all finite sequences. A BK-space X > ¢ is said to have AK if [ 1 =

Zz Xm'n' e(m +n) —>x(i + j = o0) for every sequence x = (Xm',n’)(r):' n'=0 eX.
2<m'+n'<i+]j ,

It is known [4, Example 3.4(a)] that the space pr'q is a BK-space with AK for 1<p< oo, 1<q < oo. Also, the space 2€oo,q
is a BK-space for 1<q< oo.
We need the following important result.

Proposition: Let X and Y be BK-spaces.

Then we have (X, Y) < B(X, Y), that is, every matrix A € (X, Y) defines an operator La € B(X, Y), where La(x) = Ax for all xe
X [10, Theorem 4.2..8].

If X has AK then we have B(X, Y) (X, Y) that is, every operator L e B(X, Y) is given by a matrix A € (X, Y), where Ax = L(x)
for all x e X[3, Theorem 1.9].

Hence, we can consider the infinite matrix A= A(A) =

<amvn’m"n')(r);,n,m',n':0 associated to the operator T such that Ty x = Ax forall xe 2£r,s for1<r< oo and 1<s< 0.

The matrix A clearly is the diagonal matrix with the sequence A on its diagonal. It is also clear that Ax = (7» mn Xmn )(F%,n:O
forall xe 2£r,s_

As mentioned before, the compactness of operators will be treated by applying the theory of infinite matrices and the Hausdroff
measure of non-compactness, so the next definition and results will be very useful for our work.

We recall the definition of the Hausdroff measure of non-compactness of bounded sets in metric spaces and operators between
Banach spaces. Let X be a complete metric space and My denote the class of bounded subsets of X. Then the function ¥ : My—>

[0, oo) defined by
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1 (Q) = inf{e >0 |Q can be covered by finitely many open balls of radii < €} is called the Hausdroff measure of non-

compactness; % (Q) is called the Hausdroff measure of non-compactness of the set Q € Mx. Let Xl and XZ be Hausdroff

measures of non-compactness on the Banach-spaces X and Y. An operator L: X — Y is said to be (Xl X ) )—bounded if L(Q) e
My for all Q € Mx and there exists a non-negative real number c such that

%o (LQ)e. %1 (Q) forall QeMx. 9)
If an operator L is (Xl WX ) )—bounded, then the number
"L”x = inf{c > 0: (1.9) holds}

is called the Hausdroff measure of non-compactness of L.

Theorem: ([8, Theorem 2.25]) Let X and Y be Banach spaces, A€ (X, Y), and Sx = {xe X | ||x|| = 1} and EX ={xeX||x|I<1}
denote the unit sphere and closed unit ball in X. Then the Hausdroff measure of non-compactness of the operator La, denoted by

”LA”X , is given by
[Lal, = 2(La(Bx)) = x(La(GX)).

Theorem 1.4: ([5, Lemma 2.1]) Let Qe M/p,q (pe[l, 0], q[1,00)), and let Ry: ng,q N pr,q forn=0, 1, 2, ... be the

operator defined by Rmn(x) = x — xI™ for all x = (Xi,j)iooj_o € pr’q . Then we have

1@= lm | sup|Rmn (X)] |-
m,N—o0 xeQ

Theorem 1.5 (Goldenstein, Gohberg, Markus): ([8, Theorem 2.23]) Let X be a Banach space with Schauder basis {e, e, ...,
en}. Q be a bounded subset of X and Pmn: X —> X be the projector onto the linear space of {e,&,....e;t. Then we have

T i sup| supl(1-Pp k| <z @<t sup supl[1-Prn X |
d m+n—w xeQ M+nN—00 xeQ
wherea=lim  Sup H|—Pm,nH-
m+n—oo
Main Results

Let m and n be non-negative integers. We write lgjmn=1¢ p\(0, 1, 2, ..., m, n) and k(mn) = Rmn( ). So the operator T}Emn) is

associated with the diagonal matrix A(™M™ (L) which is obtained from the diagonal matrix A(A) by replacing

00 Aol .- Aon
M1 M2 ... Mp |.byO.
)\4m1 }\4m2 e }\Amn

Theorem 2.1: Letr, s, u, v, p, q be as in Theorem 1.1. Then we have for A e 2£p,q .

~g~
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q/p Y4
”T?»”X: lim ZZ ZZ |7‘m’n’|p ifv< oo andv<sandr>u;
MHAN—=01 2<j+j<N m'n’el(m, n,i, j)
q Y
”T?»” = lim ZZ sup |7»m'n'|p ifv<oo andv<sandr < u;
Lominoo| 55N m'n’el(m,n, i, j)
0 \¥P
”T?»”X: lim sup sup |7um'n’|p ifv< oo andv > sandr>u;

m+nN-—oo i,j mfnlel(m’n’i’j)

||Tx|| = lim  sup|Ami|ifv< oo andv>sandr < u;
X m+n—oo

o< T < tim M ify= o
L m+n—w p,q

Proof: We write K = Egr’ g » for short, and denote by A the diagonal matrix that represents the operator T(A). First, we consider

the case v < oo . The subcases are v<sand v=s.
We assume v < s. If r > u, then we have by Theorem 1.4

il = (A = 1M sio|Rm, (A= lm  sup Hx.x-(x.x)[m'”]H
m+n—o0 M+N—0 xcK

= lim  sup “T}Emn)(x)“z lim Hx(m'”)H
M+N—0 yeK M+N—>o0 p,q

q/p e
= lim | >3 2.2 Peyn [P

MHN=01 2<i+j<N| 2<m'n’el(m’ 0’ m, n)

If r<u, then p = oo and once again we can apply Theorem 1.4, and obtain in the same way as in the previous case
q\Ya
: m,n T
M= tim OO < im [ EF L s

M-+N—>c0 4 MEN—0 ) HitjcN mn'el(i, j,m,n)

Now we assume v 2s.

The fact that v>'s means that g = co. Since v is still less than infinity, we can apply Theorem 1.4 and obtain as in the case v > s
the following subcases and corresponding results.

For r > u, we have

~10~
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0P

||T7‘||X: lim Hk(m’n)“ = lim |sup S ]
M-+N—00 p,CO m+nNn—oo |,J ”Vn'€|(i’j,n1,n)

Similarly, for r < u, we actually obtain p =g = oo, and so

M= tm ™0 = im supfhm).
X m+n—owo 0,00 M+N—>00

We have covered all cases where we were able to apply Theorem 1.4, and established identities for the Hausdroff measure of non-
compactness of the operator T . In the case of v = oo, we will not be able to apply Theorem 1.4. In this case, we will only give
estimates for the Hausdroff measure of non-compactness of the operator. As a consequence of this, we will not be able to give
necessary and sufficient conditions for the compactness of the operator T as in the case v < oo.

2€r,s 2€u,oo_>2€u,oo(n:

We assume v = oo, and that K is unit sphere in , I, s€[1, oo]. We define the operators Pmn, Rmn:
0,1, ...) by Pan(x) = XI™ and Rmn(X)=x—XI™ forx= (X' o g € 2% gince La(K) = Pra(La(K)+ Rn(La(K)), it follows

from the elementary properties of the function ) [8, Theorem 2.12] that

X (LAK) € 7 (PranlLaGN)* X RenalLAGK)= X Renal LA < SUP [Rpy (LA (K))]
xeK

Taking into account the special form of the infinite matrix A associated with the operator T, _, we obtain

SUp Ry (La ()= sup Hx.x—(x.x)[m’“]H: sup HTP”Rx)H:T&“”l
xeK xeK xeK

It is clear that in this case we have q = oo (either s=v = oo, ors <v = 00). The sub-cases which can be considered are r > u and

if v= oo, that is,

r<u; they can be treated in the same way as before. Hence, we obtain 0 < ||T7‘||X < lim H}&m, n)

Mm-+nN—o0 p.q
1p

i p P .
R R B
0< ||T7‘||X < lim sup Mmme| ifv=ooandr < u.

m+nN—o0 m',n'€|(i,j,m,n)
All considered cases imply the following corollary by [8, Corollary 2.26 (258)].
Corollary: Letr,su,v,p,qbeasinTheorem 1.1. Then we have forA e pr’q .
a/p )V

T;, is compact if and only if ~ lim O > Amm] =0ifv< co andv<sandr>u;

MHN=01 2<j+j<N m',n'el(j, j,m,n)

~11~
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T;, is compact if and only if ~ lim Z sup |7»m N | =0ifv< coandv<sandr < u;
M=% 2<j j<Nl m',n"el(j, j,m,n)

T;, is compact if and only if ~ lim Zz sup Amm | =0ifv<ooandv<sandr < u;
M+N—% 2<|+J<N m’,n E|(| J m, n

T, is compact if and only if ~ lim  sup |7»rm | =0ifv< oo andv>sandr<u;
M+n—o0

It lim Hk(m’n)H =0andv = oo, then T, is compact.
M+N—00

Let us remark that in the case when v = co, we obtain only a sufficient condition for the compactness of the operator T . The
application of the Goldenstein-Gohberg-Markus theorem only gives sufficient conditions for the compactness of the operator Ty

associated with the matrix A when has no Schauder basis. In our paper, that is the case v = oo, thatis T :

qu’ . But we will give an improvement for a few sub-cases.

Theorem: Letr,su,v,p,qbe as in Theorem 1.1 r' s, u, p' , q’ be the conjugate numbers of r,s,u,p,q,v=co ands# oo. Then

we have for T : 21 5 20,

vy’

T, is compact if and only if ~ lim =0ifl1<S <ocoand I'< U';
M+n—o S 20

LI m',n"el(i j,m,n)

P

T, is compact if and only if ~ lim sup|7urm|: 0ifl< S <coand U <I';

m-+nN—o0
It lim H?e(m’ n)H =0ands=1,then Ty iscompact.
M-+Nn—>00 L q
Proof
We consider the case v =co. Then fu v fu 1 isa BK-space with AK. Hence, for s <oo we can apply [10, Theorem 8.3.9]

and obtain the following: A& ( fr s 2 it ) if and only if ATe( fu ’1, 2£r S ) where AT is transpose matrix of A. Since A =
A(L) is the diagonal matrix with the sequence A on its diagonal, we have (A(A))T = A(A ). Further, applying [9, Theorem 3], we

2 rs ZEUOO

have that the operator T, associated with the matrix A€ (“/ ) is compact if and only if the operator T;Lr associated

with the transpose matrix AT e ( ﬁu 1 2 s ) is compact. Since s# oo, we have that $" # 1, that is, 1 <S’ < co. Now, the

results follow directly from Theorem 1 and Corollary 2 having in mind the definition of the matrix A = A(A.) and the following
table:

Before (rd Now
r - u’
S = 1
u — r’

V=00 — s’

The only case which can not be improved, that is, only a sufficient condition can be defined is when v=s= co.

~1Q~
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